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PREFACE 


* 


The physicist’s interest in statistical mechanics has been stimulated in recent 
years by its promise of fruitful application in two very remote fields of dis¬ 
covery—cryogenics and nuclear physics. On the one hand, the anomalous 
properties of matter in bulk at temperatures near absolute zero, and in par¬ 
ticular the superfluidity of liquid helium and the superconductivity of many 
metals, are at the present time a continuing challenge to theoretical physics, 
and their explanation is a proper objective of quantum statistics. On the other 
hand, a fantastic array of new facts is being currently discovered about the 
structure of the nuclei through artificial production of radioactive isotopes by 
nuclear fission, and, while no very satisfactory theory of nuclear structure as 
yet exists, it is generally believed that the larger nuclei are aggregates of parts 
which must obey quantum statistics. There is also the rather more specula¬ 
tive, but equally fascinating, question of deciding what kind of statistics apply 
to aggregates of the newly discovered unstable particles like the neutron, 
the various kinds of meson, the hyperons, and so on. Although the last- 
mentioned particles will probably never be observed in aggregates in large 

numbers, the question of the statistical behavior of assemblies of neutrons is 
no longer academic. 

The present text reflects the author’s personal interest by its emphasis on 
low temperature problems, rather than on nuclear physics. However, it is 
hoped that the nuclear physicist will be able to see clearly from the text where 
quantum statistics makes contact with his particular field. Historically the 
principal successes of statistical mechanics have been in the field of physical 
chemistry, namely, the prediction of the thermodynamic properties of bulk 
matter from the known (or presupposed) properties of the atoms of which it 
is composed; this is still the major emphasis of most other works on statistical 
mechanics. No discussion of statistical mechanics can, of course, neglect this 
historical achievement, and the present text includes at least a brief review of 

these applications, together with references to sources in the literature where 
more detailed information is readily available. 

The new emphasis of the present text has prompted a somewhat different 
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method of presentation from the usual. As long as one is interested primarily 
in the prediction of familiar thermodynamic properties, it is right and proper 
to employ well-known thermodynamic short-cuts to arrive at conclusions 
drawn from the basic axioms of statistical mechanics. Indeed, the term “sta¬ 
tistical thermodynamics” has come into general use in this connection: The 
statistics are used only to derive the laws of thermodynamics and to give them 
more particular content, but thereafter the formalism of thermodynamics is 
used throughout. When, however, we turn to the anomalous behavior of mat¬ 
ter at extremes of temperature, the laws of thermodynamics of course remain 
tiue, but the average physicist, at least, loses confidence in his own ability to 
apply them rigorously. Some of the short-cuts suggested by thermodynamics 
are indeed misleading if applied by “rule of thumb” to the novel situations 
arising at very low temperatures, and, by the time the student has cleared up 
the apparent paradoxes for himself, the advantage of speed and brevity has 
been lost. For this reason, the present text, while making early contact with 
the laws of thermodynamics, makes little use of thermodynamic formalism in 
the deduction of results. Each practical problem is studied instead as a prob¬ 
lem in statistics, rather than as one of thermodynamics. The basic methods 
of statistics are applied repeatedly in whatever form the particular problem 

demands, and appeal is seldom made to general thermodynamic laws to shorten 
the derivation. 

The text is intended as a first course in statistical mechanics for post¬ 
graduate students in physics and physical chemistry. Its prime objective is 
not so much to give a compendium of successful applications of statistical 
mechanics to experimental data, although one cannot pursue the subject very 
far without repeatedly referring to experimental data. The emphasis of the 
text is more than usually theoretical, because its aim is to train the young 
postgraduate in the actual handling of statistical mechanics as a tool for 
himself, rather than to describe to him what more mathematically expert 
theoretical physicists have been able to do. Every step should be intelli¬ 
gible. The set problems at the end of each chapter are reasonably easy and 
have not been used as a device for including subject matter that should have 
been in the main text material. The references to current literature follow¬ 
ing the exercises do not pretend to be complete; the items have been selected 
in part because of ready accessibility in the average college library and also 

for their suitability as subjects for reading reports by the more serious 
students. 

To get the most out of this course the student should have had the usual 
mathematics requirements for a physics degree and have had, or be taking, a 
course in quantum mechanics. The outline of quantum mechanics in Chap¬ 
ter I may seem a little “steep” for some first-year postgraduates, but this 
should not deter anyone from proceeding with the body of the course. It 
was felt more desirable to include background material wherever its logical 
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position called for it, rather than to build up a set of appendixes at the end. 
The first seven chapters of the text are concerned with well-established the¬ 
ory, of which many classical applications have been made. By discussing 
only some of the most recent applications in current literature, the text 
should help the student to realize, even in this more classical part of the 
subject, that such theory is very much alive. In the later chapters, the stu¬ 
dent will be more immediately aware of reaching the frontiers of present 
knowledge, because unsolved problems are pointed up in every chapter— 
several of these being highly controversial at the present time. It is hoped 
that this presentation of the subject as an open, rather than a closed, disci¬ 
pline will stimulate the student to go beyond a passive attitude toward his 
study, and to develop the kind of creative imagination that is essential to a 
true mastery of theoretical physics. 

It is a pleasure to thank Professor John W. Stout, of the Institute for the 
Study of Metals at the University of Chicago, and Professor Harold W. 
Dodgen, of the Department of Chemistry and Director of the Nuclear Re¬ 
actor Project at the State College of Washington, for reading the manuscript 
and making valuable suggestions. Thanks are also due to many of the au¬ 
thor’s former students who have freely commented on his presentation of 
the subject matter over the last five years, and in particular to Mr. Raymond 
A. Nelson and Dr. R. P. Singh for proofreading the whole manuscript and 
checking the references and the formulas. 


Pullman , Washington 
August , 1955 


WILLIAM BAND 
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Chapter I 


REVIEW OF QUANTUM MECHANICS 


1.1 The philosophy of quantum mechanics. Classical physics describes the 
properties of matter in terms of the behavior of atomic particles. The state of 
a single particle is specified by its generalized co-ordinates and momenta, 2/ in 
number, where / is the number of degrees of freedom of the particle. The laws 
of mechanics and equations of motion tell how the state of any particle depends 
on time. In classical statistical mechanics, we deal with large numbers of parti¬ 
cles and develop the laws that describe the behavior of statistical averages in 
such assemblies of particles. This leads directly to an explanation of the laws 
of thermodynamics and permits us to predict the thermodynamic behavior of 

any physical substance or assembly from the mechanical properties of the atomic 
particles of which it is composed. 

In quantum mechanics, the particle concept breaks down and is at least 
partially abandoned, and, instead of “particle,” we often use the noncommittal 
term “system.” The quantum mechanical state of a system is completely speci¬ 
fied by a wave function that depends only on the generalized co-ordinates, or 
alternatively only on the generalized momenta, but not on both; there are only 
/ variables for the wave function, instead of the 2/ in classical mechanics. The 
laws of quantum mechanics tell how the state of a system depends on time. In 
quantum statistics, we develop the laws of average behavior of assemblies of 
large numbers of systems, and again this enables us to predict the thermody¬ 
namic behavior of any quantum mechanical assembly in terms of the quantum 
mechanical properties of the systems of which the assembly is composed. It is 
important that the distinction between classical and quantum statistics be 

properly understood, and to this end we include here a brief discussion of the 
basic ideas of quantum mechanics. 

These ideas are most conveniently discussed in terms of the wave-particle 
paradox. Under some circumstances electromagnetic waves behave like a stream 
of particles called photons; the photon can hit an atom and exchange energy and 
momentum with it exactly like any other particle, and therefore may be regarded 
itself as a real substantial entity having position and momentum. Under dif¬ 
ferent circumstances, the same electromagnetic radiation is pure wave motion, 
and its energy is completely spread over large regions of space. Similarly, the 

1 
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fundamental particles of matter, like electrons, protons, etc., ordinarily con¬ 
sidered to be real substantial entities having position and momentum, behave 
instead under other conditions like waves spread throughout wide regions of 
space; their wavelengths are easily measurable and their particle character is 
completely lost. 

There are two ways in which we may try to resolve this paradox. The first 
way is to suppose that the particle of matter—or the photon of electromagnetic 
energy—is really a particle having definite position and momentum all the 
time as classically believed, but that possibilities of measuring these classical 
variables, are essentially limited by the waves associated with the particle; in 
other words, both the particle and the wave are real—the wave guides the 
particle in an active fashion. The second way is to suppose that the particle 
does not really exist at all and that it is nothing but a group of waves which, 
under suitable circumstances, can simulate the behavior of a particle. This 
second point of view would be very satisfactory except for the fact that one 
would prefer the waves to be real in the sense that some tangible medium is 
doing the oscillating, whereas the matter-waves of quantum mechanics seem to 
be entirely abstract mathematical inventions with no supporting medium at all. 
The first point of view is even less tenable, because it proves to be easy to imag¬ 
ine circumstances where it leads to self-contradictions. These points are fully 
discussed in many works on quantum mechanics, and here we shall limit our¬ 
selves to a very brief review of the philosophy that appears best to resolve the 
paradox. This philosophy was proposed over twenty years ago by Alfred North 
Whitehead and developed by Bertrand Russell; it demands a complete rejection 
of classical materialism. 

Starting out from the theory of relativity, Whitehead expounded the view 
that the basic elements of experience are events that have finite extension in 
space and in time. The external world of reality is a succession of these events, 
or processes, and not primarily a collection of material objects. A material 
object may indeed exist, viz., the quantum mechanical “system,” but this is 
merely some recognizable permanency among the interrelations between the 
extensive characters of events. This point of view is exactly the opposite of 
classical materialism, which regards material objects as the real elements of the 
physical world and events as mere changes among the interrelations between 
material objects. In the new philosophy, the program of science is to build a 
systematic description of events, not a history of material objects. In classical 
physics, as in ordinary life, the methods of observation have little influence on 
the course of events being observed. Under such circumstances, it is generally 
possible and convenient to describe the results of our observations in terms of 
material objects having an existence independent of the observer. But in atomic 
physics the quantities of energy involved even in the most refined procedures of 
observation imaginable are still comparable with the energies involved in the 
events being observed, and the former influence the course of events so drasti¬ 
cally that no description of the observations in terms of material objects is pos- 
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sible. Quantum mechanics is a self-consistent mathematical technique for 
handling this situation: under classical conditions, it agrees with classical me¬ 
chanics; under the new conditions, it offers a description of the external world 
of nonparticularized events and processes without assuming the permanent ex¬ 
istence of particles. 

Although the results of quantum mechanics differ from those of classical 
mechanics only when dealing with phenomena on atomic dimensions, it is by no 
means the case that quantum mechanics is unimportant when dealing with bulk 
matter. As remarked earlier, classical statistics predicts the average behavior 
of large assemblies of particles, i.e., of bulk matter, in terms of the classical 
mechanical properties of the individual particles of which the material is sup¬ 
posed to be composed. But it is exactly here, in the properties of the individual 
systems, that the classical picture is in error. Quantum statistics describes the 
average behavior of large assemblies in terms of the quantum mechanical proper¬ 
ties of the systems of which the assembly is composed. Aside from the fact that 
the energy states of individual quantum mechanical systems are different from 
those of classical particles, the most significant difference between quantum and 
classical statistics is the following: In classical statistics, the particles are per¬ 
manent and counted as distinguishable from each other, whereas, in quantum 
statistics, the systems that replace the particles are not permanently distinguish¬ 
able from each other and not necessarily localized. Two such systems may in¬ 
teract with each other in such a way as to lose their individuality, there being 
no way of deciding which is which after the interaction ceases. This makes the 
computation of average behavior fundamentally different in quantum statistics 
from the classical one. Before proceeding with the exposition of quantum 
statistics, we must first review some quantum mechanical properties of individ¬ 
ual systems. 

1.2 The formalism of quantum mechanics. There are many ways of out¬ 
lining the quantum mechanical prescription for the solution of atomic prob¬ 
lems, but we shall choose the one most convenient for our present purpose, 
which is simply to review as briefly as possible those results of quantum me¬ 
chanics needed for our study of quantum statistics. 

We first have to consider the problem of interest from the classical point of 

view and set up the Hamiltonian function H{ p,q) in classical phase space. Here 

p and q are/-vectors, where / is the number of degrees of freedom of the system. 

The energy of the classical material particle is then given as a function of its 

classical variables „ rr/ N 

E = H{ p,q) (1.201) 

To go over to quantum mechanics, we replace the material object by a function 
of the co-ordinates q and time t and replace the algebraic equation (1.201) by a 
differential equation through the following prescription: 


E is replaced by the operator 
p is replaced by the operator 


ifid/dt 

—ih grad 


( 1 . 211 ) 

( 1 . 212 ) 
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the gradient operators being with respect to the co-ordinates q. We then obtain 
the differential equation reading 

H(-ifi grad, q)tKq,<) = ifi(d/dt)4>(q,t) (1.221) 

If, as is here implied, the classical Hamiltonian is not dependent explicitly on 
time, we can solve this equation for iA(q,0 in the form 

= w(q) exp ( — iEt/h ) (1.222) 

Putting Eq. (1.222) into (1.221) gives a differential equation for 'w(q) known as 
the Schrodinger wave equation: 

— grad, q)w(q) = Eu{ q) (1.223) 

The function represents the system in the following sense: In any small 

element of volume in q-space, written ndq, the probability that a suitable ex¬ 
periment shall detect the system is equal to the product of ^ and its complex 
conjugate per unit volume at the point of interest: 

probability = $(q,t)\P(q,t)ndq = £(q)u(q)ndq (1.231) 

If an experiment is performed to measure the position of the system, the result 

according to quantum mechanics is the expectation value of the co-ordinate 
given by the definition 

< q > = J ■ • • f ^(q.QqiKq.OlWq (1.232) 

Similarly an experiment designed to measure its momentum yields the expecta¬ 
tion value of momentum: 

(p) = -inf ••• f $(q,<) V\p(q,t) ndq (1.233) 

the operator (1.212) being used in place of p in the integrand. The expectation 
value of the energy of the system is defined as 

(E) = i% J- • • ft(q,t)(d/dl)f(q,()ndq (1.234) 

The integrations in these last three equations are all taken over the entire 
q-space. If we write Eq. (1.222) into Eq. (1.234) we find that E is actually the 
same as (E) if the functions u( q) are normalized: 

j • * • j*u(q)u(q)Ildq = 1 (1.241) 

The Schrodinger equation (1.223) is an eigenvalue equation in the sense that 
it has well-behaved solutions 'w(q) only for special values of the energy E. The 
family of solutions corresponding to all possible E values is an orthogonal closed 
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set of functions that can always be normalized to satisfy Eq. (1.241). Let us 
indicate the family by means of a subscript; w n (q) then being the eigenfunction 
corresponding to the energy value E nj n being in general an integer. Orthogon¬ 
ality means that 

••• fMn(q)Wm(q)ndq = 5 nm (1.242) 

Closure implies that any function, say v(q) may be represented in terms of the 
members of the closed family: 

v(q) = 53a»w n (q) (1.243) 

n 

where a n are constants given by the transform of Eq. (1.243): 

«■-/•• • f u n (q')v(q')Tldq' (1.244) 

The necessary condition that the family be closed is that 

22 w n (q')M n (q) = S(q' - q) (1.245) 

the right side being the Dirac delta- function. 

The student familiar with vector analysis can think of Eq. (1.242) as the 
scalar product of two complex-valued vectors, the nth and rath in a family, the 
component of the vector is indicated by q, the number of dimensions being in¬ 
finite and equal to the entire domain of possible q-values. Similarly, Eq. (1.245) 
may be thought of as a scalar product of two vectors, but here the different 
values of q select different vectors, and their components are indicated by the 
subscript n. Closure is thus another form of orthogonality. In Eq. (1.243) we 
think of v(q) as the qth component of the vector v and the right side of the equa¬ 
tion as the expansion of the vector in terms of unit vectors, a n being the nth 
component of t»(q) in the direction of the nth unit vector n n (q). Equation (1.244) 
is then exactly the analog of the vector equation giving a n as the scalar product 
between u n and v in function space. 

The energy values E n may not all be different for any given Schrodinger 
equation (1.223), and the corresponding eigenfunctions n n (q) can be grouped 
together—each group corresponding to a single energy level. Such an energy 
level to which several orthogonal eigenfunctions belong is said to be degenerate. 

In working out the statistics of large assemblies of quantum mechanical 
systems the important items are the entire spectrum of energy eigenvalues and 
their degeneracy numbers, i.e., the number of distinct eigenfunctions associated 

with each energy eigenvalue. It is not usually necessary to know the eigen¬ 
functions. 

It may be appropriate to remark at this point that the student in the present 
course is expected to have already experienced the somewhat painful process of 
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becoming acquainted with the mathematical techniques of quantum mechanics, 
and that this outline is intended merely as a rapid review. It is certainly not 
intended to be a logical proof or deduction of quantum mechanics from any a 
priori acceptable basis. No such a priori argument at present exists. To the 
logically minded student we would commend the thought that quantum me¬ 
chanics, and with it our present subject, quantum statistics, does not attempt to 
explain, but only to describe, actually observable events and to predict future 
events, and that no test of success in this is more strict than success itself. 

1.3 The quantum states of several simple systems. Consider first a free 
mass point confined in the volume of a box. The classical Hamiltonian is 

H = j) 2 /2m + V (1.301) 

where V is the potential energy, being zero everywhere inside the box and be¬ 
coming discontinuously infinite at the walls. Using the prescription of § 1.2 the 
Schrodinger wave equation (1.223) becomes 

div grad u(q) + (2 m/h 2 )(E - F)w(q) = 0 (1.302) 

This equation has well-behaved solutions in the box, vanishing on the walls, 
only if the energy has one of the values 

Ek — (ft 2 /2m) {(ki/L\) 2 + (k 2 /L 2 ) 2 (^ 3 /A 3 ) 2 } (1.303) 

where Lj, L 2 , L 3 are the linear dimensions of the box, and the vector k has com¬ 
ponents kj = 7 rrijy the n 1 s being integers. These eigenvalues are degenerate only 
because there may exist different sets of numbers n\, n 2 , n 3 leading to the same 
sum of squares appearing in Eq. (1.303); this kind of degeneracy is called acci¬ 
dental because it depends on the shape of the enclosure. The eigenfunctions 
corresponding to these eigenvalues are standing waves, and when normalized are: 

Uk(x,y,z) = ( 8 /L 1 L 2 L 3 )^ sin (kix/Li) sin ( k 2 y/L 2 ) sin (& 32 /L 3 ) (1.311) 

Each sine function in this equation could be written as the difference between 
two conjugate exponentials, and this is equivalent to analyzing the standing 
wave into two oppositely moving progressive waves. In place of Eq. (1.311), 
we may therefore enumerate the wave functions in the form, 

^k(q) = ( 1 /L)^ exp (ik-q/L) (1.312) 

if the box is cubic, and allow the vector components of k to take both positive 
and negative values. Appropriate linear combinations of these functions reduce 
to Eq. (1.311). For many purposes it is easier to work with the exponential 
forms than with trigonometrical ones. 

Consider next the quantum states of the three-dimensional harmonic oscilla¬ 
tor. The potential function is 

V(*,y, 2 ) = h K ix 2 + \K 2 y 2 + \K z z 2 (1.321) 

and the Schrodinger equation is the same as Eq. (1.302) except for this potential 
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function. Well-behaved solutions exist only when E has one of the eigenvalues: 

E a = Z («; + \) KKj/m) * (1.322) 

J 


where the vector n has three components that are positive integers or zero. 
There is only one function Un(x,y } z) to each vector n, although there may again 
be accidental degeneracy. The functions are expressible in terms of the Hermite 
polynomials. 

It is worth noticing that, in the neighborhood of a potential minimum, the 
first approximation to any potential is just the expression (1.321) plus a constant 
giving the potential at the minimum. For small enough amplitudes or small 
enough energies, the result (1.322) is therefore a first approximation to the eigen¬ 
values of any potential problem that has an equilibrium minimum at the origin. 

As a third example, consider the quantum states of a symmetrical, rotating 
body. Here the Laplacian operator appearing in the Schrodinger equation has 
to be expressed in polar co-ordinates, and the rotational inertia, 7, of the body 
replaces the mass of the particle. The resulting equation is 


1 


sin 6 dO 


sin 6 


du(0,(p) 

dd 


+ 


l d 2 u(e,<p ) 


sin 2 0 d(p‘ 


The eigenvalues of this equation are 

Ej = j(j + \)fi 2 /2I 

where j is any positive integer and there are 2 j + 1 
value, so the weight of the jth level is 


2IE 

+ — u(fi,<p) = 0 (1.331) 

fr 

(1.332) 

eigenfunctions to each eigen- 


c oj = 2j + 1 (1.333) 

The eigenfunctions are spherical harmonics. 

1.4 Quantum states of assemblies of identical systems. So far we have 
considered only single systems. We shall also need to understand something of 
the quantum mechanics of large numbers of systems, and then the foregoing 
prescription for setting up quantum mechanical procedures has to be modified 
in the following way. Let the assembly consist of N systems each with / degrees 
of freedom, so that the configuration of the assembly is specified by Nf variables. 
Let the wave function for the assembly be a function of all these Nf variables, 
and be written in the form 


i^(q,<) = u(q u q 2> -- -q N )e iEtl * (1.401) 

where each q, is an /-vector representing all the co-ordinates of the jth system. 

The square modulus of this function multiplied by the hypervolume element in 
A/-co-ordinate space: 

u(qi,q2y' • •£w)w(<Zi,(fe> # * •<Zv)dridT 2 • • • dr # (1.402) 

is interpreted as the probability that a suitable experiment will reveal one sys- 
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tem simultaneously in each of the volume elements dri, dr 2 , • • • dr n in the/-di¬ 
mensional space of each system. 

The Schrodinger wave equation for such an assembly is found by the same 
kind of prescription as for a single system. We first set up the classical Hamil¬ 
tonian of the assembly 

H = H(p u p 2 ,- • -PN] qi,q2,-- -?v) (1.411) 

as a function of all the co-ordinates and all the momenta. Then we replace each 
momentum vector by the corresponding gradient operator: 

Pj —> grady (1.412) 

where grady means the gradient with respect to the co-ordinates of the jth sys¬ 
tem. The Schrodinger equation is thus 

H(-ih grad, q)w(q) = Eu( q) (1.413) 

where grad means the whole set of operators grady. This is a partial differentia 
equation in which all Nf variables are independent. 

Because all the systems in the assembly are the same, it makes no difference 
in the classical Hamiltonian if any pair of systems is interchanged, or in general 
if any permutation among the systems is effected. The same remark evidently 
applies to the differential operator in the Schrodinger equation. However, this 
in general need not be true of the eigenfunctions u(qi,q 2) - • • q N ) in Eq. (1.413); 
this function may well depend on for instance, in a different way from its 
dependence on q 2y so that an interchange of the first two particles or systems 
alters the function significantly. But because such a permutation does not alter 
the Hamiltonian differential operator, the new eigenfunction is still a solution 
of the same equation with the same eigenvalue as before. In general, there may 
be as many as N\ different eigenfunctions with the same eigenvalue—a property 
that is called exchange degeneracy. 

Consider for example an assembly of only two systems, and let u(q u q 2 ) be 
one wave function corresponding to some energy eigenvalue. Then u(q 2l qi) is 
also an eigenfunction with the same eigenvalue, and, unless u(qi,q 2 ) itself hap¬ 
pens to be symmetrical in the two sets of co-ordinates, these two eigenfunctions 
are different from each other and, indeed, are orthogonal to each other. Because 
both are solutions of the same linear differential equation (the same eigenvalue), 
any linear combination of them is also a solution. For example, either of the 
following two linear combinations are eigenfunctions with the same eigenvalue 
as before: 

n,{q\,Q 2 ) = §{w(?i,92) + u{q 2 , qi )) (1.421) 

u a (qi,q 2 ) = h{u(qi,q 2 ) - u{q 2 ,q{)\ (1.422) 

Here evidently u 8 is symmetrical in the two systems and does not change when 



REVIEW OF QUANTUM MECHANICS 


9 


the systems are interchanged, while u a is antisymmetrical and reverses sign when 
they are interchanged. Eqs. ( 1 . 221 ) and ( 1 . 222 ), describing the time-dependence 
of the wave functions, show that any symmetry character of the types here de¬ 
scribed is conserved during the progress of time: if a pair of systems starts out 
being symmetrical like (1.421), it will remain in a symmetrical state, etc. 

Consider now an assembly of a large number N of almost independent sys¬ 
tems, like the particles of an ideal gas, where we ignore the forces acting between 
them. The classical Hamiltonian of such an assembly is simply the sum of the 
Hamiltonians for the individual systems; therefore the Hamiltonian operator in 
the Schrodinger equation splits into the sum of single-system operators: 

= H( 1 ) + H( 2) + ••• H(N) (1.431) 

where for brevity we have written numerals 1 , 2 , - • • 2 V to indicate the sets of co¬ 
ordinates qi,q 2 , • • • qN • The Schrodinger equation (1.413) can then be solved by 
separation of the variables in the familiar fashion: 

u( 1 , 2 ,- • • N ) = u(l)u(2) • • • u(N) (1.432) 

and the Schrodinger equation splits into N separate equations, each one involv¬ 
ing a single system, all identical in form. Any one of these equations possesses 
a whole family of eigenfunctions, Uj(q), j = 1,2, • * *, which is usually denumer- 
ably infinite in number. Each of the N functions appearing on the right side of 
Eq. (1.432) must be one member of this family, with, of course, its own appro¬ 
priate variable. Suppose we arbitrarily choose a particular set of N such eigen¬ 
functions from the family and assign them to the assembly, one to each system, 
and form the product 

^(1,2,• • - A) = Wi(1)w 2 (2)i/ 3 (3) • • • u n (N) (1.433) 

If the eigenvalue of the function Uj(q) is Ej in the single-particle wave equation, 
then the eigenvalue of the combined function (1.433) in the wave equation for 
the assembly is the sum 

E = Ej (1.434) 

3 

This eigenvalue is degenerate with respect to the wave function, like (1.433), 
because we can interchange the factor functions among the systems without 
altering the total energy. For example, the function 

tt(2,l,- • • N ) = u 2 {l)u x (2)k 3 (3) • • • Un(N) (1.435) 

simply assigns the energy E 2 to the first system and E x to the second, so the 
total E is unchanged. Just as we did in the example of two systems, we can 
now form linear combinations of functions like ( 1 . 433 ) and ( 1 . 435 ) and look for 
those combinations that are either symmetrical or antisymmetrical in all pos¬ 
sible interchanges. Evidently the symmetrical combination is formed by add¬ 
ing all products, such as the two samples already given, that can be formed by 
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permuting the particles among the functions. When the result is normalized 
we then have 

N 

*.(1,2,- • -N) = (#!)-* Z n tiy(Pj) (1.436) 

p J =i 

where Z means the sum over all permutations P, and Pjf means that index 

p 

obtained from j by the permutation P. There is only one symmetrical combina¬ 
tion for a given total energy, hence exchange degeneracy has been removed by 
this process. 

The linear combination that is antisymmetrical in all the systems is most 
conveniently written in the form of a determinant: 

ui(l) Ui(2) ••• Ui(N) 

^ 2 ( 1 ) ^ 2 ( 2 ) • • • u 2 (N) 

• • • ••• « • • ••• 

wat(1) un(2) • • • un(N) 

This antisymmetrical function can also be written in a more condensed form 
like that used above for the symmetrical one: 

N 

”a(l,2,-. -N) = (#!)-* Z (-1) P n Uj{Pj) (1.438) 

p j =1 

where the factor (—l) p is positive if the permutation P is even, and negative 
if P is odd. 

We note next that, in the symmetrical combination (1.436), it does not matter 
if some of the particle eigenfunctions are identical with each other; we can still 
form the symmetrical combination. However, if we did the same thing with 
the determinant, for example, if the function U\ were the same as the function 
u 2) then two rows of the determinant (1.437) would be identical, and so the de¬ 
terminant would vanish identically. This result can be interpreted to mean 
that an assembly that is described only by antisymmetrical eigenfunctions never 
has more than one of its member systems in any one single-system eigenstate. 
This is the Pauli exclusion principle. No such restriction operates if the assem¬ 
bly is described by symmetrical functions. 

It was remarked earlier that if a pair of systems starts out in a symmetrical 
state, it must remain in symmetrical states; the same is true of large assemblies 
once an antisymmetrical assembly, always an antisymmetrical assembly. In 
practice, it is found that the symmetiy character of an assembly is a unique 
property of the kind of system in the assembly. For reasons that are still some¬ 
what obscure, assemblies of electrons, H atoms, and any gas whose molecules 
contain an odd number of nucleons and therefore having odd spin are always 
described by antisymmetrical eigenfunctions; while photons, deuterons, He 4 
atoms, and any gas whose molecules contain an even number of nucleons having 


(1.437) 


t*«(l,2,---tf) = ( N\)~' A 
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even or zero spin are always described by symmetrical eigenfunctions. The 
Pauli exclusion principle operates only on the antisymmetrical kinds, and this 
is of great importance for quantum statistics. 

To appreciate the difference between the two kinds of system let us return to 
the example of an assembly of just two systems and write down the expression 
(1.402) for the probability density in the two kinds of symmetry. For the sym¬ 
metrical case we use Eq. (1.421) and find for the probability density per unit 
hypervolume in Nf- space: 

P a = « 4 (1,2)«,(1,2) = £[w( 1,2) + u(2,l)][u(l,2) + u( 2,1)] 

= ^ | w(l,2) | 2 + \\u(2,l)\ 2 + Re[u{\,2)u{2,\)] (1.441) 

Similarly for the antisymmetrical case, using Eq. (1.422) we find 

P a = i|w(l,2)| 2 + \\u{ 2,1)| 2 - Be[fl(l,2)tt(2,l)] (1.442) 

The quantities ^ | w(l,2) | 2 + 2 I w (2,l) | 2 are exactly what we would expect if we 
ignored symmetry questions completely. It is not difficult to see that the other 
quantity, the real part of w(l,2)^(2,1) is large only if the two systems are near 
each other so that their individual wave functions overlap. Therefore Eq. 
(1.441) says that the symmetrical assembly tends to favor clustering, the close 
pair having an anomalously high probability; whereas Eq. (1.442) says that the 
antisymmetrical assembly tends to avoid clustering, because the close pair has 
an anomalously low probability. There is an apparent attraction between parti¬ 
cles in a symmetrical assembly and an apparent repulsion between those of an 
antisymmetrical assembly. This result carries over into assemblies of any num¬ 
ber of systems. The apparent forces are called “exchange forces”; they are ficti¬ 
tious forces in the sense that they do no work, but the terminology is convenient. 

1.6 Spin and symmetry. It is known that all fundamental particles possess 
properties that are vaguely analogous to intrinsic angular momentum or spin. 
The complete theory of this would take us too far from our subject, and we sum¬ 
marize only the results to be used later. 

The quantum of spin momentum is \fi, one half that of ordinary orbital angu¬ 
lar momentum, and the spin of any particle is sfi where s is some half-integer or 
integer. The spin $ is treated as a new variable, and every eigenfunction is given 
an extra factor, the spin factor, depending on this spin variable. Every elemen¬ 
tary particle,* e.g., electron, proton, neutron, etc., has only two possible spin 
states, $ = d=|; every complex nucleus has its characteristic spin spectrum, the 
known nuclei having maximum spins ranging all the way from zero to s = f. 
The general parity rule mentioned in the last paragraph states that assemblies 
of particles each having even 2s values have eigenfunctions that are symmetrical 
to the interchanges of particles, while those having odd 2s values have assembly 
eigenfunctions antisymmetrical in the interchange between particles. For a 

* The 7 r- and k- mesons are considered elementary particles but have spin zero. 
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given system, s can change only by unity—say from \ to — §—to conserve 
symmetry. 

For particles with spin s, there are 2s + 1 different possible spin factors cor¬ 
responding roughly to the space-quantization of orbital angular momentum. 
In the absence of a magnetic field these different states all have the same energy, 
so their number simply multiplies the degeneracy of the energy levels. For most 
statistical work this is all that we need to consider. In the theory of assemblies 
of complex molecules for instance, the spin degeneracies modify the relative 
weights of the various angular momentum states of the molecule as listed in 
Eq. (1.333). 

Consider a pair of identical atoms, a and 6, forming a single diatomic molecule. 
The angular momentum eigenfunctions corresponding to the energy levels listed 
in Eq. (1.332) with even ./-values are in fact symmetrical for interchanges be¬ 
tween the two atoms, while those for odd ./-values are antisymmetrical. When 
these eigenfunctions are multiplied by spin factors, the symmetry of the result 
depends on the symmetry of the spin factors. If Si(a) is a spin factor assigned 
to particle a, we may write an antisymmetrical spin factor for the pair in the 
form 

Si (a)S 2 (b) - S 1 (b)S 2 (a) (1.501) 

analogous to Eq. (1.422) for ordinary eigenfunctions. There are 2s + 1 differ¬ 
ent spin states S, and therefore s(2s + 1) different combinations like (1.501) 
that are antisymmetrical in the particles. On the other hand we can write two 
kinds of spin factors that are symmetrical in the particles: 

Si(a)S 2 (b) +S 1 (b)S 2 (a) and Si(a)Si(b), etc. (1.502) 

There are s(2s + 1) of the first type and 2s + 1 of the second type, so that in all 
there are (s + l)(2s + 1) symmetrical spin factors. 

According to our parity rule, a pair of identical particles each with even spin 
(2s even) must have a combined eigenfunction that is symmetrical between the 
particles; therefore, their orbital angular momentum eigenfunctions that have 
even ./-values must combine with symmetrical spin factors with even 2s-values, 
multiplying the degeneracy weight by the factor (s + l)(2s + 1): 

j even, 2s even: = (2 j + l)(s + l)(2s + 1) (1.503) 

On the other hand, their orbital angular-momentum states with odd ./-values 
must combine with antisymmetrical spin factors, multiplying the degeneracy 
weights by the factor s(2s + 1): 

j odd, 2s even: a> jt8 = (2 j + l)s(2s + 1) (1.504) 

A pair of identical particles each with 2s odd must have a combined eigenfunc¬ 
tion that is antisymmetrical between the particles; therefore, their even j -values 
combine with antisymmetrical spin factors, multiplying the weight by s(2s + 1): 

j even, 2s odd: uj t8 = (2 j + l)s(2s + 1) (1.505) 
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while their odd j-values combine with symmetrical spin factors, multiplying the 
weight by (s + l)(2s + 1): 

j odd, 2s odd: o>/, 5 = (2 j + l)(s + l)(2s + 1) (1.506) 

If the two atoms in a diatomic molecule are not alike, the symmetry of the 
angular-momentum eigenfunction is of no significance, and the weight of the 
level is simply multiplied by the product of the two spin degeneracies of the 
atoms separately, i.e., by (2s a + l)(2s& +1), where s a and are the spins of the 
atoms a and b respectively. 

In studying polyatomic molecules the question of spin degeneracy becomes 
more involved, but, in practice, a useful approximation turns out to be ade¬ 
quate. We note that for any pair of atoms the two possible spin weight factors 
are s(2s + 1) and (s + l)(2s + 1), and if s is large, these two numbers will not 
be very different: an average between them would be approximately ^(2s + l) 2 . 
Now (2s + 1) is the spin degeneracy of either particle separately, and \ is the 
reciprocal of the number of indistinguishable configurations of the pair that can 
be produced by a simple rotation in space. By analogy we may generalize to 
any complex polyatomic molecule. Multiply together the spin degeneracies of 
all the atoms and divide by the number of equivalent configurations produced 
by simple rotations of the molecule as a whole. The result is approximately the 
extra degeneracy factor to be attached to each orbital momentum state. 

1.6 The matrix formulation of quantum mechanics. Given the Hamiltonian 
operator and any closed orthogonal normalized set of functions v n , we may form 
the expression 

U nm = J* v n Hv m dr (1.601) 

for any pair of subscripts n,m. This set of quantities may be regarded as a 
matrix, and called the matrix of H on the ^-representation. If the v n happen to 

be the eigenfunctions u n of the operator //, then Hu n = E n u n and the matrix 
elements become 

IInm E m ^ U n U m dT = E m 8 nm (1.602) 

On the ^-representation, the matrix of H is diagonal, and its diagonal elements 
are the eigenvalues E m of the operator H. In general, the ^-representation of 
H is not diagonal, but the following rule of matrix algebra permits us to find the 
diagonal form of the matrix without knowing the eigenfunctions u n . We form 
the matrix H - X/, where X is a scalar unknown, and I is the unit diagonal ma¬ 
trix, and equate the determinant of this to zero: 


H - \I\ = 0 


(1.603) 
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This is a polynomial expression in powers of X equated to zero, and the roots of 
the equation are \ — E n , all the eigenvalues of H. 

Any physical observable F(p,q,t) for which an operator can be found by the 
rules of § 1.2 can be expressed in the form of a matrix: 

Fnm = J v n Fv m dT (1.604) 

This matrix can be diagonalized by the rule (1.603) to yield the eigenvalues of F, 
and these are interpreted as the possible results of a physical measurement of F. 

Any Hermitian matrix (i.e., one composed of complex elements such that 
Fnm = F inn ) can be diagonalized by the rule (1.603), whether or not the opera¬ 
tor F from which the matrix is formed by (1.604) can be derived from a classical 
observable by the rules (1.211) and (1.212). The most significant contribution 
of the matrix method is in suggesting that any Hermitian matrix may represent 
an observable, even one without a classical analog, and that, when diagonalized, 
its diagonal elements are the possible results of measuring this observable. The 
spin of any elementary particle discussed in the last section is such an observable 
without classical analog: its matrix is one of the Pauli spin matrices. 

The dynamical laws for the time-behavior of nonclassical variables can be 
set up in terms of the matrix notation without reference to the classical laws of 
motion. This is done by using the time-dependent wave functions for v n in 
Eq. (1.604) and applying Eq. (1.221) in the form: 

ifidvjdt = Hv n (1.605) 

to the equation 

dF nm /dt = (d/d t)jv n Fv m dr 
The result can be shown to be 

dF/dt = dF/dt + (1 /ih){FH - HF) (1.606) 

where dF/dt is present only when the component elements of F depend on time 
explicitly, and FH — HF is the commutator of the two matrices F and H. 
From the last equation we derive the following theorem: Any matrix that (a) 
does not depend on time explicitly, and (b) commutes with the Hamiltonian 
matrix H of the system, represents a constant of the motion of the system. 
Moreover any two matrices that commute with each other can be diagonalized 
by one and the same representation. This is interpreted to mean that observ¬ 
ables represented by commuting matrices can be simultaneously measured in 
one and the same operation, while two observables whose matrices do not com¬ 
mute cannot be measured precisely in one simultaneous operation. 

As an example of this, matrices can be set up for the generalized co-ordinates 
and momenta in the classical Hamiltonian dynamics. They are given by 
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(1.607) 



It can be proved that these matrices satisfy the following commutation rule: 

QP - PQ = mi (1.608) 

where I is the unit diagonal matrix. Since Q and P do not commute, they can¬ 
not be measured simultaneously. This result is equivalent to the Heisenberg 
uncertainty principle: 

Ap&q = Ti (1.609) 

where Ap and A q are the minimum possible uncertainties in the result of trying 
to measure p and q simultaneously in one operation. 

Any two matrices P and Q that satisfy Eq. (1.608) can be used as a pair of 
canonical variables for the quantum mechanical description of a dynamical sys¬ 
tem. One of the important techniques of the matrix method in quantum me¬ 
chanics is the search for matrices that satisfy Eq. (1.608) and the subsequent 
diagonalization of these matrices to obtain the possible results of a physical 
measurement of either one or the other. 


EXERCISES AND PROBLEMS 

1. Show that the expectation value of the energy given by Eq. (1.234) is equal to E if 
the wave function is given by Eq. (1.222). 

2. Use Eqs. (1.242) and (1.243) to prove Eq. (1.244). 

3. Use Eq. (1.244) to derive Eq. (1.245) and explain the meaning of the Dirac delta - 
function in this result. 

4. Verify that the wave functions of Eq. (1.311) are solutions of Eq. (1.302) with the 
eigenvalues given by Eq. (1.303). 

6. Set up wave functions of the form Eq. (1.222) from each of the functions (1.421) 
and (1.422), substitute into the Schrodinger equation (1.221), and demonstrate that the 
symmetry of the wave function does not change with time. 

6. Show that the normalizing factor (N!)~^ in Eq. (1.436) reduces the integrated 
square modulus of the function u 8 to unity. 

7. Sketch diagrams to illustrate the statement following Eq. (1.442) regarding the real 
part of the function u( 1,2) u(2,Y). 

8. Discuss the nuclear spin degeneracy of the molecules of H 2 , CO 2 , the benzene ring 
CeH c and ethane 2(H 3 C). 

9. Diagonalize the matrices: 


1 

0 

1 


/ 0 t 
( -i 0 
\ 0 1 





and interpret the results in quantum mechanical terms# 
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10. Diagonalize the Pauli spin matrices: 

G i) (° 1) (i _!) 

Show that the column vectors and O are eigenvectors of these matrices. 

11. Verify Eq. (1.606). (Hint: see Schiff, Quantum Mechanics , § 23.) 

12. Verify Eq. (1.608). (Hint: see Schiff, Quantum Mechanics , § 12.) 
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Chapter II 


THE FORMALISM OF STATISTICAL MECHANICS 


2.1 The basic postulates. Let us consider an assembly of N identical sys¬ 
tems between which there are only extremely small interactions, and let us set 
up the appropriate wave functions, either Eq. (1.436) or (1.437). In setting up 
these assembly wave functions, we have a whole spectrum of single-system wave 
functions Uj(q) from which to choose N factors in the combined wave function. 


If we know the quantum properties of the individual systems, we know these 
individual wave functions; hence it is in principle feasible to construct all the 
possible combined eigenfunctions for the whole assembly. We shall always nor¬ 
malize the combined wave functions to unity so that they represent states with 
unit probability when integrated over the entire phase space of the assembly. 

The basic postulate of quantum statistical mechanics may be stated as follows: 
If our methods of observation are too coarse to determine the assembly eigen¬ 
function, equal probability has to be assigned to each assembly eigenfunction 
that is not inconsistent with the data. A great deal of discussion exists in the 
literature concerning the validity of this and the equivalent classical assumption, 
and the student is referred to some of this in the suggestions for further reading' 
Here we shall simply accept it as pragmatically justified. In practice our ob¬ 
servations are never able to determine the precise assembly wave function for 
any piece of bulk matter; the best that we can discover is the distribution-in- 
energy of the assembly, by which is meant a specification of the number of sys¬ 
tems in each possible energy level. As will be seen immediately, a large number 
of assembly eigenfunctions generally exist that belong to any one distribution-in- 
energy. Because we assume each assembly eigenfunction has the same a priori 
probability, the distribution-in-energy that corresponds to the maximum num¬ 
ber of assembly eigenfunctions is the most probable distribution-in-energy, 
.e immediate task is therefore to count the number of assembly eigenfunc¬ 
tions corresponding to every possible distribution-in-energy. 

In § 1.4 we have described two kinds of assembly eigenfunctions, the sym¬ 
metrical and the antisymmetrical. Before continuing with the immediate task, 
it is advisable to include another kind of assembly eigenfunction that is appro¬ 
priate when the particles forming the assembly are large enough to be mutually 
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distinguishable—unlike the elementary particles. Such an assembly is called a 
Boltzmann assembly; the results will lead to the Boltzmann statistics, and we 
wish to include this along with our discussion of quantum statistics. If the par¬ 
ticles are mutually distinguishable from each other permanently, the discussion 
of § 1.4 proceeds in exactly the same way up to the point reached in the Schro- 
dinger equation (1.413). At this point, we are not now permitted to permute the 
particles, because they are not indistinguishable from each other; even though 
they may be similar with each other, we can, in principle, put a tag on each 
particle to identify it from the others. We could therefore—also in principle— 
decide whether, for example, the correct wave function for a pair of particles 
was u(q\,q 2 ) or u(q 2 ,q\), and it is not possible to attach any real meaning to such 
a combination as Eq. (1.421) or (1.422). We can however take up the discus¬ 
sion around Eq. (1.431) and set up the combined eigenfunction (1.433) for the 
assembly of distinguishable particles. We can then set up an eigenfunction like 
(1.435), recalling that this eigenfunction is now actually distinguishable from 
(1.433), because a permutation among the particles does make a real difference 
if we have tagged them. The symmetrical combination and the antisymmetri- 
cal combination do not have any real meaning in this case. Finally, we can 
include the Boltzmann assembly in our discussion if we note that there are many 
more eigenfunctions for the Boltzmann assembly, namely, one for every permu¬ 
tation of the particles among the states Uj, which we may write 

N 

u B (P) = n uj(PJ) (2.101) 

y=i 

the subscript B for Boltzmann, and P for permutation as before. 

In classical Boltzmann statistics, the term “complexion” was used to indicate 
an assignment of particles to the states Uj, and this term is convenient also with 
quantum statistics. Each assembly eigenfunction in fact makes exactly such an 
assignment of particles or systems to the states Uj , so that there is a one-to-one 
correspondence between the eigenfunctions and the complexions. The basic 
postulate of quantum statistics is therefore the same as that of the Boltzmann 
statistics, i.e., that every complexion is equally probable. 

Before attempting to count complexions in general, it is desirable to discuss 
some very simple examples to illustrate the meaning of complexions and the 
significance of the difference between distinguishable and indistinguishable sys¬ 
tems. First consider an assembly of two particles for each of which there are 
six possible states, and let the particles be completely indistinguishable from 
each other. The following table displays several distinct complexions of this 
assembly: 


Complexion 

State 

1 

2 

3 

4 

5 

6 

A 


0 

1 

1 

0 

0 

0 

B 


0 

0 

0 

0 

0 

2 

C 


1 

0 

1 

0 

0 

0 
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The numbers in the body of the table indicate how many particles are in the 
states listed in the top row. Row A represents one complexion where a single 
particle is in the second state, another in the third state, and no particles in any 
other state. Each complexion, A, B, or C, etc., is equally probable if we make a 
random “throw” of the two particles into the field of the six states. The wave 

functions corresponding to the three complexions listed in the table are of the 
form: 

^4(1 >2) = {?/2(l)W3(2) zt w 2 (2)m 3 (1)} 

u b( 1,2) = w 6 (1)u 6 (2) or 0 (2.102) 

u c{ 1>2) = \/5{^1 (1)^3(2) dz m 1 (2)u 3 (1)| 

dhe positive sign corresponds to symmetrical, the negative sign to antis 3 r mmetri- 

cal, wave functions. In the complexion B, there is no antisymmetrical wave 
function. 

Next suppose the particles of the above assembly are actually distinguishable 
fiom each other, like a pair of dice that could be colored differently) the side of 
each die indicates its state by its score mark. Let us call the dice a and 6; then 
we have the following complexions (among many others): 


Complexion 

State 1 2 3 4 5 6 

Ai 

0 a 6 0 0 0 

Aii 

0 6 a 0 0 0 

B 

00000 a+6 

Ci 

a 0 b 0 0 0 

Cii 

b 0 a 0 0 0 


Ihe wave functions, for example, corresponding to the complexions Ai and Aii 
are 01 the form: 

UAi = u 2 (a)u 3 (6) and u Aii = u 2 (b)u^(a) (2.103) 

Comparing the two tables we see that a score of 2 + 3 when the particles are 
distinguishable corresponds to two complexions Ai and A ii, while it is given 
onJy by one complexion A when the particles are indistinguishable-the prob¬ 
ability is doubled when the particles are distinguishable. One could imagine 
a device whereby a pair of dice could be made to follow the quantum statistics, 
and to have complexions as given in the first table. Thus if each die could be 
made sensitive to the score shown on the other die, and be provided with a mech- 

afteTa bSf ng T** 7* t0 Sh ° W the Same SCOre aS the other die h * d initially, 
after a brief relaxation time, we could imagine a pair of dice having been thrown 

show the 3 + 2 . ^ tr P - 

ng back to 2 + 3, and so on indefinitely. This kind of exchange process be- 
een the two d,ce would mean that the two complexions At and Lt would not 



20 


AN INTRODUCTION TO QUANTUM STATISTICS 

exist as separate states of the pair; instead, there would be only a single combined 
state, like A in the first table. It is often helpful to picture fundamental parti¬ 
cles like electrons as making exactly this kind of exchange jump between the 
states appearing in the wave function of the assembly. In fact, one is obliged 
to accept this strange picture if one wishes to retain the existence of material 
particles in the quantum mechanical situation; it is an excellent example of the 
kind of troubles one is forced into by trying to keep hold of the point of view of 
classical materialism in discussing quantum mechanics. 

2.2 The number of complexions in any distribution-in-energy. Consider an 
assembly of N systems. Let each system have a spectrum of possible energy 
levels e k and a number of eigenstates cj k corresponding to the /cth energy level. 
A distribution-in-energy of the assembly is defined by the set of numbers n k of 
systems in the kth energy level—all k values to be counted. Following the basic 
postulate that the assembly eigenfunctions are equally probable, we wish to 
count how many such assembly eigenfunctions correspond to any particular 
distribution-in-energy; such a count would measure the a priori probability that 
the assembly be found in this distribution-in-energy. Clearly the number in ques¬ 
tion depends on whether we use the Boltzmann unsymmetrized eigenfunctions 
of Eq. (2.101), the antisymmetrical eigenfunctions of Eq. (1.437), or the sym¬ 
metrical ones of Eq. (1.43G). The statistics resulting from these different 
methods of counting are called Boltzmann, Fermi-Dirac, or Bose-Einstein sta¬ 
tistics respectively; we shall discuss each in turn. 

A. The Boltzmann statistical count. In writing out explicitly the product of 
individual system eigenfunctions appearing on the right side of Eq. (2.101) as 
the expression for a Boltzmann complexion, we shall in general find some sys¬ 
tems assigned to one and the same eigenfunction, whereas some systems will be 
assigned to various eigenfunctions that nevertheless belong to the same energy 
level because of degeneracy. The total number of systems to be assigned to the 
ftth level is of course n k . The question is: How many different assembly eigen¬ 
functions like Eq. (2.101) can we form that all have the same set of numbers n k ? 

In forming the eigenfunctions (2.101), we remarked that the individual sys¬ 
tems are in principle distinguishable; hence any permutation of them among 
the states produces a different eigenfunction, at least insofar as the permutation 
exchanges systems that are in different states—even the different states belong¬ 
ing to the same energy level. The number of complexions in the distribution- 
in-energy is therefore found by counting the number of significant permutations 
of particles among the states consistent with keeping the numbers n k fixed. To 
make this count, we may first arrange the N particles in groups containing n k 
particles in the Ath group, and later assign each group in all possible ways to 
the u k states in the kth level. The number of ways we can arrange N distinguish¬ 
able particles in groups of n k does not include the permutations of the members 
within any one group, so that if X is the desired number, we have 

N\ = Xn x \n 2 \ • • • ft/! • • • (2.211) 
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where the number of factors on the right is indefinite. Wherever an energy 
level contains no particles, the factor 0! is counted as unity. We may read this 
equation as stating that the total number of permutations N\ of particles is 
equal to X times the permutations that do not count. Thus: 


X = N\ II (!/«*!) 

k 


( 2 . 212 ) 


Having thus counted the number of ways we can form the required groups, we 

now have to count the number of ways in which each such group can be assigned 

to the oi k states in each level. Consider first some one level, the Ath, and count 

the number of ways n k systems can be distributed among the o> k states belonging 

to this level. In doing this there is no restriction on the number of systems that 

can be put into any one state. Thus we can assign each and every system to the 

level in oi k different ways, one for each state, and the total number of ways is the 

pioduct of oi k for each of the n k systems, (oi k ) nt . The same expression holds for 

every level, and the combination of all possibilities is the product over all the 

levels. Combining this statement with the number X given in Eq. (2.212) gives 
the Boltzmann count: 


CnoitzK) = Ann(co*)"7n*! 

k 


(2.213) 


where \n k ) is to be read “the set of numbers like n k .” 

B. Bose-Einsteinstatistical count. For the Bose-Einstein statistics we have to 
count how many different symmetrical assembly eigenfunctions like Eq (1 436) 
can be formed consistent with a given distribution-in-energy. In forming the 
function (1.436) we note that all the N\ permutations of the systems among 
themselves are contained in the assembly eigenfunction symmetrically, so that 
it makes no difference to it if we permute the particles. Thus in arranging our 
systems in the groups n&, the permutations counted as X in Eq. (2.212) do not 
count in this case; there is in fact only one way in which N completely indistin¬ 
guishable systems can be arranged in groups. We are left then with the prob¬ 
lem of counting up how many different ways there are of arranging n k systems 
in oi k eigenstates at each energy level-the systems being completely indistin¬ 
guishable, so that permutations among them are not counted. There is no limit 
set to the number of systems assignable to any one state. Let the symbols u< 

3 1,2 , ■■■oik represent the a,* eigenstates at the kth level, and let the numerals 

?’.''' n * ^present the systems in the level. Then the following row of svm- 

,ac, ° r " in “ * * £■ 


U\ 1 2 w 2 3 W 3 w 4 4 


'U'ukJI'k 


( 2 . 221 ) 


This may be read as stating that in the first eigenstate we have placed the first 
and second systems; in the second eigenstate, the third system-in the 
eigenstate, no system; in the fourth eigenstate, the fourth system; etc.; and in 
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the last eigenstate, the last system. All this is for one particular level, the /cth. 
Let us find how many significantly different expressions like (2.221) we can form. 
Suppose we keep the symbol u x always in its first place; this is the only way to 
be sure that we shall count only symbols beginning with a u-term, and exclude 
such meaningless things as 2 u x 1 • • •. All the other symbols, altogether 

(n k + u k — 1) of them, are to be freely permuted, forming (n k + o) k — 1)! dif¬ 
ferent expressions; for example, one of these is 

u i 2 1 u 3 u 4 4 u 2 3 • • • u uk (n k - 1) n k (2.222) 

In this example we see that system 1 and system 2 are still assigned to the first 
state; none to the third state; the third to the second state; the fourth to the 
fourth state; etc.; however, to the last state we have added the (n k - l)th system. 
The first four states are no different from before, but the last state, and one 
unlisted state, have different populations; hence the symmetrical eigenfunction 
corresponding to (2.222) is different from that corresponding to (2.221). Any 
permutation among the systems alone (there are n k \ such permutations in this 
level) makes no difference to the assembly eigenfunction, and any permutation 
of such groups of symbols as 4 with U 2 3, which takes an eigenstate with its 
total population and exchanges it with another eigenstate and its total popula¬ 
tion, does not produce a new eigenfunction for the assembly. Thus the number of 
assembly eigenfunctions equals the total number of permutations ( n k + o>& — 1)! 
divided by the number of permutations that do not count, namely, u k \ permuta¬ 
tions among the systems in the level, and (oo k — 1)! permutations among the 

states with their populations, not including the first. Finally, therefore, we have 
for the Bose-Einstein count: 

Cb.e \n k ] = II (n k + a> k - 1) !/[(«* - l)!n*!] (2.223) 

k 

where we have combined the numbers obtained for every level. 

C. Fermi-Dirac statistical count. The only difference between this and the 
Bose-Einstein count is that we are not now permitted to put more than one 
system into any single eigenstate. Again there is only one way of grouping the 
systems into the numbers n k) because they are indistinguishable; next we have 
to count the number of ways we can place n k systems into o) k states at the &th 
level. Clearly no distribution can be considered for which n k exceeds oo kf for 
this would violate the exclusion principle that no more than one system be as¬ 
signed to each state. We write out a sample factor in the wave function for the 
/cth level, following the same code as for the Bose-Einstein case: 

U\ 1 U 2 u% 2 U\ u$ uq 3 u? 4 • • • Ufajtjc (2.230) 

The number of significantly different expressions of this type is the number of 
ways we can place n k integers in u k places (right after the ^-symbols), with no 
more than one integer per place. The first integer can be placed in any of the 
cot places; the second then has only o) k — 1 places to choose; the third, only oj k — 2 
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places; etc.; the result is !/(co^ — ft*)! ways. Having done this, we have inad¬ 
vertently counted all the permutations among the n k systems, and these have 
to be removed. Therefore, combining finally all the energy levels we find for the 
total Fermi-Dirac count: 


CF.D.fft*} = — ft*)!ft*!] 

k 


(2.231) 


Statistical mechanics is a useful discipline only in the study of assemblies 
containing large numbers of systems. This is the case simply because we start 
out the whole work with a statement of ignorance, as we did in § 2.1, viz., that 
we cannot on the basis of available methods of observation determine the actual 
quantum states of the individual systems. If the assembly consisted of only a 
few systems, a very few real observations would indeed give us the states of these 
individual systems, and there would be no need to resort to statistical methods. 
Quantum mechanical laws applied to each system separately would predict the 
behavior of the whole assembly directly. We should perhaps emphasize that the 
ignorance assumed at the basis of statistics is not the kind of ignorance implied 
in the Heisenberg uncertainty principle; rather, it is ignorance forced upon us 
by the sheer immensity of the problem. One cubic centimeter of matter may 
contain as many as ten billion molecules, and, quite apart from the uncertainty 
principle, it is just not practicable to write down even a single possible wave 
function for the assembly—let alone decide which one is correct. For this reason, 
our formulae are intended to apply only to very large numbers of systems, and 
this permits us to make some simplifying approximations. In particular, we 
make repeated use of Stirling’s approximation, which states that for any suffi¬ 
ciently large number X the natural logarithm may be written 


\nX\ = X\nX - X 


(2.241) 


Taking the logarithms of the numbers C BoHz , C B . E „ and C F . D . given in this 

section, and supposing that all the numbers appearing in the formulae are large 
we can easily show from Eq. (2.241) that ’ 


In CEoitzIn*} — In AH -|- 23 w^[ln (ca k /n k ) + 1] 


(2.242) 


In 


Cb.e.{«*) 23 Wk In ( u k /n k + 1) + ^ In (1 + n k / co*)] (2.243) 

Jc 

In C r . D .{n*) = 23 [n k In ( o> k /n k - 1) - Wk J n (l - n k /o> k )] (2.244) 

The term In AT! has been left in that form in Eq. (2.242) to facilitate a direct 

lows In S ° D h * he other f wo expressions for B.E. and F.D. statistics, as fol¬ 
lows. In case n k « co* for all values of k, then lim n k /w k = 0: 


lnC B .E.{n*) =lnC F .D.K) = In [C Bo i u {n*)/iV!] 


(2.245) 


The common limit of all three statistics given here is called classical statistics. 
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plieis a and /?. To complete the solution of the problem, we have to find a and 

and t0 do this > we make use of the fact that they have to be chosen so as to 
make sure that the restrictions (2.301) are fulfilled. Putting Eq. (2.314) directly 
into the left side of the first of Eqs. (2.301), we have 

N X a, exp (— a — fit,) = N 

J 

and this gives one equation between a and /3: 

X) “j exp (-a - 0 (j ) = 1 (2.315) 

j 

or, alternatively, 

e“ = X (2.316) 

j 

Again putting Eq. (2.314) into the second equation (2.301), we find a second 
equation between a and (3: 

X exp (-a - (3e } ) = E/N (2.317) 

j 

Eliminating a between this and (2.316) yields 

E/N = X X c o } e~^i (2.318) 

j j 

In any paiticular problem where the energy levels ey and their degeneracies wy 
are known, Eqs. (2.318) and (2.316) enable us to compute the constants a and 
P, and so from Eq. (2.314), to find the most probable distribution-in-energy. 

B. Bose-Einstein distribution. Writing Eq. (2.243) for In C in Eq. (2.306): 

d In Cb.e./ dnj = a + @€j 
leads almost immediately to 

In (tty + coy) — In tty = a + 0ey 

and taking the exponential of this equation we find for the most probable distri¬ 
bution-in-energy : 

n J = «v/[exp (a + p€j) - 1] (2.321) 

The undetermined multipliers a and (3 are to be found again by putting this 
equation into the restrictions (2.301). This yields 

N = X “y/[exp (a + fit/) - 1] (2.322) 

and 

E = X “y«y/[exp (a + %)'- 1] (2.323) 

J 

These two equations can, in principle, be solved for a and fi, and, putting their 
solutions into Eq. (2.321), we obtain the most probable distribution-in-energy 
for the Bose-Einstein statistics. 
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C. Fermi-Dirac distribution. Again using Eq. (2.244) for lnC F .D. in Eq. 
(2.306) we easily find 

In (coy — ny) — In ny = a + /3ey 

which gives the result 


n i = “//[exp (a + j8«y) + 1] (2.331) 

Putting this into the restrictions (2.301) yields two equations 

N = H “//[exp (a + j fa) + 1] (2.332) 

J 

E = X) “y«y/[exp (a + 0ey) + 1] (2.333) 

j 

Solving these for a and 0, we can, in principle, use the results in Eq. (2.331) to 

find the most probable distribution-in-energy for the Fermi-Dirac statistics 

Inspection of Eqs. (2.321) and (2.331) shows that the two distributions ap- 
proach the same limit when Tij/ooj —> 0, viz.: 

n//“/ -► 0: ny = coy exp (-a - fa) (2.341) 

This is because the only way that Eqs. (2.321) and (2.331) can give a very small 
value to ny/coy is by the factor exp (a + fa) becoming much greater than unity. 
I he reader should note the difference between the result (2.341) and the Boltz¬ 
mann distribution (2.314); it is left as an exercise to prove that the corrected 
Boltzmann statistics (AM removed) lead just to the result (2.341) which we now 
call the classical distribution-in-energy. The Boltzmann distribution (2.213) is 
applicable to assemblies in which the systems are mutually distinguishable; the 
classical distribution, to assemblies in which they are not distinguishable. The 

parameters a and (3 for the classical distribution are found by putting Eq. (2 341) 
into Eq. (2.301), solving for a and 13: 


N = X “y exp (-a - /3cy) 

) 

E = 2 “/«/ exp (-a - fa) 

A ** 


(2.342) 

(2.343) 

J 

Puttmg the results into Eq. (2.341) gives the most probable classical distribu- 
tion. (Actual examples of these procedures will be given later ) 

2.4 The Darwin-Fowler method. There exists a much more powerful method 
-due originally to C. G. Darwin and R. H. Fowler-of deriving the msults 
g ven m this chapter without the use of the Stirling approximation. The method 

disced k\Tbturr\ ma w e T tiCaI technique for handlin S the applications 

tails are unnecessarily difficult for the student who has not had more mathe 

results of rai . n, . ng f . than 18 ™ eded for a complete understanding of the more useful 
results of Mat-fta! mechanics. In this section, we presen? the b«Sc?dZ of 
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the Danvin-Fowler method and show how it leads to the same results as we 
have just derived. 

Fiist we specify the states of a system by the energy values e s , having first in 
principle removed all degeneracies—every state being indicated separately, even 
if its energies are numerically equal. Next we write down a symbol: 

(2.401) 

which is to be read “there may be u 8 systems in the 5 th state, and their energy 

total is n 8 e s .” We then sum symbols like the above over all allowed values of 
n s starting from zero: 

1 + xz u + x 2 z 2 *' 4- (2.402) 

and in reading this expression we begin by saying “there may be no systems at 
all in the sth state, or there may be one system in this state, or there may be 
two systems • • •.” It is essential to read the + sign as “or,” not as “and,” in 
older to understand the logic of this method. In the Fermi-Dirac statistics, we 
stop at the two alternatives, zero and one system in any one state; in the Bose- 
Einstein statistics, we continue indefinitely. These alternative possibilities re¬ 
garding the sth state are to be combined with the similar alternatives for all the 
states available to the systems, and, as will appear shortly, the appropriate way 
of making this combination is to multiply together the several sums: 

II Z (2.403) 

3 Tig 


This product combines symbolically all possible assignments of the systems to 
the various energy states. If the product is actually worked out, we get a power 
series in x and in z. The combined coefficient of all terms containing x N equals 
the number of individual terms (possible assignments) consistent with the total 
number of systems being equal to N, while the coefficient of all terms contain- 
ing z E automatically equals the total number of possible assignments consistent 
with a total energy equal to E. We translate the words “possible assignments” 
to read “complexions,” assume equal probability, and find it apparent that this 
device is a general way of deducing results like Eqs. (2.213), (2.223), and (2.231). 
From the theory of residues in complex variables, it is known that the coefficient 

in a power series can be obtained in the form of a contour integral in the com¬ 
plex plane: 


C(N,E) 




dxdz 

~ x N + \ z E + \ 


n z s w * wa 

a rig 


(2.404) 


where we have to set up a complex plane for both x and z independently. The 
number C(N,E) is the number of complexions corresponding to given total num¬ 
ber N and total energy E, and is the coefficient of the term x N z E in the double 
power series covering all possible assignments. 

In looking for the average value of any function, for example, the average 
population of the kth state, we regard the number of complexions accompanying 
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any particular value of the population or other function as a measure of its 
probability. Let n k be a particular value of the population of the Ath state, 
and write down all the possible assignments in which the population has this 
fixed value—there is just one term in the sum over assignments to the fcth state, 
but a complete sum over all other states: 

x"* 2 n * e * XI Y, x n -z n ‘ t - (2.405) 

8=*k n « 

The coefficient of x N z E in this expression gives the probability of finding the 

particular value n k for the population of the fcth state. Write this coefficient 

symbolically as C(N,E,n k ); then the weighted mean value of all possible n k 
values is given by n k , where 


fi k C(N,E) = £ n k C(N,E,n k ) (2.406) 

nk 


which in turn is equal to the coefficient of x N z B in the follow 


ung expression: 


Z «*Z n *2"* < * IX Z X n ‘ Z n -'- 

Uk 8=*=k 7l » 


(2.407) 


The first sum in this expression can be written as x(d/dx) ^ z n *z n ***, so that, 


finally, Eq. (2.407) becomes 


nk 


' 5 ^ §§ 


( 2 «) 

where the extra factor is 


dxdz 

t v+i,e+i ( extra factor) II Z x n ‘ Z n ^ (2.408) 

X Z 8 n a 


x(d/dx )In 


X n kZ n k*k 


L njt 


(2.409) 


‘“.f 18 <2 I f 8) a ° d (2 ' 404) ' we extra fac- 

or is all that distinguishes them. Darwin and Fowler proved that if N is verv 

great, the integrand in Eq. (2.404) has a sharp maximum at the real axis as we 

move round a circle in the complex plane; that this maximum is sharpest when 

axLTe at the sadT 88 the ™nh™m of the integrand along the real 

, ’i • ’ tu , S£ ^ e P° int > an< f that the extra factor in (2.408) varies verv 
owly in the neighborhood of this saddle point. The ratio between the two 

integrals, which is what one needs in Eq. (2.408) to find n k , is therefore essen 
Eq. St: GXtra faCtOT eValUated ^ the minimUm 0f the integrand in 


n k = x(d/dx) | Z x"* 2 n *‘*J 


(2.410) 



6[) AN INTRODUCTION TO QUANTUM STATISTICS 

where x and z are the values of x and z that minimize the following expression, 
which is the logarithm of the integrand in (2.404) when d In x and d In * are 
taken as the variations instead of dx and dz : 


minimize: 



(2.411) 


We omit any discussion of several fine points involved in this argument) these 
may be found in the references for further reading. 

Applying these methods to Fermi-Dirac statistics, the sum over n k is restricted 
to two terms, n k = 0 and 1. Equation (2.410) then yields 


n k = + xz € *) (2.412) 

while minimizing (2.411) with respect to x yields the equivalent to N = ^ n k , 

k 

and minimizing the same expression with respect to 2 yields, simply, E = 
2 ( k n k- Comparing these results with Eqs. (2.331)-(2.333), we see at once 

rC 

that they are identical, provided only that x is identified with e~ a and z with e~ 

Applying the same method to the Rose-Einstein statistics, where the sum goes 
over all n 3 values without limit, we note that 

J^x n z ne = (1 - xz e ) _1 (2.413) 


for each energy level. The differentiations involved in Eqs. (2.410) and (2.411) 
then go through in an elementary fashion, and it is left as an exercise for the stu¬ 
dent to verify that the results coincide with Eqs. (2.321)-(2.323). 

The chief contribution of this discussion from our present point of view is to 
prove that the results derived in terms of the Stirling approximation are in fact 
valid on much less restrictive conditions than are required by that approxima¬ 
tion. All that is needed is for the total number N to be large; it is not essential 
for all the individual numbers n k to be large, as it was with the Stirling approxi¬ 
mation. In fact the method of Darwin and Fowler indicates further that, even 
if the number N were not large enough, the only consequence would be to re¬ 
duce the sharpness of the maximum probability. In other words, the values 
indicated by Eqs. (2.331), etc., are still the most probable distribution numbers, 
but the mean deviation from these most probable values may be increased in 
smaller populations. Actually it is a very familiar fact, not only in the field of 
theoretical physics, but also in everyday affairs, that statistical results have 
meaning only in large populations, and the larger the population, the greater the 
reliability of the statistical results. We may therefore conclude that the results 
of this chapter are valid wherever the statistical method can be legitimately used. 
We can hardly ask for more in developing a statistical theory. 
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EXERCISES AND PROBLEMS 


1. Draw up a chart showing all the complexions of an assembly of three coins, each of 
which is allowed only two states, and write down the corresponding wave function forms 

for (a) Boltzmann and (b) Bose-Einstein statistics. What would happen if the Fermi- 
Dirac statistics were assumed in this problem? 

2. Fill in the steps leading from Eq. (2.241) to Eqs. (2.242)-(2.244). Verify Eq. (2.245). 

3. Verify the steps leading from Eq. (2.306) to Eqs. (2.321) and (2.331). 

4. Omit the term In Nl from Eq. (2.242), which then applies to the classical corrected 
Boltzmann statistics; follow through the steps that now replace Eqs. (2.311) and (2.314) • 

and show that the final result coincides with Eq. (2.341), derived from the Fermi-Dirac 
and Bose-Einstein statistics in the classical limit. 

6. Verify that maximizing the expression (2.411) with respect to x and z results in the 
relations N = £ n k and E = £ t k n k . 

6. Deduce Eqs. (2.321) and (2.323) from Eqs. (2.413) as outlined in the text. 

7. suppose N independent indistinguishable systems form an assembly such that at 
most p systems can be assigned to a single quantum state. Use the method of Darwin 
and Fowler to show that the most probable distribution-in-energy is 


nk = Uh/[e (t k 


HJ I*' * 


— 1J — (1 + p)uk/[e ( 




• t'* \' 


i—» 


* 

rtl \( k Ll° neSPO u dS 1° * and ~ ii/kT t0 “ in the notation of the present section. 
whenV = VlTinMtV 6 '^ 063 reSpeCtlVely to the Fermi -Dirac and Bose-Einstein results 
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Chapter III 


STATISTICAL INTERPRETATION OF 

THERMODYNAMICS 



3.1 The thermodynamic state of an assembly. The thermodynamic state 
of an assembly is described by macroscopic variables: pressure p, temperature 
T y volume V, total energy E, and number of systems N. The number N is not 
a variable if the assembly is a homogeneous aggregation of a given number of 
particles. There exist well-defined prescriptions for the measurement of the 
thermodynamic variables p, T, V , and E. It is found that any two of these 
can be regaided as independent, hence the thermodynamic state of a homogene¬ 
ous thermodynamic assembly is two-dimensional—there are two degrees of free¬ 
dom. Between any three of the variables, there exists a functional relationship 
that may be called the equation of state of the assembly. These remarks ap¬ 
ply , however, only as long as the assembly is in a state of internal equilibrium, 
and the equation of state is the condition of equilibrium of the assembly. 

In statistical mechanics, we interpret the state of equilibrium as the most 
probable state: an assembly is in equilibrium when it is in the most probable 
distribution-in-energy allowed by the various restrictions imposed on the as¬ 
sembly. The equivalence of the concept of maximum probability and thermo¬ 
dynamic equilibrium is ensured by the work of § 2.3, where the two arbitrary 
constants that determine the most probable distribution-numbers Jij, i.e., a 
and can be regarded as representing the two degrees of freedom of the as¬ 
sembly. Before developing this connection between statistics and thermody¬ 
namics, it is desirable to review some thermodynamic formulae that will be 
useful later. 

If E and V are taken as independent variables, it is found that there exists 

a function S(E,V ) of E and V called the entropy of the assembly, such that its 
first variation is given by 

dS = ( p/T)dV + (1 /T)dE (3.101) 

The entropy being a single-valued function of E and V, its differential is an 
exact one: the change in entropy as one moves about the E y V plane is independ¬ 
ent of the path and depends only on the end points—like the potential function 
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in a conservative field of force. Provided the assembly is in internal equilibrium, 
i.e., in the most piobable d is tri but ion-in-energy, the pressure p and tempera¬ 
ture T are functions only of E and V; therefore Eq. (3.101) is sufficient to de¬ 
fine the entropy S to within an arbitrary constant. An alternative form of 
Eq. (3.101) is 

p/T = dS(E,V)/dV 1 /T = dS(E,V)/dE (3.102) 

These equations permit us to calculate p and T as functions of E and V when 

we know the entropy as a function of E and V to within an arbitrary constant. 

If p and T are taken as the independent variables, a different function exists, 
known as the Gibbs free energy, F(T,p), such that 

dF — Vdp — SdT (3.111) 

is an exact differential. If we know the Gibbs free energy as a function of p 

and T to within an arbitrary constant, we can find 5 and V as a function of 
p and T through the relations: 


V = dF(T,p)/dp S = —0F(T,p)/dT 


(3.112) 


K T a are the inde P endent variables, we have the Helmholtz free en¬ 

ergy, A(T,V), such that 

and dA = -SdT - pdV (3.121) 

S = -dA(T,V)/dT p = -dA(T,V)/dV (3.122) 

such^hat' P ^ aS independent variables, we have the enthalpy H(S,p ) 


dH = TdS + Vdp 
T = dH(S,p)/dS V = dH(S,p)/dp 


and an = Td * + Vd V (3.131) 

(3.132) 

Any one of the four functions S(E,V), F(T v) A(T V\ nr . 

used as a potential function, depending on which p^r onndepeSv“Sbks 
happens to be convenient in describing the themodynamifSate ofTet 
sembly. The four equations (3.101), (3.111), (3.121), (3.131) are simplyalter- 
native statements of essentially the same principle, namely, that there exists a 

UnT tT UnC !' 0n °[ the StatC variables of a thermodynamic assembly 
Up to this point, we have limited the discussion to homogeneous assemble 

tm^Cphtes 0 'we'hav^to \ '“h diSCUSsing “ y »“"<>““Se 
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as a variable. With three independent variables, the total variation of each 

state function becomes the sum over three partial variations instead of two. 

Thus, for instance, the generalization of Eq. (3.101) and of (3.111) mav be 
written 

TdS = dE + pdV + T(dS/dN)vEdN (3.141) 

dF = Vdp - SdT + ( dF/dN) pT dN (3.142) 

If we add these equations, we obtain 

dF + d(ST) = d(pV) + dE + ( dF/dN) pT dN + T(dS/dN) VE dN (3.143) 

In the particular case that dJV = 0, this equation can be integrated to give 

F = pV + E — ST + constant (3.144) 

an equation that is accepted as the definition of F , even when IV is not fixed, so 
that Eq. (3.142) leads simply to 

M = ( dF/3N) pT = - T(dS/dN) VE (3.145) 

The quantity /z, the free energy per molecule, is called the chemical potential 

of the phase, and it can be shown that two phases are in equilibrium when they 
have the same chemical potential. 

The second law of thermodynamics may be stated in terms of any one of 
the potential functions. In terms of entropy, it may be stated as follows: Con¬ 
sider two similar thermodynamic assemblies initially isolated from each other 
and in possibly different thermodynamic states, each with its own entropy. 
The assemblies are then put into thermal contact; they disturb each other 
thermally and eventually settle down into a new equilibrium state for the mix¬ 
ture as a whole. If the two parts were initially in the same state, the final en¬ 
tropy is exactly the sum of the two parts, but otherwise the final entropy is 
greater than the sum of the two initial parts. This law suggests a close connec¬ 
tion between entropy and probability: If the combined assembly can go over 
into a more probable state than that formed by simply juxtaposing the two ini¬ 
tial states, it will do so, the final probability is greater, and every real change is 
toward greater probability. While the combinatory rule for probabilities is 
multiplicative, that for entropy is additive, because entropy is an extensive 
function. It will be seen in § 3.4 that entropy is identified with the logarithm 
of the probability. 

3.2 Identification of the temperature. In order to find the thermodynamic 
interpretation of the parameters a and from the classical distribution formulae 
(2.341) and (2.343), it is necessary to consider some particular assembly in 
which we know the energy levels and their degeneracies. Consider, then, an 
ideal gas of N particles of mass m in a cubic box of side L and with energy states 
listed in Eq. (1.303): 

e n = ( h 2 /SmL 2 )(rii 2 + n 2 2 + n 3 2 ) = h 2 n 2 /8mL 2 (3.201) 
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where n is the magnitude of the vector (n u n 2 ,n 3 ). There is one eigenfunction 
to each set of positive integers n u n 2 , n 3 . In a three dimensional diagram of 
n-space, there is one eigenfunction to each lattice point, meaning one eigen¬ 
function per unit volume in the space inside the positive axes. When the num¬ 
bers rij are all large, as required for the formulae of the last chapter, we can 
imagine a spherical shell of thickness small compared with its radius, yet con¬ 
taining a large number of lattice points, and we can equate the number of eigen¬ 
functions associated with the 7i-vectors ending in the shell, c o(ii)dn, to the volume 
of the shell in n-space: 

oi(n)dn = \im 2 dn (3.202) 

From Eq. (3.201), we have 

dt = \(h 2 /mL 2 )ndn (3.203) 

Then from Eqs. (3.203) and (3.201), we can show that the number (3.202) may 
be written in the form: 


o>(ri)dn = 2w(2 m) H (L/h) 3 e' A de = co(e)de 
In the light of this relation, we rewrite Eq. (2.341) in the form: 

n(i)dt = o}(i)e~ a ~P'de 

and Eqs. (2.342) and (2.343) in an integral form: 


(3.204) 


(3.205) 


N 


oo 

= I o)(t)e~‘ a ~P e de 

do 


(3.206) 


E 



00 


eoo(e)e a 


(3.207) 


Writing Eq. (3.204) into Eq. (3.206) we obtain immediately 

N/L 3 = (2tt m/p) y2 /(h 3 e a ) 

(Pierce s Tables #496), while doing the same thing with Eq. (3.207) 

E/L 3 = (3/20) (2tt m/0)*/(h 3 e a ) 

(Pierce’s Tables #481). Eliminating a from between these last two we find 


(3.208) 


gives 


(3.209) 


/3 = 3N/2E 


(3.210) 


■f“;f Jf is l ' v ”-. thitds » f "*»» kinetic energy per particle. The 
Kineuc tneory and 1 is the kinetic theory temperature: 


ff = 1/kT 


(3.211) 
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3.3 Equation of state of the ideal gas. To find the equation of state of any 
assembly it is necessary to find the pressure, for example, as a function of V 
and T. This can be done in the following way: Consider a virtual change in 
volume 6T of the assembly and the corresponding changes in the energy levels: 

8tj = (dfj/dV)8V (3.301) 

By a virtual change, we mean that the distribution-in-energy, defined by the 
set of numbers [nj j, is not to be disturbed by the change, which implies that 
the assembly remains in the most probable distribution-in-energy and that its 
entropy remains unaltered, as will be seen from Eq. (3.402). The increase in 
energy under these circumstances is equal to — p8V from Eq. (3.101) and there- 

/% ^ ^ J 

tore, 

pSV = - X nj{dtj/dV)8V (3.302) 

J 

Now from Eq. (3.201) we have for each energy level or given 7 i-vector that c is 
proportional to 1/L 2 or to so 

dej/dV = -2ej/3V 
and Eq. (3.302) becomes simply 

V = 2E/3V (3.303) 

Combining this with Eq. (3.210), we find 

PV = N/p (3.304) 

Comparing this with the perfect gas law, pV = NkT, we see that Eq. (3.211) 
again is true, with T now identified with the perfect gas scale of Kelvin. 

3.4 Statistical definition of entropy. In the last two sections, we have ap¬ 
pealed to earlier definitions of temperature in terms of kinetic theory of gases. 
Here we shall by-pass such an argument by making a different approach, viz., 
by setting up a statistical definition of entropy and then applying the general 

thermodynamic equations (3.102) to deduce the temperature and pressure of 
the ideal gas. 

The accepted definition of entropy in terms of statistical concepts that best 
fits the known properties of entropy is the equation, 

S = k In C (3.401) 

and this is true whatever statistical count is used for the number of complexions 
C Boltzmann, Bose-Einstein, Fermi-Dirac, or the classical limit of the last 
two. In the classical limit, Eq. (2.245) leads to 

S = k'ZL 7i j {In (c oj/uj) + 1} 


(3.402) 
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Putting Eq. (2.341) for the most probable classical distribution-in-energy into 
this equation we find 


S = k X) n,(l + o + i S«) = k0E + jfc(l + a)N 


(3.403) 


Using Eqs. (3.208) and (3.210) in this to eliminate a and 0, we obtain 

S = f kN + kN In {(V/N)(iirmE/SNh 2 ) y *\ 


(3.404) 


This expresses S as a function of E and V for the ideal gas in the classical limit. 
Applying the second thermodynamic Eq. (3.102) to this yields 


1/T = (dS/6E) v = (BNk/2)(d In E/dE) = BNk/2E 


(3.405) 


Putting this back into Eq. (3.210) gives, at once, the same result as before: 


0 = 1/kT 


(3.406) 


Again from the first Eq. (3.102), we have 


p/T = (aS/dtOs = Nk(d In V/dV ) = Nk/V 


(3.407) 


The fact that our proposed definition of entropy, Eq. (3.401), leads to the cor¬ 
rect equation of state for the ideal gas in the classical limit is taken as sufficient 
confirmation of that definition, at least for the present. It is to be observed 
that, according to the second law of thermodynamics, entropy is defined only 
to within an arbitrary constant, through the differential relation (3.101), where¬ 
as in statistical mechanics, the definition of entropy given in Eq. (3.401) goes 
further than that. If we accept Eq. (3.406) or Eq. (3.211) as the statistical 
definition of temperature, then Eq. (3.401) automatically satisfies Eq. (3.101), 
the thermodynamic definition of entropy, while at the same time fixing the arbi¬ 
trary constant of entropy. This reasoning has been carried through in the fore¬ 
going only for the ideal classical gas, but we shall accept Eq. (3.211) and Eq. 

(3.401) as valid for all assemblies and work out the consequences of this assump¬ 
tion. 

3.6 Identification of the chemical potential. Having identified 0 as BN/2E 
in Eq. (3.210), we can substitute this value into Eq. (3.208) to obtain 


a = In {(V/N){AirmE/3h 2 N )} 

and, comparing this with the expression (3.404) for entropy, we see that 

& = (l//c) (dS/dN) yE 
This, compared with Eq. (3.145), yields 

a = -ix/kT = — F/NkT 


(3.501) 


(3.502) 


(3.503) 


relating the parameter a to the chemical potential or free energy per molecule. 
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It is convenient here to reiterate the equations for the most probable distri¬ 
bution-in-energy for the various statistics in terms of n and T instead of the 
parameters a and ($: 


Boltzmann 

nj/uj = Ne~^~>‘ )lkT 

(3.510) 

Bose-Einstein 

ntfuj = _ i} —i 

(3.511) 

Fermi-Dirac 

Tij/uj = IkT _|_ J J — 1 

(3.512) 

Classical 

7i j/coj = 

(3.513) 


3.6 Validity of the classical approximation. It was pointed out in connection 
with Eq. (2.341) that the classical approximation could be used when nj/coj « 1 
for all values of j, and that this requires 


e (t]—n)/kT j 


(3.601) 


We see from Eq. (3.405) that kT is of the same order of magnitude as the mean 
energy per particle, and so of the same order of magnitude as the energy eigen¬ 
value ej. To satisfy Eq. (3.601), we need the exponent to be at least about 4, 
so that n must be negative and roughly several times kT in magnitude. Look¬ 
ing back at Eqs. (3.501) and (3.502) we see that this requires 


In \{V/N){2irmkT/h 2 )^} > 3 (3.602) 

where we have used Eq. (3.405) to express E in terms of T. In most gases 
N/V is of the order 10 20 , and m is about 10~ 24 times the atomic weight. If we 
are interested in temperatures above 100 °K, these values do in fact satisfy the 
condition (3.602), so the classical approximation is valid. If, however, the 
atomic weight is small, e.g., of hydrogen or helium, and if T is of the order of a 
few degrees Kelvin, the condition (3.602) is violated, and classical statistics is 
not valid. If m is the mass of an electron, the condition (3.602) is violated even 
at ordinary laboratory temperatures, and the statistics of electrons must be 
handled in terms of the Fermi-Dirac formalism. If for N/V we use the numeri¬ 
cal density of protons inside heavy nuclei, we find the degeneracy temperature 
has the order of magnitude 10 10 °K. This means that any liquid drop model 
for the nucleus must treat the assembly of protons as being practically at abso¬ 
lute zero of temperature, unless the temperature is high enough to produce 
thermonuclear reactions; even then it may be necessary to include full correc¬ 
tions for quantum degeneracy. 

3.7 The second and third laws of thermodynamics. The statistical interpre¬ 
tation of entropy leads to a slight but very significant modification of the second 
law of thermodynamics. Whereas the purely formal statement of the second 
law says that the entropy of an isolated system (here called assembly rather 
than system) can never decrease, we must now qualify this with a “hardly 
ever.” The decrease in entropy would mean a change from a most probable 
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condition to a less probable one, and while this is not likely, it is not impossible. 
Stated more explicitly, we may say that by comparing the probabilities of various 
distributions-in-energy in the neighborhood of the most probable one, we shall 
find a Gaussian form of probability curve about the maximum. It can be shown 
that the sharpness of this Gaussian curve is in general greater for assemblies 
containing larger numbers of systems (we shall see this in some detail in Chap¬ 
ter XV). It is indeed a common experience; the statistical computations of 
insurance groups are useful and valid only because of the large numbers of in¬ 
dividuals co-operating for security. Any small selection of individuals may 
easily exhibit wild departures from the most probable behavior, but the aver¬ 
age behavior of a large number will depart only very slightly from the average 
behavior, or most probable behavior, of the whole assembly. The thermody¬ 
namic behavior of an assembly is just the average behavior of a large number 
of systems, and the larger the number of systems, the sharper is the meaning 
of hardly ever.” The number of individuals required to make insurance sta¬ 
tistics successful is only of the order of some tens of thousands; the number of 
particles in any ordinary quantity of matter is of the order 10 20 , so the proba¬ 
bility maximum piedicted by quantum statistics is even fantastically sharper 

than that in successful insurance statistics—our “hardly ever” is as good as the 
classical “never.” 

Indeed the new statement, although it seems weaker than the classical one, 
actually implies much more. The methods we shall develop for calculating 
statistical averages yield, pari passu, the average departures or mean deviations 
from the said averages. This leads us naturally to regard spontaneous fluctua¬ 
tions of thermodynamic variables about their mean values as natural character¬ 
istics of the equilibrium state, rather than as paradoxical departures from that 
state. Statistical equilibrium consists of a whole pattern of states distributed 
about the most probable one. This picture modifies the concept of a “reversible 
process.” In classical thermodynamics we are supposed to constrain a system 
to move with infinite slowness through a succession of equilibrium states, the 
process then being reversible through the same succession of equilibrium states 
If the process were carried out at finite speed, we would have to force small de¬ 
partures from equilibrium in order to effect the changes; then, if the reverse 
process were effected, the necessary small departures from equilibrium would 
cause hysteresis between the “up” and “down” paths. This in fact leads to an 
admission that a truly reversible process is at best an idealized abstraction. On 
the new statistical picture, the situation is entirely different. We do not have 
to force small departures from equilibrium to cause changes; small departures 
rom the most probable state already occur as spontaneous fluctuations, and 
all we have to do is to take advantage of those fluctuations tending in the de¬ 
sired direction and resist those tending in the wrong directions. Hysteresis be¬ 
tween the up and down paths then does not need to be greater than the normal 
fluctuations occurring on either path, and the two cannot be resolved. In this 
sense a statistically reversible process is in fact possible at finite speed, depend- 
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ing only on the magnitude and frequency of the fluctuations characteristic of 
any equilibrium state. 

As already mentioned in § 3.4, the statistical interpretation of entropy re¬ 
moves the arbitrary constant that remained in classical thermodynamics. Con¬ 
cerning this arbitrary constant, Nernst postulated, as a result of extensive ob¬ 
servations of actual thermodynamic assemblies at very low temperature, that 
the entropy of all materials would reduce to the same level as T approached 
absolute zero, and, on the basis of this, he proposed to establish an absolute 
zero of entropy at the absolute zero of temperature. Unfortunately, there were 
exceptions to Nernst’s observations that could not be explained at that time, 
and also there was, and of course still is, the practical difficulty that no actual 
measurements can ever be carried near enough to 0 °K to afford perfect surety 
that the limiting entropy had in fact been reached. Nernst’s law therefore re¬ 
mained controversial until statistical mechanics provided a theoretical value for 
absolute entropy. It is now possible to calculate the chemical constants with¬ 
out actually measuring entropy right down to 0 °K and, also, to explain the 
earlier apparent exceptions to Nernst’s law. The third law of thermodynamics 
has thus become a direct corollary of the statistical definition of entropy. Further 
details of this very interesting topic will be found in the texts suggested for 
further reading; here we confine ourselves to a brief word of caution. 

The classical formulae based on Eq. (2.245) cannot be used to discuss the 
approach to absolute zero; in particular, Eqs. (4.207) and (4.208), for the free 
energy and entropy of an ideal gas, become invalid at temperatures where 
quantum degeneracy becomes important. The classical formulae, if applied at 
the limit T — 0, would give entropy minus infinity, and this is a spurious re¬ 
sult. We shall find later that the low-temperature behavior of an ideal gas al¬ 
ways makes S approach zero if the proper quantum statistics are used. Thus 
with Fermi-Dirac statistics, it is found that at T = 0 all the lowest energy 
states are filled to capacity, while the others remain empty: 

n i = "j, j = 1, 2, • • • k; uj = 0, j> k 

k 

where k is determined by 2 n i = N. Putting these values into Eq. (2.231), 

i=i 

for the number of complexions, we find 

k 

Cy.T>.(T = 0) = IT {coy I/O !c*)y!} JJ {a)v!/coy!0!} = 1 

3=1 j>k 

The entropy is then the logarithm of unity, which is zero. In the Bose-Einstein 
statistics, it is found that all the systems go into the single lowest state at T = 0; 
then it is easy to see from Eq. (2.223) that (7=1, and therefore entropy again 
vanishes at absolute zero temperature. 
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EXERCISES AND PROBLEMS 

1. Verify Eq. (3.204) for the density-in-energy. 

2. Derive Eqs. (3.208) and (3.209). 

3. An assembly consists of 1,000 particles shared between two nondegenerate energy 
levels, €i = 1 and e 2 = 2 units. Find the most probable distribution-in-energy in classical 
statistics when the total energy is 1,200 units. Find the temperature and entropy of the 
assembly if the unit of energy is equal to 1.37 X 10 ~ 16 erg (kT at 1 °K). 

4. Consider Problem 3 in Bose-Einstein statistics. Suppose that the energy levels are 
100-fold degenerate and compare the results with the nondegenerate case. 

6. Formulate and solve a problem like that in Problem 3 which has a meaning in Fermi- 
Dirac statistics. 

6. If the nucleus of Pb isotope mass 204 has a cross section of one barn, 10~ 24 cm 2 

find the temperature above which the nucleons within the nucleus could be treated as a 
classical assembly. 
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Chapter IV 


THE PARTITION FUNCTION IN CLASSICAL 

STATISTICS 


4.1 The partition function. In this chapter we shall consider either (a) 
assemblies of independent indistinguishable systems in the classical limit, where 
the formula (2.341) gives the most probable distribution-in-energy, or (b) assem¬ 
blies of distinguishable systems where the formula of Boltzmann, Eq. (2.314), 
applies. 

A. Indistinguishable systems. Summing Eq. (2.341) over all subscripts gave 
us Eq. (2.342), and this can be written in the form: 

N = Qe» ,kT (4.101) 

where 

Q = 'Z,"je- t i lkT (4.102) 

4 j 

The quantity Q , which is a function of T explicitly, and a function of V through 
the eigenvalue spectrum, is called the partition function of the systems of which 
the assembly is composed. The partition function is a purely mechanical entity 
in the sense that it can be computed as a function of T and V as soon as we 
know the quantum mechanical properties of any one system. It is found to be 
possible, and at the same time convenient, to express all the thermodynamical 
and statistical properties of the assembly in terms of the partition function of 
the member systems. It must, however, be emphasized at the outset that this 
program is valid only in the classical limit or with Boltzmann statistics. 

Taking the logarithm of Eq. (4.101) yields 

fi = kT(In N - InQ) (4.103) 

Recalling Eq. (3.145) we may say that \x for a homogeneous assembly is simply 
the free energy per system or particle; but F is an extensive function in a homog¬ 
eneous assembly, so that the total free energy F of the assembly is just N times 
the free energy per particle. Thus Eq. (4.103) leads at once to 


F = NkT (In N - In Q) 


(4.104) 
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Equations (3.112) then give the equation of state of the assembly indirectly. 
Incidentally, the zero of free energy is usually regarded as arbitrary, and Eq. 
(4.104) gives essentially the difference between the free energy at the tempera¬ 
ture T and the free energy at absolute zero temperature. 

Independently of Eq. (3.112) we shall prove that 

V = NkT(d In Q/dV) T (4.111) 

and derive the equation of state directly. To do this we put Eq. (4.102) in the 
right side of (4.111) and obtain 


V = (NkT/Q)(dQ/dV) T = - (N/Q) ^2 wj(d(j/dV)e- ( i lkT (4.112) 

J 

Multiply this sum by e fi ^ kT , and multiply the Q in the denominator by the same 

quantity, making use of Eq. (4.101) in the denominator, and of Eq. (3.513) in 
the sum; the result is 

P = - Z n^dej/dV) (4.113) 

j 

which is precisely the same expression as that derived for pressure in Eq (3 302) 

thus verifying Eq. (4.111). This equation is essentially the equation of state! 
expressing p as a function of T and V. 

We can also express entropy S in terms of the partition function through 
Eqs. (3.112) and (4.104): 


S = -Nk In (N/Q) + NkT(d In Q/dT) p 


(4.114) 


It is left as an exercise to check that this result agrees with Eq (3 402) in the 

example of the classical gas, where pV = NkT. The energy E can be expressed 

in terms of Q if we divide Eq. (2.342) into Eq. (2.343) and make use of the defini¬ 
tion of Q in Eq. (4.102) to write 


so that 


E/N = (l/Q) 2Z oijtje t i lkT = (kT 2 /Q)(dQ/dT) 

j 

E = NkT 2 (d In Q/dT) v 


(4.115) 


defeition CaPaCHy at C ° nStant V ° 1Ume ’ ° V ’ iS ° btained fr ° m this by usin S the 


C v = ( dE/dT) v 


(4.116) 


ui,Il h ^! t CaPaCi ?r. a , t con ® ta ^P ressure - on the other hand, is derivable from the 

Fffs w! K? r CI i P / °, Eq ’ (3 ‘ 131) ’ iDStead of from the total energy E. 
cr^ 14 iS that, to within an arbitrary 


H = F + ST = F- T(dF/dT) p = -T 2 (d/dT)(F/T) 


(4.121) 


where we have made use of Eq. (3.112). Then from Eq. (4.104), remembering 
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that Nk In N is a constant, we obtain at once 

H = NkT 2 (d In Q/dT) p (4.122) 

This gives the heat capacity through 

C p = ( dH/dT) p (4.123) 

The foregoing formulae enable us to calculate the thermodynamic properties of 
any classical assembly of independent systems when we know the quantum 
mechanical properties of the systems, i.e., when we can compute their partition 
functions. Although the statistics are restricted to being classical, the partition 
function must be evaluated by quantum mechanics, and we shall see immedi¬ 
ately how this materially alters the predictions of the classical analysis of the 
thermodynamic behavior of assemblies. 

B. Distinguishable systems. The definition (3.401) of entropy applied to Boltz¬ 
mann statistics of distinguishable systems, making use of Eq. (2.242), yields 

S = k In CBoitz = k {A In N + S n j ( c °j/ n j)} (4.131) 

j 

and then the Boltzmann distribution Eq. (2.314) gives 

S = kT, Uj(a + (3(j) = Nka + Ekf3 (4.132) 

J 

We accept the former interpretation of /3 in Eq. (3.406) and so write the last 
result as 

NkTa = ST - E (4.133) 

However, it is easy to verify that the Helmholtz free energy A is given by Eq. 
(3.121) to within an arbitrary constant: 


A = E - TS (4.134) 

so that Eq. (4.133) leads to the identification of a with the Helmholtz free energy 
per particle: 

a = —A/NkT (4.135) 

Thus in the Boltzmann statistics, the Helmholtz free energy plays the same role 
as the Gibbs free energy plays in the classical statistics, as shown in Eq. (3.503). 

We can now reverse the reading of Eq. (4.135), applying the definition of Q 
to the left side, viz., Eq. (4.102). Thus from the Boltzmann expression (2.316) 
and (4.102) we have 

Q = e a (4.136) 

Combining the last two equations thus gives 


A = —NkT In Q 


(4.137) 
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Eq. (3.122) then permits us to evaluate the entropy and pressure: 

S = Nk In Q + NkT(d In Q/dT) v (4.138) 

and 

V = NkT(d In Q/dV) T (4.139) 

in terms of the partition function. The thermodynamic relations 

E = A + TS and H = E + pV (4.140) 

then in turn lead to formulae for the heat capacity in terms of Q. The first is 
in fact identical with Eq. (4.115). The second leads to 

H = NkT 2 {(d la Q/dT) v + (V/T)(d\n Q/dV) T ] (4.141) 


Although this looks quite unlike Eq. (4.122), it is easy to show that the two 
forms are equivalent for the classical ideal gas. 

The identity of results for the pressure, energy, enthalpy, and heat capacities 
in terirfs of the partition function, as between the classical limit of quantum 
statistics and the Boltzmann statistics, can lead to some confusion if their essen¬ 
tial differences are not kept in mind. Note first that the entropy Eq. (4.138) for 
the Boltzmann statistics is not the same as that given in Eq. (4.114) for the 
classical limit. The equations of the present section (B) on distinguishable sys¬ 
tems are exact for all temperatures, not only being valid for high ones. The 
equations (A) on indistinguishable systems are valid only in the classical limit 
sufficiently high temperatures or low densities. If we are not concerned with 
the absolute value of entropy, the difference does not matter; but it is better to 
keep Boltzmann statistics explicitly for distinguishable systems alone, and 
always make the distinction between Boltzmann and classical statistics, so that 
at very low temperatures there will be no confusion. 

4.2 Partition function for the ideal monatomic gas. We transform the 
summed form of Q in Eq. (4.102) into an integral 



(4.201) 


and make use of Eq. (3.204) giving the number of energy states in any energy 

ge for the ideal gas. The resulting integral was already evaluated in 5 3 2 in 
connection with Eq. (3.206), and evidently we have evaluated in § 3.2 ,n 


Q = V (2-mnkT/ h 2 )* 

Ihis form of Q expressed as a function of T and V allows 
(4.112) and (4.115) for p and E: 


(4.202) 
us to use the Eqs. 


p = NkT(d In Q/dV) T = NkT/V 
E = NkT 2 (d In Q/dT) v = WkT/2 

Cv = (dE/dT) v = 3Nk/2 


yielding 


(4.203) 

(4.204) 

(4.205) 
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all of which are familiar classical results. Also from Eq. (4.104), Eq. (4.202) gives 

F = NkT{\n (N/V) - fin T — In [(2 tt mk/h 2 )* A ]} (4.206) 

In order to make use of this last expression in the thermodynamic formulae 

(3.112), we have to express it instead in terms of p and T 7 , eliminating V between 
Eqs. (4.203) and (4.206): 

F = NkT{In p - fin T - In [k/\2Trm / h 2 )*]) (4.207) 

Eq. (3.112) then immediately yields 

S = -Nk{ln p - fin T - -f - In [k^(2wm/h 2 ) H ]\ (4.208) 

The same result could have been obtained by expressing Q in terms of p and T 



log T °K 

Fig. 4.21. Universal curve for partition function of ideal gas. W is the atomic weight 
and V the volume of the gas. 

and thereby eliminating V between Eqs. (4.202) and (4.203), and by using Eq. 
(4.114): 

Q = (NkT/p)(2TrmkT/h 2 )X (4.211) 

Making use of this form of Q and Eq. (4.122) also gives the enthalpy: 

H = NkT 2 (d In Q/dT) p = hNkT/2 (4.212) 

and hence the heat capacity at constant pressure: 

C p = (dH/dT) p = 5Nk/2 (4.213) 

All the above results are of course familiar properties of the ideal gas in 
kinetic theory and serve merely to confirm the present statistical procedures. 
However, the two results given in Eqs. (4.207) and (4.208) call for special com¬ 
ment: they contain more information than the classical results of thermodynam- 
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ics, viz., a precise statement of the previously arbitrary constant appearing in 
the thermodynamic expressions for F and S. As remarked in the discussion of 
the third law of thermodynamics, this so-called chemical constant had to be 
estimated by extrapolation down to 0 °K on the assumption that all substances 
approached the same entropy at absolute zero temperature. Kinetic theory 

gave no prediction of the value of the chemical constant. Statistical theory pre¬ 
dicts that the chemical constants have the value: 


/ = In rm/h 2 ) >A \ 


(4.214) 


a result that has been well confirmed by comparison with experiment. In order 
to emphasize the importance of this advance in understanding the chemical 
constants by means of the quantum mechanical partition function, we give here 
the classical mechanical calculations and point out where they fail. 

In the classical mechanical description of a system, we set up a phase space of 
2/ dimensions, where / is the number of degrees of freedom of the system, as 
discussed in § 1.1. This phase space may now be imagined divided into equal 
cells each having 2/ dimensions, and each having the same definite size g f , 
where g is the area in any one p-q plane section. Liouville’s theorem in classical’ 
analytical dynamics proved that a random uniform distribution of systems in 
this phase space, moving according to the Hamiltonian equations of motion re¬ 
mains uniformly distributed in phase space for all time. This, combined with 
the ergodic theorem that every system will pass through every point in phase 
space given sufficient time, leads to the basic hypothesis of classical statistics: 
that every cell in phase space is a priori equally probable. This is the classical 
equivalent to the quantum hypothesis that every quantum state is equally 
probable. The major difference resulting from this is that in the classical theory 

no definite magnitude could be assigned to the cell size, g f ; the cells in phase 
space are used instead of the quantum states. 

For the ideal monatomic gas, / = 3 and the cells of phase space are six dimen- 
sional hypervolumes: 


or — dqidq 2 dq2dpidp 2 dp 3 


The number of cells of size g 3 in such a volume element is 


(4.215) 


o>(«)de = dr/g 3 


(4.216) 


theex p res^iori COrrespondin g to the dement of momentum through 


<V) = (Pi 2 + p 2 2 + p 3 2 )/2m 


The partition function obtained from the integral form, Eq. (4.201), 


(4.217) 


IS 


Q = g 


-3 


fff <l<hdq 2 dq 3 Jff , 

17 —00 


exp [- (Pi 2 + p 2 2 + p 3 2 )/2mkT)dp 1 dp 2 dp 3 


(4.218) 
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The configuration integral simply equals the volume of the enclosure, and the 
momentum integrals can be carried out separately (Pierce’s Tables #492): 

Q = V(2 irnkT/g 2 )* (4.219) 

Comparing this with Eq. (4.202), we see that the classically arbitrary quantity 
g is replaced by Planck’s constant h in quantum mechanics. The quantum theory 
thus has the effect of limiting the minimum size of cells in phase space, one cell 
per quantum state. In classical mechanics, there was no reason for such a limit 
to g] one would in fact have expected to allow g to approach zero indefinitely. 
The fact that Nernst’s theorem seemed to give a definite size to the phase cell 
was entirely mysterious in classical theory. Putting g instead of h in the chemi¬ 
cal constant Eq. (4.214) and then letting g go to zero would give a positive in¬ 
finite value to the chemical constant. 

4.3 Most probable distribution-in-momentum: kinetic theory. Because in 
practice it is not possible to follow the motion of individual atoms, the most 
probable distribution-in-energy rij of Eqs. (3.510)—(3.513) can be interpreted as 
giving a measure of the probability of finding an atom in the jth state. Normal¬ 
izing to unity for the total probability of finding an atom in some state, we may 
assert that 

Pi = rij/N 

is the probability, on inspecting an atom in the assembly, of finding it to be in 
the j'th state. In terms of a continuous spectrum, the probability would be 
written in the form: 

p(«) = n(e)/N 

For classical statistics we then have 

p(«) = o>(e)e~‘ lkT + fw(t)e-‘ lkT de = (o(e)e~ tlkT /Q (4.301) 

For Bose-Einstein or Fermi-Dirac statistics it is rather 

p(e) = u(e)/N[e (e -> i),kT =? 1] (4.302) * 

where n has to be determined so that the integrated probability is unity. 

If it is assumed that the assembly is isotropic in momentum space, all direc¬ 
tions of motion associated with any one energy value are equally probable. The 
statistical weights of the states may be written 

u(e)de = Vdpidp 2 dp 3 /h 3 (4.303) 

and the classical probability of finding the atom with momentum vector p 
within the element dp x dp 2 dp 2 is p(p) where 

p(p) = exp ( — p 2 /2mkT)/ f • • • fexp ( — p 2 / 2 mkT)dpidp 2 dp 3 
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leading to the well-known Maxwell distribution function: 

p(p) = (2 tt mkT)-' A e- p ' l2mkT (4.304) 

The relation between p(p) and p(e) is evidently 

p(e)de = p(v)dpidp 2 dp 3 

This distribution function is the basis of classical kinetic theory. Thus, for 
example, the mean speed of atoms in an ideal gas is derived from 


which results in 


mv 



• • 


J PP(p)dpidp 2 dp 3 


v = 2(21cT/T?n) H 

The mean square speed is similarly found from 


(4.305) 


m 


resulting in 


y2 = f"'f P 2 p(P)dpidp 2 dp 3 


v 2 = 3 kT/m 


(4.306) 


The root mean square deviation of the speed defined by 

( v 2 — v 2 ) V2 /v 

derived from Eqs. (4.305) and (4.306) turns out to be 0.429; the speed is thus not 
very sharply defined, no matter how large the assembly may be. This is not in 
conflict with the statement made in § 3.7 about the sharpness of the most prob¬ 
able value of a thermodynamic variable, because the speed of an atom in an 
assembly is not regarded as a thermodynamic variable. 

We shall not pursue the development of classical kinetic theory further - there 
are many excellent treatments available. Instead, we shall point out briefly 
how this subject may be generalized to fit the quantum statistics. Expanding 

InlTT.f reCipr ° Cal in Eq ’ (4 ' 302) in a power series > one derives at 

once the fol owing expression for the probability in momentum space for either 

Bose-Emstem or Fermi-Dirac ideal gas: 


p(p) (V/Nh 3 ) 5Z (=tl)V' i/tr exp (— jp 2 /2mkT) 


(4.307) 


Ewl t 3n e ^ faCt0 L ( i F//l3) C ° meS fr ° m tHe com P arison between co(.) and oo(p) in 
q - ( • ), and the parameter m is to be determined from the normalizing con- 


ff 
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(positive sign in the last equation) is to be found from 




~f"'f VP(v)dpidp 2 dp 3 


and Eq. (4.307) for p(p). The result is 


vb . e . = (2x/ m) ( V / Nh 3 )(2mkT ) 2 X (l/j) 2 e^ lkT 


(4.308) 


* 

The sum X 1/i 2 = 1.645. The properties of a Bose-Einstein gas will be discussed 

at length in Chapter VIII; it will be shown there, for instance, that the free 
eneigy parameter p becomes practically zero at a temperature T 0 where 


N/V = 2.Gl2(2TmkT 0 /h 2 ) H 


(4.309) 


and at this temperature the Bose-Einstein gas begins to condense into its lowest 
state. The mean speed at this temperature can be compared with that of a 
classical gas at the same temperature as given in Eq. (4.305), 


T = T 0 : 


f’B.E. = 0.63i» c i 


ass 


(4.310) 


Ihe mean square speed of the Bose-Einstein gas atoms is also readily evaluated 

in the same way as for the classical gas, using instead the probability function 

of Eq. (4.307). If Eq. (4.309) is used to eliminate V/N and the temperature 
taken to equal T 0 we find 


T - T 0 : r 2 B .E. = (3kT 0 /m) X (1/i)* 4 / X (1/i)* 4 = 0.5134 (3 kT 0 /m) (4.311) 

j j 

The root mean square deviation turns out to be 0.725 at Tq , which is even 
larger than in the classical gas. 

Some veiy interesting anomalies in the kinetic theory behavior of the Bose- 
Einstein gas have been derived by this generalization.* 

The partition function for internal degrees of freedom. In the foregoing 

discussions of the ideal gas, we have treated the atoms of the gas as single mass 

points with no energy other than that of translation. In fact even single atoms 

have internal energy states due to electrons, and it is not correct to ignore these 

without proof that they actually do not affect the calculation, and to correct for 
the neglect if they do. 

In any system writh internal degrees of freedom, the Hamiltonian can be ex¬ 
pressed exactly as the sum of two parts, one of which is the kinetic energy of the 
whole mass moving with the center of mass, the other, the energy relative to 
the center of mass. We are here assuming there is no potential due to external 
forces; hence the Schrodinger equation solves by separation of the variables cor- 

* S. Chapman and T. G. Cowling, The Mathematical Theory of Non-Uniform Gases, Cam¬ 
bridge, 1952; especially Chapter 17. 

W. Band, Phys. Rev., 76 (1949), pp. 1937-1946; ibid., 76 (1949), pp. 558-564; ibid., 79 
(1950), pp. 589-592. 
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responding to the center of mass on the one hand, and to the positions relative 

to the center of mass on the other. The factor depending only on the center 

of mass is identical with that for a single mass point already discussed. It will 

have eigenvalues <y and weights coy precisely as before. The factor in the wave 

function depending on the internal variables relative to the center of mass will 

have eigenvalues and weights co' n , n being an integer indicating the member 

of the internal energy spectrum. The total energy of the system will contain 
one energy from each of «y and t' n : 

*jn = «y + e'„ (4.401) 

The statistical weight or degeneracy of such an energy level as e jn is the com¬ 
bined weight of the two levels appearing in Eq. (4.401), because to each internal 
wave function there correspond coy wave functions for the external states. Thus 
we may write for the weight of wy n the product: 


Wjn — OdiCO 


n 


(4.402) 


Ihe partition function for such a system, following the defining Eq. (4.102) 
generalized to the present problem to read 


is 


Q = 12 12 «»» exp [ — («'„ + «y )/lcT) 


n j 


(4.403) 


(4.404) 


Writing Eq. (4.402) into this we have simply 

Q = Qc.m.Qint 

where Q 0 . m . is identical in form with Eq. (4.102) and 

Qint = 12 u’n exp (- e’n/kT ) (4.405) 

The lowest internal energy state may be arbitrarily set at € ' 0 = 0, provided we 
regard any internal energy remaining at this lowest state as a zero-point energy 
of the spectrum ey. If then the next internal energy is far greater than k.T 
the series in Eq. (4.405) reduces practically to its first term: ’ 


Qint 4= w' 0 exp ( — t' 0 /kT) = co'q 


(4.406) 


pWt i f t 7 trUe for electronic ener gy levels, the excitation energy for 

plete partition function (4.403) thus reduces to The com- 


Q - “'o 12 oij exp ( — tj/kT) 


(4.407) 


if, as suggested, we include «' 0 as the zero-point energy of «.• This partition 
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included in c oj, so the internal energies actually have no effect on the partition 
function when the lowest energy of excitation is large compared with kT. More¬ 
over, with the exception of entropy and free energy, all the thermodynamic 
variables depend only on the derivatives of the logarithm of Q, so that complete 
neglect of the factor o/o would make no difference except to the chemical con¬ 
stants. A term Nk In a/o must be added to these constants. At very high tem¬ 
peratures it may no longer be legitimate to neglect the internal partition function. 

4.5 Partition function for diatomic molecules. Taking the logarithm of 
Eq. (4.404) we find 

In Q = In Q c .m. + In Q int (4.501) 

Now all the thermodynamic functions are expressed in terms of the logarithm 
of Q and its derivatives, so that this equation implies that the center of mass 
motion and the internal degrees of freedom make additive contributions to all 
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Fig. 4.51. Vibration partition functions. The frequency v = 6000 k/h corresponds 
roughly to the hydrogen molecule. 

the thermodynamic functions. We can speak of the translational (center of 
mass motion) heat capacity and the internal heat capacity, the total heat capac¬ 
ity being the sum of these. 

A diatomic molecule can have rotational energy of motion about its axis of 
symmetry only by virtue of its electronic states, and for the reasons given at 
the close of the last section, we neglect these entirely. The diatomic molecule 
can, however, have energy of rotation about any axis perpendicular to its axis 
of symmetry. The wave mechanical problem separates into two sets of varia¬ 
bles, the radial distance between the two atoms, and the angles of the axes. Un- 
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like the H atom problem with electronic eigenfunctions, the radial problem in 
the diatomic molecule yields quantum numbers that do not have any relation 
with the possible values of angular momentum. The two sets of quantum levels 
are entirely independent, and it is found that the oscillatory energies are 

e'n = hv(n + I) (4.502) 

where v is the frequency of the oscillators; see Eq. (1.322). The angular motion 
gives energy levels: 

= j(j + l)h 2 /8-K 2 I (4.503) 

where I is the rotational inertia of the molecules; see Eq. (1.332). Here n and j 

are any integers. The oscillator levels are not degenerate, but the rotator levels 
are, due to space quantization: 


— 2j + 1 


(4.504) 


See also Eq. (1.333). From the discussion of spin and symmetry in § 1.5, we 
also know that spin degeneracy needs to be taken into account. For the mo¬ 
ment we may write this in as a weight factor a(j) and elaborate in detail at a 
more convenient place. The internal partition function is therefore 


Qint - II <r(j) (2j + 1) exp [-(*',• + t' n )/kT] = Q vib Q rot (4.505) 


where 


n j 


Qvib = 2 ex P [ — hv(n + \)/kT] 


and 


n 


(4.506) 


Qrot = T, + 1) exp \-j(j + \)Ti/2IkT] 


(4.507) 


(4.508) 


Taking the logarithm of Eq. (4.505) again leads to an additive rule 

Id Qint = In Qvib + In Q rot 

so that the vibrational states and the rotational states make their own additive 
contributions to the thermodynamic functions. The problem yet entails sum¬ 
ming the senes in Eqs. (4.506) and (4.507), in order that the heat capacities can 

be obtained from the general relations (4.116) and (4.115), or (4.123) and (4 122) 
thus we have \ 

Qvib = (d/dT)[NkT 2 (d In Q vih /dT) v ] (4.511) 

Summing the geometrical series in Eq. (4.506), we find 

In Qvib = - \hv/kT - In (1 - e ~ hvlkT ) 

Expanding the logarithm as a series, and differentiating this series term by term, 

Qvib = Nk(hv/kT) 2 £ ne- nl "'l kT (4 512) 


— Nk(hv/kT) 2 \l — e~ h>,lkT ]~ 2 e~ hylkT 


(4.513) 
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At sufficiently high temperatures, the exponential in Eq. (4.513) can be ex¬ 
panded in a power series that converges rapidly, and the whole series in square 

brackets can be raised to the power of minus two by the binomial theorem, 
giving, finally, the following result: 

T hv/k: Cvib = Nk[l — -j^-( hv/kT ) 2 -f- smaller terms] (4.514) 

This approaches the classical limit Nk at sufficiently high temperatures. At the 
other extreme, very low temperatures, we can use Eq. (4.512) directly, noting 
that the exponential terms rapidly become very small with an increasing value 
of and indeed for low enough temperature, we can retain only the first term 
of the series in Eq. (4.512) and neglect the rest: 

T « hv/k : C vib = Nk(hv/kT) 2 e~ hv,kT (4.515) 

Writing Q ro t in Eq. (4.511) in place of Q v ib yields C ro t- Here we have to in¬ 
clude the spin degeneracy factor a(j). For two unlike atoms this factor is 
(2s a + l)(2s& -f“ 1) and is independent of j. Equation (4.507) cannot be summed 

in closed form; the best we can do is to compute the first few terms of the series. 
Write 

e r = h 2 /Sir 2 Ik (4.521) 

then Eq. (4.507) may be written as 

Qrot = (2$ a + 1)(2« 6 + 1)(1 + 3e~ 2dr/T + + 7e~ l2e ' IT +.. .) (4.522) 

The spin factor has no effect on the heat capacity. We can evaluate the recip¬ 
rocal of this series by the binomial theorem and multiply the result into the 
temperature derivative of the series to find d In Q/dT. The process is straight¬ 
forward and can be carried out to any desired accuracy to give a series expansion 
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Fig. 4.52. Rotational partition function for hydrogen molecule. 
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for C ro t. At lower temperatures the series converges more rapidly, and at very 
low temperatures we can neglect all but the first term of the series: 

T«0 r : C TOt = {ZN/kT 2 ){tf/I 2 )e-*‘ IkT = 12 Nk(d r /T) 2 e~ 2drlT (4.523) 

The high temperature behavior of C TO t cannot be obtained directly from Eq. 
(4.522), because that series converges too slowly at high T. Instead the sum 
(4.507) has to be evaluated by the Euler-Maclaurin sum formula before the 

temperature derivative of the logarithm is evaluated. The final result turns 
out to be 


Or- C rot = Nk[ 1 + ~^(0 r /T) 2 + smaller terms] (4.524) 


The lotational heat capacity crosses the classical value at some definite tempera¬ 
ture and approaches it asymptotically from above at very high T. 

Evidently the rotational heat capacity is a function only of the ratio Q r /T, 
and the function is the same for all heteronuclear diatomic molecules. The tem¬ 
perature scale factor 6 r is generally only a few degrees Kelvin; for example, CO 
has a scale d r = 2.77 °K; for HC1 it is 15.2 °K, and for HD, about 56 °K. The 
deviation from classical behavior becomes measurable only at temperatures 
lower than about three times 0 r) as Eq. (4.524) shows. The rotational inertia 
I of the molecule is proportional to the mass, and so 6 r is greatest for the smallest 
molecules. It is only for the smallest masses that the substances are still gas¬ 
eous when they begin to deviate, and the deviation has in fact been observed 
only in HD among the heteronuclear compounds. 


By contrast with the rotational heat capacity, the vibrational term C vib is 
hardly excited at all at ordinary temperatures, because the temperature scale 
factor 6 V = hv/k is several thousand degrees; thus for CO, 6 V = 3070 °K, and 
for HD, it is about five thousand degrees. In general 6 V increases with decreas¬ 
ing mass, and in particular, among the isotopes of a single element, 6 V is propor¬ 
tional to 1/m . At the temperature where C ro t is becoming classical, the value 
of C v ib is still practically negligible; hence the heat capacity of a gas behaves 
as follows: Starting at low temperatures the heat capacity is purely translational 
and equal to SNk/2 ; as T increases through values around 0 r , the heat capacity 
increases to 5Nk/2, the classical rotational contribution Nk becoming practi¬ 
cally complete when T is a few times 0 r ; at still higher temperatures, the vibra¬ 
tional heat capacity begins to appear, and the total rises to lNk/2 when T is 
larger than 0 V . Because of the great difference between 0 r and 6 V it is usually 
possible to separate the rotational and vibrational heat capacities completely 
and hence to obtain quite accurate estimates of 0 V . Recently very comprehen¬ 
sive tables have been published * giving values of C vib for atomic vibration fre- 
quencies from 100 cm -1 to 3,600 cm -1 . 

There are two kinds of error that can spoil the simplicity of the foregoing 
situation. The first is due to the fact that the forces between atoms are not 


* P. Torkington, J. Chem. Phys. 18 (1950), p. 1373. 
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strictly simple harmonic ones, except for vanishingly small amplitudes. This 
anharmonicity can be taken care of approximately by a more precise discussion 
of the quantum mechanical problem. The second difficulty is more interesting 
from the point of statistical mechanics, and it arises in the following way: The 
easiest method for measuring the heat capacity of a gas is generally by means 
of the velocity of sound transmission, but this method sometimes gives a heat 
capacity less than that predicted by the theory at high temperatures, where the 
Cvib term should appear. On the other hand, static measurements of the heat 
capacity using direct calorimetric methods give the results predicted by the 
theory. This discrepancy can be understood if it is admitted that the equilib¬ 
rium distribution of energy among the rotational and vibrational modes of the 
molecule’s motion takes more time to adjust itself than the period of the sound 
wave. The energy in the sound wave then does not have time to excite the vi¬ 
brational modes which therefore fail to exert their full effect on the heat capacity. 
The absorption of the sound wave in the gas becomes strong if the period of the 
wave is adjusted to equal the relaxation time for equilibrium adjustments with 
the vibrational modes of molecular motion; in this way an estimate of the re¬ 
laxation time can be made. 

We return now to the discussion of homonuclear diatomic molecules, like H 2 , 
D 2 , 0 2 , etc. As discussed in § 1.5, here the spin factor depends on j, and more¬ 
over, the dependency on j is a function of the spin s. If 2s is odd as in hydrogen, 
the factor is a = s(2s + 1) when j is even, and (2s + l)(s + 1) when j is odd. 
For H 2 , with s = J, the partition function (4.507) should be 

Qrot = 1 + 5e“ 6 *' /r + 9e- 20d ' /T + • • • + 3{3e“ 2 *' /r + 7e~ 12d ' /T + • • • } (4.525) 

If this partition function is used to calculate the heat capacity of H 2 , the result 
is quite different from the observed heat capacity when plotted as a function 
of temperature. The reason for this is again concerned with a time factor. 
Statistics based on Eq. (4.525) of course assume that equilibrium is established 
among all the states included in the expression, and this means we assume fre¬ 
quent transitions between all the states enumerated—in particular between 
symmetrical and antisymmetrical rotation states, which in turn implies transi¬ 
tions between different spin states. If collisions can dissociate the H 2 molecule 
into two H atoms, they can result very quickly in a new molecule with different 
rotational and spin states, but collisons of this violence are very rare at ordinary 
temperatures. Ordinarily, spin states can only be changed by magnetic fields. 
Therefore we may conclude that it is very difficult to establish an equilibrium 
distribution between symmetrical and antisymmetrical rotation states. The gas 
H 2 may behave rather as a mixture of two different species, one with symmetri¬ 
cal rotational eigenfunctions, and the other with antisymmetrical ones. The 
symmetrical species is called para- hydrogen, the antisymmetrical one is ortho - 
hydrogen. The partition functions for these two species are to be written 
separately: 
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Qpara = 1 + 5 + Qe~ 206 ri T + 

Qortho = 3{3e~ 2e ' IT + 7e~ 12e ' IT + • • 


• * 


(4.526) 


The equilibrium between two species is properly the subject of a later chapter, 
where it is shown that the ratio of the numbers of particles in the two species is 
equal to the ratio of their partition functions—see Eq. (6.321). At moderately 
high temperatures the two series in Eq. (4.526) are roughly equal, except for the 
factor 3 , so that hydrogen gas will ordinarily have orZ/io-hydrogen and para- 
hydrogen roughly in the ratio 3 to 1 . We then find the separate heat capacities 
from the two partition functions and obtain the heat capacity of the mixture 
from the simple law of mixtures: 




— 4^para “1“ 4 Qortho 


(4.527) 


and this is found to agree excellently with the data. 

Heavy hydrogen is another example. We note that D 2 is a pair of identical 
particles each with even spin, so the spin degeneracy factors are interchanged 
compared with those for H 2 . Also since s = 1 , the partition functions for the 
two species for deuterium are: 


Qortho = 6{1 + 5e~ oe r > T + 9 e~ 20e rl T +• • • 1 

Qpa ra = 3{3e- 2 ^ + 7e -i2 flr /r + ... ) 


(4.528) 


The relative concentrations are now two to one instead of three to one, and the 
law of mixtures gives 

D 2 : f^rot = ^Cpara ”1“ "3 Qortho (4.529) 


The temperature scale factors involved are, for H 2 , d r = 85.4 °K and for D 2 , 
d r = 42 °K; the range of temperatures where the comparison is significant lies 
between about 25 °K and 150 °K. 

4.6 Interpretation of rotation spectra. The rotation spectrum to be expected 
from a diatomic molecule is derived from Eq. (4.503) and the Bohr principle 
that the frequency of an emitted spectral line equals the energy emitted per 
quantum jump divided by Planck’s constant: 


* = («/' - <s)/h (4.601) 

All transitions j' > j are not allowed; a selection rule operates which requires 

f ~~ j = 1 for a possible transition. Thus the possible frequencies of the rota¬ 
tional spectrum are 

V = kd r [j(j + 1) - ( j - 1 )j\ = 2 jkdr (4.602) 

where j is the quantum number associated with the initial level. A line is asso¬ 
ciated with each value of j, and they are equally spaced in frequency at inter¬ 
vals 2 kd r . A rotational transition j — > j — 1 may occur in conjunction with 
some other transition, either vibrational or electronic, and the quantum emitted 
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then contains both contributions. Bohr's principle operates with the result 
that the emitted frequency is the sum of the rotational and nonrotational terms : 

= KO) + 2jkO r (4.603) 

where v(0) is the frequency in the absence of the rotational transition. The 
quantum number j can be either positive or negative in this general case, a nega¬ 
tive j meaning that the rotational transition involves an absorption of some of 
the quantum that would have been emitted by the nonrotational transition. 

The intensities of spectral lines are proportional to the transition probabilities 
in any one molecule, and to the relative populations of the molecules that hap¬ 
pen to be in the initial states on average. The transition probabilities present a 
purely quantum mechanical problem that we shall not discuss, but the mean rela¬ 
tive populations in the initial states can be calculated by our statistical formulae. 

In general we may, from Eq. (4.301), assert that the mean population in any 
state is generally proportional to a)je~~ € > lkT /Q, and in this case the number in the 
yth rotational state must be proportional to 

(2 j + l)e~ ju+l)dr,T /Q ro t (4.604) 

Generally to produce a spectrum at all, the temperature has to be pretty high, 
even greater than 0 r , so that the partition function can be evaluated by means 
of an integration approximation, with the result: 

Qrot * f (2 j + 1 )e-M+»'rl T dj = T/6 r (4.605) 

and so the probability of finding a molecule in the jth rotational state is 

p(j) = (e r /T)(2j + l ) e -W+»'rlT (4.606) 

This quantity should give some idea of the relative intensities of the rotational 
spectral lines, although of course the factor depending on transition probabilities 
has been omitted. It has a characteristic “shape" in its dependence ony, having 
a maximum at 

2jmax + 1 = (2 T/d r )* (4.607) 

starting from T/0 r at j = 0 and approaching zero for large values of j. A negative 
value of j indicates absorption, and this must be proportional to the population 
in the lower energy state corresponding toy — 1. This characteristic intensity 
pattern makes rotation spectra rather easily recognizable, and their evenly 
spaced lines provide an accurate way of calculating, from Eq. (4.603), the char¬ 
acteristic temperature 0 r . 

The interpretation of atomic and molecular spectra constitutes of course a 
vast subject in itself, and it would be quite out of order to attempt even an out¬ 
line here. 

4.7 Effects of magnetic and electric fields. A complete discussion of the 
statistical theory of the magnetic properties of matter would carry us too far 
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afield; we restrict ourselves to the construction of a few appropriate partition 

functions and their immediate applications. 

The electrons in an atom or molecule have a total angular momentum 
\/j(j + 1) S due to a combination of orbital and spin momenta, where j may 
be an integer or a half-integer. In the state specified by j, there are 2 j + 1 dif¬ 
ferent orthogonal eigenfunctions w'hich are degenerate in the absence of a mag- 

%• 

netic field: compare Eq. (1.333). In the presence of a magnetic field the angular 
momentum suffers “space quantization,” and the component of angular momen¬ 
tum parallel to the field is restricted to the values rrijfi, where my can take only 
the 2 j + 1 values between +j and —j at integral intervals. If j is a whole inte¬ 
ger, the my values are also integers, while if j is a half-integer, the my values are 
all half-integers. The magnetic moment of the atom due to its electrons is at 
the same time restricted to have a component along the field equal to gmj\L {)l 
where \io is the Bohr magneton e/i/2mc, and g is the numerical Lande factor, 
which depends on the way the spin and orbital angular momentum are com¬ 
bined to produce the total angular momentum. In the state specified by my, the 
energy of the atom in the magnetic field H is — gmj\L 0 H, and this may be added 
to the energy existing in the absence of the magnetic field, provided it is small 
enough to be treated as a first-order perturbation. The partition function then 
takes the form: 

+; 

Q = EE 12 <^exp {-E n ,i + gnij\L 0 H}/kT (4.701) 

n l mj = — j 

where a is the nuclear spin degeneracy factor and n and l are the orbital quan¬ 
tum numbers; the relation between l and j depends on the individual case under 
discussion. If the ground state of the electron (lowest values of n and l) is taken 
as the zero of energy, and if the first excited state has an energy considerably 
greater than /cT, we may drop the sum over n and l and the partition function 
reduces to 

-h? 

Q = 12 a exp ( gmi\i 0 H/kT) (4.702) 

m, = -y 

At very high temperatures this approximation would be invalid, but magnetic 
effects are generally negligible then, because the exponent gm^H/kT is very 
small. Even at ordinary temperatures and ordinary magnetic fields, this ex¬ 
ponent is considerably smaller than unity, and a convenient approximation can 
be used to evaluate the partition function. Expanding the exponential as far as 
the second order term and summing over my, we find 

Q = <r(2 j + 1) + (<r/6)j(j + 1)(2 j + 1 )(g\i 0 H/kT) 2 + .. • (4.703) 

The appropriate free energy for this system is A = -NkT In Q. The contribu¬ 
tion of the magnetic fields to the free energy is — NjiH , where jl is the mean 
magnetic moment per atom in the direction of the field. Therefore, the latter 
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can be found from 

Nfi = — ( dA/dH)r,v (4.704) 

Using Eqs. (4.137) and (4.703) in this equation leads to 


m = g 2 Vo 2 j(j + 1 )H/3kT (4.705) 

where we have neglected terms of higher order in \L 0 H/kT. The susceptibility 
Nfi/H then varies inversely with T, a form of Curie’s law. At very low tempera¬ 
tures a different approximation becomes appropriate. Thus if [i 0 H » kT , then 
those terms in the partition function (4.702) with the highest positive values of 
rtij dominate the sum. Taking only the two top terms we then get 


Low T: 


Q = a e j W oH,kT (l + e~ g ^° H/kT) 


(4.706) 


To a good approximation the free energy is now 


A = NkT In o- + Njg\i 0 H + NkTe~ g ^ H,kT (4.707) 

The mean magnetic moment given by Eq. (4.704) is now 

M = im ~ giX>He- g *> HlkT (4.708) 

showing that this moment reaches a saturation value jg\i 0 as T approaches zero, 
independent of the magnetic field H. 

The entropy change due to the magnetic field is of great interest. This is to 
be derived from Eq. (4.138). In the absence of a magnetic field, the partition 
function (4.702) reduces to the constant cr(2j + 1) and the entropy is 

H = 0: S = Nk In a + Nk In (2 j + 1) (4.709) 

In the present approximation, this entropy remains even when T goes to zero; 
it represents the randomness of nuclear spin orientation (the tf-term) and the 
randomness of electronic angular momentum orientation (the j-term). The 
status of this result with respect to the third law of thermodynamics will be 
clarified in a moment. In the presence of a magnetic field H, we use Eq. (4.706) 
for the partition function, and Eq. (4.138) for the entropy of a dilute paramag¬ 
netic gas: 


H 9 * 0: S = Nk In o- + Nk(l + g\i 0 H/kT)e~ g ^ u lkT (4.710) 

If \LoH/kT is made large enough—large fields and low temperatures, the tempera¬ 
ture-dependent part of this expression may be made as small as we please. Com¬ 
paring the limiting value, Nk In a with that obtained in the absence of H f Eq. 
(4.709), we see that the magnetic field has practically removed the entropy 
Nk In (2 j +1), representing the removal of disorder by aligning the magnetic 
moments up parallel to the field. 

A similar effect is the basis of a technique of reaching temperatures below 1 °K 
by magnetic cooling. Provided a substance is available that can readily exchange 
energy between its electronic spin angular momentum states and its atomic lat- 
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tice vibrations, it can be magnetized isothermally to receive the saturation mag¬ 
netic moment j u, like that given in Eq. (4.708), heat being extracted from the 
cryostat to remove the entropy. The specimen is then thermally isolated and 
the magnetizing field removed. On demagnetizing, the entropy of the orbital 
states tends to return to the higher value indicated in Eq. (4.709), but it can do 
this only by absorbing thermal energy from the vibrational energy of the lattice, 
thus reducing the temperature of the material. Using this technique, tempera¬ 
tures estimated to be within 10~ 3 °K of absolute zero have been reported. 

There remains the question of reconciling the apparent nonzero entropy re¬ 
maining at 0 °K with the third law of thermodynamics. This comes about from 
the fact that even in a dilute paramagnetic gas there are electric perturbing fields 
that can produce small (usually entirely negligible) Stark effects on the orbital 
angular momentum states. The 2 j + 1 such states, treated as identical in the 
approximation leading to Eq. (4.709) for the entropy, are in fact very slightly 
different in energy, even in the absence of any external field.* Instead of writ¬ 
ing Q = a(2 j + 1), we should have 

+y 

Q = a exp [ — i{m,)/kT) 

my =* 

where c(my) are extremely small energies compared with kT when T is of the order 
1 °K. To a first approximation, and at all ordinary temperatures this Q is in¬ 
deed almost exactly equal to a(2j + 1). But if we push T down toward zero, 
there must come a point where kT is comparable with e(m ; ), no matter how small 
these energies are. Before T actually becomes zero, the value of Q becomes 
essentially Q = a-exp ( — e m /kT), where e m is the lowest of the energies 
as T goes to zero, the exponential vanishes and we are left with an entropy 
Nk In a, the term Nlc In (2 j + 1) having disappeared from (4.709). This per¬ 
sistent term Nk In a due to nuclear spin can also be seen to disappear; actually 
there must be small magnetic interactions between adjacent nuclear spins, and 
this will split the energies and remove the degeneracy. A sum over states of 
very low energy will then replace c7, leading again to an entropy that goes to zero 
at 0 °K, with the nuclear spins aligned throughout the crystal. In fact this per¬ 
sistent entropy of spin, Nklna, still present at temperatures no higher than 
lO* -3 °K, represents in principle a possibility of still further magnetic cooling. 
Because the energy differences are much smaller, the temperatures involved will 
be much lower and higher magnetic fields may be required to reach them. There 
is also the problem that nuclear spins do not ordinarily interact readily with the 
lattice vibrations, so that it may be difficult for the nuclear spins to extract heat 
from the lattice during demagnetization. While there are hopeful signs that 

this technique may eventually be achieved, it remains at the moment a very 
stimulating speculation. 

In a solid the crystalline electric field produces large differences in energy and the levels 
are not even approximately degenerate. 
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4.8 Einstein’s theory of crystalline solid. To a very rough approximation, 
a crystal can be considered as made up of atoms at fixed lattice points, and ther¬ 
mal energy of the crystal can, to this approximation, be regarded as due to in¬ 
dependent vibrations of the atoms about these fixed lattice points. Each atom 
is in a similar field of force that is approximately independent of the motion of 
neighboring atoms, and the atoms are permanently distinguishable from each 
other because they are attached to their respective lattice points. The Boltz¬ 
mann statistics are applicable to this assembly. A more exact theory must take 
into account the coupling between neighboring atoms, but this refinement will 
not be discussed until a later section. The present approximation is due to Ein¬ 
stein and is sometimes called a lattice gas model because the atoms behave 
independently. 

Each atom is treated as a mass point with three degrees of freedom in a poten¬ 
tial field approximating that of a three-dimensional harmonic oscillator. Gen¬ 
eralizing Eq. (4.506) to three dimensions, and using Eq. (1.322) for the energies: 

Q = 2 S 2 ex P { — (<o "T Tiihvi -f- TI 2 J 1 V 2 -f n^hv^J/kT) (4.801) 

ni n 2 nz 

where 

€ o = 2 ^( v i + ^2 + ^ 3 ) (4.802) 

is the zero point energy of the atoms. Each series sums separately and so 

Q = e-*» ,kT JX {1 - e hv » ,kT ] 1 (4.803) 

8=1 , 2.3 

or 

InQ = -t 0 /kT - X In {1 - e- hv ‘ lkT \ (4.804) 

8=1.2.3 

Using Eq. (4.115-16) then gives 

E = Ne o + X Nh Ve {^- lkT - 1} - 1 (4.805) 

a 

and then 

C„ = Nk X (hv,/kT) 2 e h '’‘ lkT {e hy ‘ lkT -lp 2 (4.806) 

8 

At very high temperatures the exponential e hl, ‘ /kT approaches 1 + hv 9 /kT and 
the heat capacity becomes approximately 

kT » hv a : C v = 3 Nk + £ NkhvJkT (4.807) 

8 

This approaches the classical value 3 Nk at sufficiently high temperatures. At 
low temperatures the exponential in the denominator of Eq. (4.806) becomes 
much greater than unity and we have 

kT « hv 9 : C v = Nk'Z ( hv a /kT) 2 e^ ,kT (4.808) 

8 

This has a limiting value zero at 0 °K in agreement with the third law of thermo¬ 
dynamics. The observed behavior of crystals is not too badly represented by 
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Fig. 4.81. Partition function of Einstein crystal. Einstein frequency v about 4.16 
X 10 12 per sec. 

this result, at least it is a great improvement over the classical theory which 
predicted a constant value at all temperatures. Quantitatively however it is not 
possible to find a single value for each of the frequencies v 8 to give an accurate 
agreement with the observed heat capacity over the whole temperature range. 
It is worth noting that the improvement over the classical theory is not due to 
quantum statistics—we have used the Boltzmann statistics only; it is due only 
to the quantum mechanical treatment of the energy spectrum of the oscillators 
representing the atoms in the crystal. 

4.9 Assemblies with prescribed momentum. In previous sections we have 
prescribed the total number and total energy of the assembly, and found the 
most probable distribution-in-energy under these restrictions. We are naturally 
free to prescribe any of the constants of the motion that can occur in the assem¬ 
bly, in particular the total momentum. To do this it is not sufficient to enumer¬ 
ate the energy levels, because there are many different momentum states to each 
energy level; we need to consider a distribution-in-momentum rather than a 
distribution-in-energy, and start our discussion again from the beginning. 

Let the vector p denote momentum, and rip the number of systems with mo¬ 
mentum p. Then all the arguments of § 2.2 in counting equally probable states 
in a given distribution-in-energy can be translated into equivalent arguments 
on counting the number of equally probable states in a given distribution-in- 
momentum; all we have to do is to read “momentum” for “energy,” and sub¬ 
stitute rip for 71 *, oj p for co*, and so forth. Equations (2.213), (2.223), and (2.231) 

immediately go over into the proper counts for the respective statistics and the 
given distribution-in-momentum. 
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There are now three restrictions to be applied: total number, total energy, and 
total momentum are all prescribed so that 

N = 52 n p P = X)”pP, E = 52 «p«(p) (4.901) 

P P p 

where P is the total momentum of the assembly, and e(p) is the energy of a sys¬ 
tem whose momentum is p. In an ideal gas e(p) = p 2 /2m. 

To determine the most probable distribution-in-momentum, we proceed as 
in § 2.3, but with the additional restriction of requiring an arbitrary vector 
multiplier which we may write y: 

6 (ln C - aN - pE - y • P) = 0 (4.902) 

Following the same method as in § 2.3 the resulting distribution is for (a) Boltz¬ 
mann statistics 

n p = Na> p exp (-a - (3e p - y • p) (4.903) 

and for (b) Bose-Einstein (upper sign) or Fermi-Dirac (lower sign): 

n p = w p {exp (a + pe p + yp) =F l)"” 1 (4.904) 

It cannot be assumed offhand that the physical interpretations of the parameters 
a and ft are identical with those found before. Instead, we have to substitute 
the results (4.903) into (4.901) and adjust the parameters accordingly. In the 
classical limit we find 


N = e a 52 “p exp (-/3«p — y-p) 


(4.905) 


and the similar expressions for E and P. The eigenfunctions for a particle in a 
box actually number one to each momentum state, the number of these states 
in a unit cell in phase space is 1/h 3 so the proper weight factor is 


<*>p = (V/h 3 )dpidp 2 dp 3 


(4.906) 


where V is the volume of the box. Remembering that y • p = ^2 yfpj is a scalar 


product, the sum (4.905) becomes an elementary integral: 


Similarly we find 


N = e- a V(27r m/h 2 py A e V2m ^ lp 


(4.907) 


and 


E = e- a V(27rm/h 2 py A e^ 2lfi l3/2p + %m(y/p) 2 \ 

p= -{my/p)e- a V(2wm/h 2 P)Ke v * n ' , ' ll> 


(4.908) 

(4.909) 


Divide Eq. (4.909) by (4.907) and we have 

P = -Nmy/p (4.910) 

showing that the ratio —y/P is the mean drift velocity causing the prescribed 
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momentum P. Again dividing Eq. (4.908) by (4.907) we have 

E/N = 3/2/3 + %m(y/l3) 2 (4.911) 

This shows that = 1/kT as before if T is linked with the mean kinetic energy 
of random motion relative to the center of mass. Then if we write v = V/Nm 
for the mean drift velocity, Eq. (4.910) yields 

V = —v/kT (4.912) 

for the interpretation of the new vector parameter, and the energy is 

E/N = SkT/2 + \mv 2 

Finally for the parameter a we find from Eq. (4.907) 

e a = (V/N)(2TmkT/h 2 y A e' Amv * lkT (4.913) 

and comparing this with Eqs. (3.208) and (3.503) where we found the chemical 
potential, we see that a is not now identical with the previous parameter, but 
instead, 

a = —n/kT + \mv 2 /kT (4.914) 

Summarizing, we can express the most probable distribution-in-momentum in 
the form: 

classical statistics: n p = o> p exp (/z — e p + vp — \mv 2 )/kT (4.915) 

with the obvious generalizations for Bose-Einstein and Fermi-Dirac statistics. 
In particular we may set v = 0, so that the prescribed momentum is zero; the 
distribution-in-momentum reduces to 


n p = w p exp (/x - € p )/kT (4.916) 

formally identical with the distribution-in-energy, but with a different physical 
interpretation; this result coincides with the distribution used in § 4.4. 

We can, incidentally, prove that the distribution (4.915) is derivable from 
(4.916) by a simple co-ordinate transformation to a system of co-ordinates mov¬ 
ing relative to the center of mass of the assembly. Rewrite Eq. (4.916) in primed 
co-ordinates: 

rip = o) p exp (m' - €' p )/kT (4.917) 

taking the primed system at rest with the center of mass of the assembly. Trans¬ 
fer to an unprimed system moving to the left with speed v, such that 


u = u' + v 


and 


writing 


€ 'p = \mu’ 2 — \mu 2 — mvu + \mv 2 


(4.918) 

(4.919) 

and writing (4.918) into (4.917), we see at once that Eq. (4.915) results. The 


p = mu and N = n 
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chemical potential is an invariant during the transformation. A discussion of 
Bose-Einstein assemblies from the present point of view leads to interesting 
practical consequences, and these will be discussed in a later chapter. 

EXERCISES AND PROBLEMS 

1. Check that the expression (4.114) for the entropy is equivalent with Eq. (3.402) in 
the classical gas, where we know pV = NkT. 

2 . Show that to within an arbitrary constant Eq. (3.131) gives (4.121). 

3 . Show that to within an arbitrary constant Eq. (3.121) gives (4.134). 

4 . Compare the two expressions for enthalpy given in Eqs. (4.122) and (4.141); show 
that they are equivalent for the ideal classical gas. 

5. Derive the formulae (4.305) and (4.306) for the mean speed and mean square speed, 
and check the numerical value of the root mean square deviation of the mean speed in 
an ideal gas. 

6 . Derive Eq. (4.307) and Eq. (4.308) for the mean speed in a Bose-Einstein gas and 
check the relation (4.310) between Bose-Einstein and classical gas at T 0 . 

7 . Verify the developments for heat capacity given in Eqs. (4.514), (4.523), and (4.524). 

8 . Develop in detail a formula for the heat capacity of H 2 as a function of temperature 
using Eq. (4.526) for the partition function, and compare with the one derived from the 
wrong partition function (4.525). 

9 . Consider a two-dimensional monolayer gas in a square of side L. Show that the 
density of translational states is cj(e) = 2tv mL 2 /h 2 . Find the partition function and 
derive the equation of state in the form SL 2 = NkT, where S is the force in dyne/cm on 
the boundary. What is the heat capacity of the monolaj-er? 

10 . Prove Eq. (4.605). 

11 . Interpret Eq. (4.606) for negative values of j. 

12 . Plot the probability p(j) as a function of j for the following temperatures: T = 186 r , 
24 \0 r , and 320 r . Include negative 7 -values and sketch the spectrum. 

13 . Derive Eqs. (4.703) and (4.705). 

14 . Write out in detail the steps involved in deriving Eqs. (4.903), (4.904), and (4.909) 
for the most probable distribution-in-momentum. 

15 . Write out the Bose-Einstein and Fermi-Dirac modifications of the distribution-in¬ 
momentum of a classical gas given in Eq. (4.915). 

16 . Use the formalism of classical statistics and the partition function to find the 
density of an ideal gas in the presence of a uniform gravitational field of strength 
g dyne/gm. Check the result with an elementary discussion based on hydrostatics and 
Boyle’s law. 

17 . Find the partition function and mean energy per particle if it has nondegenerate 
energy levels given by E n = n p hv, where p is any parameter. 

18 . The heat capacity of copper is about 2 cal/mol deg at 60 °K, and about 5 cal/mol 
deg at 160 °K. Use the Einstein model to find the atomic vibrational frequency best 
agreeing with this data. Do the same for silver, assuming 2 cal/mol deg at 37 °K and 
5 cal/mol deg at 118 °K. 
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Chapter V 


EQUILIBRIUM BETWEEN PHASES 


6.1 Two gaseous phases: mobile monolayer. In this chapter we consider 
only phases that can all be treated as assemblies of independent systems. The 
equilibrium between a liquid and its vapor cannot be so treated with any great 
accuracy, and the discussion of that problem is postponed until the theory of 
interacting systems has been developed. 

In the present section we consider a two-dimensional gas in equilibrium with a 
three-dimensional gas—a situation that corresponds to a gas being adsorbed on 
the surface of a neutral liquid. We shall call the two-dimensional gas the film 
and omit the adjective “three-dimensional’’ from the other phase. Let the en¬ 
ergy of a particle in the film be e/y, where j takes all integral values to represent 
the entire spectrum of energy levels in the film; and let e gr be the energy levels 
of a particle in the gas, r taking all integral values. The degeneracy weights are 
written co/y and u gr respectively. First consider an arrangement in which there 
are N/ particles in the film, N g in the gas, the total number in the whole assem¬ 
bly, gas plus film, being 

N = N f + N g (5.101) 

and suppose there are n gr particles in the rth energy level of the gas, n fj in the 
jth level in the film. The total number of complexions having the same num¬ 
bers n gr and 7i/y, i.e., the same distribution-in-energy, is 

C = iV/! n !(<■>/;) n,i / n/j !|7Vg! JI {(to gr )Vn gr !} (5.102) 

j r 

This number is derived in the same way as Eq. (2.213), by counting the number 
of complexions in each phase separately and multiplying them together. This 
number has to be multiplied by the number of ways in which we can choose N f 
particulai particles from the total -V to assign to the film, the remaining Mg 
going to the gas. This number is simply 

N\/NfXN g \ (5.103) 

Multiplying Eqs. (5.103) and (5.102) gives the total number of complexions 
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when the particles are distinguishable: 

CboIu = N\ XI (w/y) n /i(w gr ) n * r / nfj\n gr ! (5.104) 

j*r 

In practice we need instead the classical limit for the statistics when the particles 

are indistinguishable, and as discussed in Eq. (2.245), this is obtained by divid¬ 
ing C Bo it* by N\: 

fciasa = II ((jjfj) n />(o)g r ) n ir/n/j \n gr ! (5.105) 

j>r 

The most probable distribution-in-energy is again given by that set of numbers 
n/j and n gr that maximizes the logarithm of C under the restrictions that the 
total number N remains fixed and the total energy E is given: 

N = E «/,- + S n tr (5.106) 

j r 

E = 52 ntjt/j + 52 n g rfg T (5.107) 

j r 

These t\\ o restrictions call for two Lagrangian multipliers exactly as for the 
single phase in § 2.3. Thus we require the following three variations to vanish: 

d ln C cias9 = 2 dn fj (d In C c]a6S /dn fj ) + £ dn gr (d In C claB9 /dn gr ) =0 (5.111) 

J r 

dN = 52 dn/j + 52 dn gr = 0 (5.112) 

3 r 

dE = dn/j€fj + dn gr € gr = 0 (5.113) 

3 r 

Multiplying Eq. (5.112) by a and Eq. (5.113) by 0 and subtracting the two 
resulting equations from Eq. (5.111), we obtain 

53 drifj{d ln C/drifj — a — pe/j} + dn gr {d ln C/dn gT — a — &e gr \ =0 (5.114) 

# 

3 r 

In this expression we are free to make independent variations of all the quanti¬ 
ties dn/j and dn gr so the entire set of coefficients can be equated to zero separately: 

d In C c \ ass /dn/j = a + fie/j (5.115) 

d In C c \ as9 /dn g r = a + /3e gr (5.116) 

for every value of j,r. Evidently the expression for In Cdass obtained from Eq. 
(5.105) splits into two parts, film and gas, and these parts survive the differen¬ 
tiations in Eq. (5.115) and (5.116); the film part alone appears in Eq. (5.115) 
and the gas part alone in Eq. (5.116). These two equations then become identi¬ 
cal with the equations that one would derive for each phase separately; the sig¬ 
nificant point is that the same parameters a and (3 must be used in both phases. 
Because the two factors in C c i a ss, or the two additive parts in ln Cdass, are the 
same as for single separate phases, the most probable distribution-in-energy 
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derived from Eqs. (5.115) and (5.116) are the same as for the separate phases, 
the deduction being the same as that of Eqs. (2.341) and (2.306): 

n fj = n gr = u gr e~ a ~P tir (5.117) 

Considering either phase separately, we can repeat the argument of § 3.2 and 
§ 3.5 to identify the parameters a and fi. The fact that one and the same pair 
of parameters a and f3 apply to both phases means therefore that the assembly 

as a whole is in equilibrium when the two phases have the same temperature and the 
same chemical potential. 

It is convenient to introduce the partition function for each phase separately, 
defined in the same way as for a single homogeneous assembly, as in Eq. (4.102): 

Qf = fje~ tfilkT , Qg = D o, gr e-<" lkT (5.121) 

J r 

In terms of these partition functions, the distributions (5.117) allow Eq. (5.101) 
to be put in the form: 

N = e > ‘ lkT (Qf + Q g ) (5.122) 

while the two parts separately give 


N, = Q f e^ kT , N g = Q g e 


VI 


(5.123) 


.The ratio of these equations gives the relative numbers in the two phases: 


N f/Ng = Qf/Q t and N//N = Q//(Q f + Q g ) 


(5.124) 


The thermodynamic variables like E, p and S are derivable from the separate 
phase partition functions just as for single homogeneous assemblies, as dis¬ 
cussed in detail in § 4.1 and § 4.2, and there is no point in repeating the formulae 
here. 

6.2 Adsorption isotherm for mobile monolayer. As the simplest particular 

example of the general theory of the last section, we discuss now the adsorption 

of a gas on the surface of a liquid where the adsorbed particles have an energy 

of adsorption W below the energy of a free particle at rest. We may take the 

energy of a free particle at rest as the zero of energy; therefore the lowest energy 

of an adsorbed particle is - W. The kinetic energy of adsorbed particles in the 

mobile film start from this zero-point, and the energy levels of the film are 
therefore 

€ /k = h 2 k 2 /2mA — W (5.201) 

—compare Eq. (003). In the sum over states involved in calculating the 
partition function Q f the factor e 1 T is common throughout the sum; hence the 
final result is the same as in Problem 4.9 except for this extra factor: 


Qf = A(2TmkT/h 2 )e wlkT 

The partition function for the gas is the same as before: 

Q t = V(2-rrmkT/h 2 ) H 


(5.202) 


(5.203) 
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so that the equilibrium equation (5.124) becomes 

Nf/Ng = ( A/V)(2TrmkT/h 2 )-^e w,kT (5.204) 

This may be expressed in a more useful form by using the ideal gas law to elim¬ 
inate V. In fact the equation of state for the gas follows at once from Q g just 
as it did in § 4.2: 

V = N g kT(d In QJdV) r = N g kT/V (5.205) 

so that Eq. (5.204) becomes 

Nf/A = ( V /kT)(2TrmkT/h 2 )- y 'e wlkT (5.206) 

giving the density of the film as a function of pressure in the gas and tempera¬ 
ture of the whole assembly. Alternatively, we can introduce the linear pressure 
of the film, as in Ex. 4.9, and write 

S f = N/kT(d In Qf/dA) T = N/kT/A (5.207) 

so that Eq. (5.206) can also be written in the form 

S f /p g = (2irmkT/h 2 )- y2 e w/kT (5.208) 

The reduction of surface tension due to adsorption, measured by S /, is therefore 
proportional to the pressure of the parent gas, the constant of proportionality 
being a given function of T. The adsorption isotherm is a straight line through 
the origin with slope depending strongly on temperature. 

6.3 Langmuir’s isotherm. Here we consider a monolayer formed from a 
parent gas on the surface of a solid. We suppose that there exists on the solid a 
number X of sites at which a single particle can be adsorbed in an energy state 
below that of a free particle at rest. We further suppose that there is only one 
quantum state of adsorption at each site, a simplification that can easily be re¬ 
moved without making any essential difference to the isotherm. Let there be 
N/ particles adsorbed on the solid and N g particles in the gas, the total N = N/ 
+ N g being fixed. The number of ways in which the subdivision can be effected is 

N \/Nf \N g ! (5.301) 

The number of ways N/ particles can be assigned to X sites, no more than one 
to a site, is 

X\/{X - N/)\ (5.302) 

because the particles are still to be regarded as distinguishable at this stage of 
the classical calculation. The number of complexions of N g particles is 

N g \ II Vg^Mgjl (5.303) 

7 

as in Eq. (5.102), where the symbols have the same meaning as there. The total 
number of complexions for the combined assembly is the product of all the three 
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numbers just calculated divided by N\ to correct for the indistinguishability of 
the particles: 

Cciass = tx l/lVf \(X - Nf) ! } n ««y n *'/n g y '■ (5.304) 

3 

It remains to maximize the logarithm of this number by varying the numbers 
n g j and the number N / while keeping N and E fixed: 

N = Nf + ^2 n g j = constant (5.311) 

3 

E = —NfW + ^ n g j€ g j = constant (5.312) 

3 

The logarithm of C is the sum of the logarithms of two parts, one part depending 
on the film, the other on the gas: 

In Cd ass — In Cf -f- In C g 

where 

In C f = In { X\/N f \{X - N f )\\ (5.313) 

and C e is exactly the same as before for the ideal gas. We follow through the 
same reasoning as that from Eq. (5.111) to (5.116): 

d In C c iass = dN/(d In C//6N/) + dn g j{d In C g /dn g j) = 0 (5.314) 

3 

while at the same time, 

dN = dNf+Y, drigj = 0 (5.315) 

3 

dE = —WdNf + X) dngjtgj = 0 (5.316) 

3 

Multiplying the diV-equation by a and the dE-equation by p as before, sub¬ 
tracting from Eq. (5.314) and removing the now independent variations: 

d In Cf/dNf = a — Wp (5.317) 

d In C g /dn ej = a + Pigj (5.318) 

for every value of j. Equation (5.318) is identical with that obtained before for 
t e ideal gas, and leads again to the same interpretation of a and /?, and to the 

same distribution-in-energy of the gas. The two equations that result from this 
needed in the sequel are Eqs. (4.101) and (4.203): ’ 

N e = Qe^ lkT , V = NgkT/V (5.320) 

Using the Stirling approximation on Eq. (5.313), we can reduce Eq. (5.317) to 

In (X — N/) — In Nf + (/i + W)/kT = 0 (5.323) 

which gives immediately 

Nf = (X — N/) exp (n + W)/kT 


(5.324) 
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Eliminating p between Eq. (5.320) and this last result gives 

N f /(X - N f ) = (N g /Q g )e w,kT (5.325) 

It is usual to write 

0 = N f /X (5.326) 

for the fraction of sites occupied by the adsorbed film, to make use of the ideal 
gas equation (5.320), and to express the isotherm Eq. (5.325) as 

0/(1 - 0) = L(T)p (5.327) 

where L(T) is a function of temperature only: 

L(T) = (1/kT) (27rmkT/h 2 )~^e w lkT (5.328) 

Langmuir deduced this isotherm in the form (5.327) from pure thermodynamics 



Fig. 5.31. Universal form of Langmuir isotherm. 


but it requires the full statistical argument to find the explicit form Eq. (5.328) 
for the Langmuir function L(T). 

For practical applications, Eq. (5.327) may be written in the equivalent form: 

p/Vf = 1/ (V m L) + v/Vm (5.329) 

where V/ is the volume of gas at NTP adsorbed in the film (proportional to N/) f 
and V m is the volume of gas at NTP needed to saturate the film (proportional 
to X). Experimental data yield a plot of p/V f against p, which, according to 
the theory, ought to be a straight line; the gradient of this line gives V m , and 

the function L can be found from the intercept. 

Some interesting work on adsorption of hydrocarbon gases on charcoal done 
recently will serve as an example.* Seven different hydrocarbon gases were 

• M. A. Nay and J. L. Morrison, J. Canadian Research , 27B, 1949, p. 205. 
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used, as well as a number of different charcoals, while nitrogen was included for 
comparison. 

The table below gives some of the results on one of the charcoals; values of 
V m are in millimoles of gas per gram of adsorbent, and A is the area per molecule 
in the film in square Angstroms: 


gas 

V m 

A 

gas 

V m 

A 

n 2 

9.98 

16.2 

c 2 h 6 

7.35 

25.9 

C 2 H 2 

8.39 

19.8 

c 3 h 8 

5.47 

36.0 

C 2 H 4 

8.20 

23.1 

71 -C 4 H 10 

4.55 

42.1 

ch 4 

9.76 

19.4 

fso-C 4 H 10 

4.02 

47.4 


The plots were all straight lines, their gradients increasing with increasing molec¬ 
ular weights; this indicated that each adsorbed molecule occupied more than 
one site. For the larger molecules, the apparent area per adsorbed molecule 
appears to be about three times that occupied by a nitrogen molecule. The 
statistics appropriate to this situation have been worked out by J. K. Roberts.* 
It is of course possible that the concept of definite localized sites on the solid 
surface is too simple, and indeed experimental evidence from electron micro¬ 
scopic studies might be expected to throw some light on this question. 

5.4 Critical phenomena in monolayers on solids. The Langmuir isotherm 

predicts a continuously increasing adsorption with increasing pressure in the 

parent gas. In many actual cases there is observed, however, a discontinuous 

inciease in adsorption at a critical pressure, which may be explained in terms 

of mutual atti actions between the adsorbed particles. Any rigorous treatment 

of such interactions properly follows a discussion of dependent systems in gen- 

eial (see Chapter VII). Here instead, we resort to a very crude approximation 

by smoothing out the interactions between adsorbed particles in such a way 

that each particle can still be regarded as independent of its individual neighbors. 

This is done by letting the energy of adsorption W depend only on the total num¬ 
ber adsorbed: 

W = JV o + \6W 1 (5.401) 

where W 0 and W x are constants, and 6 is the ratio N f /X as in the previous sec¬ 
tion. The factor \ is inserted to cancel a factor 2 arising later, giving a neater 
form to the final result. The energy of the whole film is 

E S = -N/Wo - hNfW./X (5.402) 

and this replaces -N f W in Eq. (5.312). This nonlinear dependence of E on 
population N f is an example of what are known as co-operative phenomena (the 
general discussion of such phenomena is given in Chapter XII). 

Following through the same steps as in § 5.3 finally leads to replacing the ex¬ 
ponent W/kT by the exponent (W 0 + OWJ/kT, differentiation of N f 2 in the 

* J. K. Roberts, Cambridge Philos. Soc. Proc. t 34, 1938, p. 577. 
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energy having removed the factor The isotherm becomes 

0/(1 - 0) = L(T)pe 6Wl,kT (5.403) 

where L(T ) is the same function of T as in Eq. (5.328). To examine the nature 
of this isotherm, we may take the logarithm and plot the graph of 

In L(T)p = In 0 - In (1 - 0) - QWJkT = 0(0) (5.411) 

as a function of 0 for various values of T. The Langmuir isotherm is obtained 
if we put Wi = 0, and is monotone increasing. In general the curve behaves 



pressure x Langmuir function pL 

Fig. 5.41. Critical monolayer adsorption. The curves are plotted from Eq. (5.403) for 
three different temperatures. When T is less than T c there is a phase change between the 
points A and B. 

instead very much like the van der Waals isotherm for an imperfect gas. We 
look for the roots of the equation 

dG{6)/dd = 0 (5.412) 

giving the positions on the 0-axis where G(0) has a maximum or a minimum. 
The solutions of Eq. (5.412) are in fact 

0 = \ ± 4(1 - 4/cT/Wi) h (5.413) 

At temperatures lower than T c given by 

kT c = \W X (5.414) 

the curve G(0) is therefore S-shaped. Experimentally we can arrange for the 

pressure, and therefore the function (j(0), to increase continually, so the ^-shaped 
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curve means that the ratio 6 must jump discontinuously from a value just below 
the lower root of Eq. (5.413) to a value just above the higher root. Just where 
this jump occurs can be stated only after the theory of the two phases within the 
film has been developed, and this is possible only after studying the theory of 
interacting systems and treating the condensed film as a two-dimensional liquid 
phase. 

6.6 Multilayer adsorption, the BET isotherm. According to the Langmuir 
isotherm, the monolayer fills up only for extremely high—in fact, infinite— 
pressure in the parent gas. If the parent gas is at a temperature below its criti¬ 
cal point, it will condense into the liquid phase at the saturated vapor pressure, 
and obviously the film must change its character at this point if not before. 
The question is, what is the nature of the transition in the film corresponding 
to the saturation of the parent gas? In practice, it is found that a gradual, 
though comparatively rapid, increase in thickness of the film sets in well before 
the pressure of the parent gas saturates, indicating a multilayer adsorption 
process. The film becomes practically identical with a layer of the liquid phase 
as the pressure approaches saturation, with no apparent discontinuity in the 
process. 

We shall discuss in some detail a very crude but highly useful theory of this 
process due to Brunauer, Emmett, and Teller.* Write B for the number of sites 
on the solid surface, and Wi for the energy of adsorption on each site. Assume 
that the energy of adsorption on any site is independent of whether or not any 
neighboring site is occupied—in other words, we neglect interaction between ad¬ 
sorbed particles. Let each adsorbed particle itself become a site for possible 
further adsorption, write Wl for the energy of adsorption on top of an adsorbed 
particle, and again assume this to be independent of the presence of neighboring 
particles similarly adsorbed. Particles adsorbed on top of the first layer con¬ 
stitute the second layer; each particle in the second layer likewise becomes the 
site of adsorption in the third layer, etc. The energy of adsorption in any layer 
above the first is assumed equal to W L and independent of the layer depth, also 
independent of the population in the layer, and in fact equal finally to the en¬ 
ergy of evaporation from the liquid phase. 

These assumptions are obviously extremely questionable and quite unrealistic, 
but they form a basis from which an exact calculation of an adsorption isotherm 
can be carried through; whereas, if neighbor interactions are included along 

with dependence of adsorption energy on layer depth, the calculation of an iso¬ 
therm becomes practically impossible. 

The picture of the multilayer film on the BET model is somewhat like the 
skyline of a big city: the higher layers begin to form before the first one is com¬ 
pletely filled, the layers correspond to stories, the first layer to ground level. 
For example, there may be X x particles adsorbed directly on the solid, leaving 
B - X i unoccupied sites, X 2 particles adsorbed on top of these X x particles 
and counted as the population of the second layer, etc., with X r particles ad- 

* S. Brunauer, P. H. Emmett, and E. Teller, J. Am. Chem. Soc., 60, 1938, p. 309. 
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sorbed in the rth layer, r being any integer. The total number adsorbed, say 
A, is 

n 

a = 2 Xr (5.501) 

r = 1 

where the sum is taken up to some number n that is at least as great as the 
tallest “skyscraper” in the film. It can be greater than this because all X r with 

r > n zero anyway. lo be quite certain, we may even let n go to infinityj 
the series will converge to the correct sum. 

We first count up all the possible complexions on the assumption that all the 
particles are distinguishable from each other, and correction is made at the last 
step by removing the factor AM in the classical fashion. The number of ways 
in which we can choose A particles out of the total N f leaving N g in the parent 
gas is 

N\/N g \A\ (5.502) 

Out of the A adsorbed particles we have to assign X x to the first layer, X 2 to the 
second layer, etc.; the number of ways this can be done is 

A\/(X x \X 2 \ ••• X n \) (5.503) 

The number of ways X\ particles can be assigned to B sites is 

B\/(B - X,)\ (5.504) 

The number of ways X 2 particles can be assigned to the sites on top of the X\ 
particles is similarly 

X l \/(X l - X 2 ) ! (5.505) 

and so on to the nth layer where the number of ways of assigning X n particles 
to their sites on top of X n _i particles is likewise 

- X n )\ (5.50G) 

Finally, the number of ways we can assign N g particles to the states in the parent 
gas with a specified distribution-in-energy [n g j\ is the Boltzmann count: 

N g \ II ««■""/»,;! (5.507) 

J 

The total number of complexions is the product of all these numbers Eqs. (5.502)- 
(5.507), divided by AM for the classical limit: 

B\ JX Ugf 1 **/ftgj^ 

C = - - - (5.508) 

(B - X 1 )\(X 1 - X 2 )\ • • - (X n _! - X n )\X n \ 

The statistical problem is to find the numbers X r and n g j that give a maximum 
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value to In C, under the restrictions implied by a given total number and given 
total energy: 

N = Nf + N e = £X r + (5.511) 

r ) 

E = £ n gj t gj - XjFj — (A — (5.512) 

J 

We treat the set of equations (5.508), (5.511), and (5.512) in exactly the same 
way as we did Eqs. (5.105)-(5.107), obtaining 

(3/ dX r ) {In C f - a £ X, + fiiXiWi + E XjW L )) = 0 (5.513) 

• • + 

j ;=*=i 

(d/drigj) {In Cg — a 7i g y = 0 (5.514) 

1 j 

where the terms Cf and C g are those factors in Eq. (5.508) that come from the 
film and gas respectively. Clearly the last equation is identical with what one 
obtains classically with a gas treated separately from the film, and leads once 
again to the identification of a and /3 in terms of the chemical potential and 
temperature of the gas phase: 

a = -n/kT, 13 = 1/kT 
and again yields the ideal gas equations 

VV = N s kT (5.515) 

and 

N e = V {2irmk T/h 2 ) J V lkT (5.516) 

Putting r = 1 in Eq. (5.513) and using the Stirling approximation on the 
logarithms of the factorials in C/, we find 

In (B - Xi) - In (Xj - X 2 ) - a + 0W X = 0 
or 

(B - X 1 )/(X l - X 2 ) = exp {-(m + W x )/kT\ (5.517) 

Similarly for 1 < r < n we find from Eq. (5.513) that 

(X r _! - X T )/{X r - Z r+1 ) = exp {-( M + W L )/kT\ (5.518) 
while for r = n, the last term, we have 

(X n — i — X n )/X„ = exp { — (m + W£)/kT\ (5.519) 

Equations (5.517)—(5.519) constitute n equations in n unknowns X T and can be 
solved by suitable algebraic manipulation, as follows: Let 

6 = exp (n + W L )/kT 
c = exp (Wi - W L )/kT 


and 


(5.520) 

(5.521) 
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Multiply together all the first r equations from (5.517) and (5.518), noting that 

the denominator of each equation cancels the numerator of the next equation, 
with only the rth denominator surviving, to give 

(B - Xi)/{X T - X r+l ) = l/cd r (5.522) 

This equation is true for all values of r, except r = n, when we have to multiply 
all the n equations to obtain 

(B - X x )/X n = 1 /cd n (5.523) 

We rewrite Eqs. (5.522) and (5.523) in the forms 

1 < r < n: X r - Z r+1 = c(B - X x )6 r (5.524) 

X n = c(B - X x )d n (5.525) 

Now add up all these equations to obtain 

n 

X x = c(B - X x ) E 6 r (5.526) 

r=1 

Next multiply each of Eqs. (5.524) and (5.525) by the corresponding value of r, 
obtaining 

1 < r < n: r(X r - X r+1 ) = c(B - Zj)r<9 r 

nX n = c(B - X x )nd n (5.527) 

Add all these equations together and obtain 

n 

A = X\ + X 2 + • • • X n = c(B — X{) T ® r (5.528) 

r=1 

As long as 6 is less than unity, we can let n go to infinity and have both the series 
in Eqs. (5.526) and (5.528) convergent, the results being 

E 0 r = 0/(1 - 0) and E = 0/(1 “ ^) 2 (5.529) 

r r 

Solving Eq. (5.526) for Xi gives 

Xi = cB (X 0 r )/(l +cDfl') (5.530) 

r r 

so that 

5 - X x = B/(l +c£« r ) (5.531) 

r 

Putting this last equation into Eq. (5.528) we find 

A = B (E rd r )/(l/c + E <> r ) 

r 

and so from Eq. (5.529) we finally derive 

(B/A)6/(l -6) = 1/c + 0(1 - 1/e) 


(5.532) 
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This equation gives the ratio A/B as a function of 0, and it is now only necessary 
to associate 9 with the pressure of the parent gas. 

We note first that if we make 9 approach unity, for example, by making 
/x = — Wl in Eq. (5.520), then Eq. (5.532) would require an infinite value for 
A/By which means the film would then have an infinite number of layers. Since 
there are only a finite number of particles in the assembly, this of course is a 
mathematical idealization only; physically we interpret this result by regarding 



relative pressure p/p 

sat 

Fig. 5.51. The B.E.T. isotherm. The curves are drawn from Eq. (5.532) for two 
different values of c, representing two different energies of adsorption. 

d = 1 as the value corresponding to saturation of the gas and the onset of con¬ 
densation in the film, which then becomes a layer of bulk liquid phase. Next we 

note that from the definition of 0, Eq. (5.520), and the properties of the gas given 
by Eqs. (5.515) and (5.516): 


6 = (p/kT)(2irmkT/h 2 )~\ WLlkT (5.533) 

This shows that at constant temperature—over any isotherm—0 is exactly 

proportional to the pressure. Therefore, since it equals 1 at saturation, we must 
have 

0 = v/ Paat (5.534) 

The equation (5.532) is therefore just the required isotherm which gives the 
relative amount adsorbed A/B in equivalent number of layers as a function of 
0, the relative pressure of the gas. In making use of this isotherm we measure 
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the amount adsorbed, A, and the relative pressure, 0, and plot the quantity: 

Y(d) = (0/A )/(1 - 0) (5.535) 

against 0. If the theory is workable we shall find that 

Y(0) = 1/cB + 0(c - 1 )/cB (5.536) 

is a straight line with gradient (c — 1 )/cB and intercept 1/cB. By measuring 
the gradient and intercept, we thus find the two constants c and B. From B 
and the number of particles per square centimeter in the liquid phase surface— 
assumed equal to the number per square centimeter in the film—we can esti¬ 
mate the area of adsorbing surface. In many examples this procedure does in¬ 
deed give areas that work out the same for a given adsorbate independently of 
the gas used, so the method has been accepted as a semi-standard way of meas¬ 
uring the surface areas of solids when more direct methods fail, e.g., powdered 
crystals, etc. However there are many difficulties involved. Some recent work 
by Harris and Emmett * will serve to illustrate. They investigated the physical 
adsorption of nitrogen, toluene, benzene, ethyl iodide, hydrogen sulfide, water 
vapor, carbon disulfide, and pentane gases on various solids: Pyrex glass spheres, 
ground Pyrex glass, reduced iron, synthetic ammonia catalysts, and silver. 
Generally the data fitted well with the theoretical isotherms, but the computed 
areas for any one solid were found to depend quite strongly on the kind of gas 
used as adsorbate. The following table illustrates the results. Nitrogen gas 
was used as an arbitrary standard, and the other areas are expressed in terms of 
that found with N 2 , taken as unity. 

RELATIVE AREAS OF SOLID ADSORBING SURFACES 

Adsorbate 


Adsorber 

n 2 

c 2 h 6 i 

C,He 

c 6 h 6 ch, 

Glass spheres 

1 

0.97 

0.80 

0.72 

Porous glass 

1 

0.40 

0.53 

0.53 

Iron 

1 

0.70 

0.65 

0.57 


There is little doubt that the discrepancies are due in part to the elongated shape 
of the heavier molecules, hence on adsorption they tend to lie flat and occupy 
more space in the film than they would in the surface of a bulk liquid phase. 
This poses the same theoretical problem that was raised near the end of § 5.3, 
viz., an adsorbed molecule can occupy more than one site. 

Application of the BET isotherm has been extended to the case of adsorption 
of soluble organic compounds in aqueous solutions, f The solute behaves like 
a gas when sufficiently dilute, and the general BET theory may be accepted. 

* B. L. Harris and P. H. Emmett, J. Phys. Col. Chem., 63 (1949), p. 811. 

t R. S. Hansen, Y. Fu, and F. E. Bartell, J. Phys. Col. Chem., 63 (1949), p. 1141. 
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Caution is needed in interpreting the adsorbing areas derived from the theory 
because the first monolayer may contain both solute and solvent molecules. 

A still more complicated situation is indicated in some work on the adsorption 
of nitrogen oxides on silica gel and on rutile powder.* The adsorption isotherms 
of nitrogen tetroxide molecules appear to follow the Langmuir isotherm without 
multilayer effects, but mixtures of nitrogen dioxide and tetroxide follow the BET 
isotherm with multilayer effects. The heat of adsorption increases with increased 
number of layers, in contrast with the normal behavior in simple adsorbate sys¬ 
tems. This can be interpreted as due to an associative equilibrium within the 
film between the various molecules present. 

At low coverage the film is largely N0 2 and the energy of dissociation is in¬ 
volved in the heat of adsorption; at high coverage the film is mostly N 2 O 4 and 
the heat of adsorption does not involve dissociation. The statistics of this 

situation would involve the theory of dissociative equilibria, discussed in the 
next chapter. 

5.6 Sublimation from an Einstein crystal. As a final example, we can study 
the phase equilibrium between a vapor and a solid crystal below the triple 
point, where no liquid phase is present. If we use the Einstein model for the 
crystal we can treat the atoms in the crystal as independent of each other, there¬ 
fore the theory of the present chapter is adequate. Let there be N g atoms in the 
gas and N a atoms in the solid, the total number being fixed at 

N = N g + N 8 (5.601) 

In the Einstein model, we have to think of N s fixed centers of equilibrium at 
lattice points that are mutually distinguishable. We start by counting com¬ 
plexions, as if the atoms were also distinguishable, and correct for this at the 
end by removing the factor N\. The number of ways we can select N s atoms 

from among N , putting them into their respective lattice points and leaving N s 
in the gas phase, is 

N\/N g \ (5.602) 

LIa\ ing assigned the atoms to their lattice points, we have to assign each to their 

energy levels in the lattice field (harmonic oscillator states), n aj of them to the 

jth level with degeneracy co 8 y, the Boltzmann count for this being given by 
Eq. (2.213) : 

N ° ! n Wsj) n >i/n sj ! (5.C03) 

j 

We also have to assign the atoms in the gas to their energy levels, with a similar 
Boltzmann count: 

N e' II (ugr) n ‘'/n gr \ (5.604) 

r 

The total number of complexions corresponding to the distribution-in-energy 
* L. H. Reyerson and J. E. Wertz, J. Phys. Col. Chem., 63 (1949), p. 234. 
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specified by the sets of numbers n sj and n gr is the product of the three numbers 
(5.602)-(5.604) divided by N\ thus: 

C C ] ass = N s \ n («./)(»«r) v(n 3 y!n,,!) (5.605) 

y.r 

Again we vary the numbers and n gr to maximize the logarithm of C under 
the restrictions of fixed N and fixed E. The part of C depending on the solid is 
identical in form with that of the Boltzmann statistics, § 2.2A, while that for 
the gas is the classical ideal expression. Otherwise the argument is exactly the 
same as in § 5.1, and evidently we shall obtain 

n 8j = N 8 o) s j exp (-a - (3e sj ) (5.606) 

n gr = cjgr exp (-a - I3e gr ) (5.607) 

The last equation at once identifies a and in terms of and T as before, so we 
can sum both equations to yield 

N 8 = N 8 Q 8 e filkT , N g = Q g e» lkT (5.608), (5.609) 

where Q 8 and Q g are the partition functions for the solid and gas, referred to one 
and the same zero of energy. It is usually more convenient to compute the parti¬ 
tion function of the solid with respect to the lowest energy of an atom in the 
solid as the zero, and that of a gas with respect to a free atom at rest as having 
zero energy. If the energy of sublimation from the lowest state in the solid to 
the lowest state in the gas is written as IT, then the above partition function Q 8 
is greater than the partition function Q s0 , referred to the lowest state in the solid: 

Q s = Qsoe w,kT (5.610) 

Dividing Eq. (5.608) into (5.609) we have 

N g = ( Q g /Qso)e~ wlkT (5.611) 

If in this we use the partition function (4.211) for the ideal gas and express every¬ 
thing in terms of pressure we find 

p/kT = ( 2TmkT/h 2 y A (l/Q 80 )e- w lkT (5.612) 

This is the pressure of the gas when in equilibrium with the solid phase described 
by the Einstein model and the partition function It I s true for any model 
of the crystal so long as the atoms of the crystal are independent of each other, 
and we use the appropriate partition function Q 80 . In particular, suppose there 
is just one energy state at each lattice point in the solid, like the sites for adsorp¬ 
tion in the last sections. One state means Q 8 o = 1, since it is the zero of energy 
for the crystal. Eq. (5.612) becomes equivalent to Eqs. (5.533) and (5.534), 
the pressure in Eq. (5.612) replacing the saturated vapor pressure of Eq. (5.534), 
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Fig. 5.61. Sublimation pressure of Einstein crystal. The curve is plotted from 
Eq. (5.612) with hv/k = 200°, w/k = 250°, and m = mass of H atom; A is the atomic 
weight of the crystal; p is in dynes/cm 2 . 

and our present W replacing W The BET isotherm is thus essentially the equi¬ 
librium between a gas and a solid, the solid film growing into an Einstein crystal 
as the layers increase in number. Incidentally this discussion shows how we 
could generalize the BET isotherm to the case where an adsorbed particle has 
more than one state—the partition function Q a0 for the adsorbed states would 
have to be included exactly as in Eq. (5.612). 

EXERCISES AND PROBLEMS 


1. Derive Eq. (5.323). 

2. Develop the generalization of § 5.3 when the adsorbed particles occupy two adjacent 
sites. 

3. Gaseous helium is adsorbed on charcoal at 20 °K. The volume adsorbed per gram 

of charcoal is measured in cc at NTP and the pressure is measured in millimeters of Hg; 
the following data are found: 9 

pressure 100 200 400 600 

volume 180 220 250 280 

Discuss these data in terms of the Langmuir isotherm. Find the energy of adsorption 
and the volume that would fill one layer. If the film has an area of 16 sq. Angstroms per 

atom, find the area per gram of charcoal. Why is the BET isotherm unsuitable for a 
discussion of this experiment? 

4 . Derive the isotherm Eq. (5.403) in the manner outlined in the text and verify Eq. 
(5.413). 

6. Nitrogen is adsorbed on anatase powder at -195.8 °C. The volume in cubic 
centimeters at NTP adsorbed per gram of powder is plotted against the ratio between 
the pressure and the saturated vapor pressure of nitrogen with the following results: 

P/P-at 0.05 0.10 0.15 0.20 0.30 0.50 0.70 0 90 

volume 2.8 3.2 3.5 3.8 4.5 5.7 7.0 11.0 
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Use the BET isotherm to find the volume adsorbed in filling the first monolayer and 
calculate the area of the powder, assuming 14 sq. Angstroms per atom. Discuss the 
validity of the BET theory in general in the light of this experiment. 

6 . In setting up Eqs. (5.529) we allowed n, the number of adsorbed layers to go to 
infinity. Many layers will then appear as mathematically containing a small fraction of 
one particle; discuss the validity of this step in the argument. 

7. Derive Eqs. (5.517) and (5.518) from Eq. (5.513). 

8. Discuss the generalization of the Langmuir isotherm that results if we allow the 
adsorbed atoms to have one vibrational degree of freedom with a classical frequency v; 
compare the result with the sublimation pressure of an Einstein crystal having three 
equal vibrational frequencies. 
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Chapter VI 


CHEMICAL AND DISSOCIATIVE EQUILIBRIUM 


6.1 Dissociative equilibrium in a diatomic gas. In § 4.5 we discussed the 
partition function and heat capacity of a diatomic gas. Here we consider the 
more general problem where the diatomic gas can dissociate into separate atoms, 
and the whole assembly is a mixture of diatomic and monatomic systems. The 
statistical problem is to find the most probable concentrations of these two parts. 

Let there be N atoms altogether, and let N x of these be unassociated, N 2 
pairs being present, so that 

N = N\ + 2N 2 (6.101) 

The number of ways, X, in which the N atoms can be distributed into these two 

sets of states does not include the N i! permutations among the free atoms, or 

the N 2 \ permutations among the molecules, or the (2!)^ 2 permutations between 

the atom pairs within the N 2 molecules; but if we multiply X by these three 

numbers, we obtain AM as the total number of permutations among all the atoms. 
Therefore: 

X = AM/{X 1 !X 2 !(2!)^} (6.102) 

Write €\j for the energy levels of the free atoms and c o\j for their degeneracy 
weights; e 2j - W for the energy levels of the molecules and u 2j for their degen¬ 
eracies. Here W is the difference in energy between the lowest molecular state 
and the energy of two separated atoms at rest—it is the energy of dissociation. 
The Boltzmann number of complexions for the two sets of states corresponding 

to some particular distribution-in-energy specified by the numbers n xj and n 2j 
is then ; 

#1 ! n l(“i;) ni '/wiy!)A r 2 ! n {(w 2 ,) n «/«2jM (6.103) 

4 • * 

1 J 

Multiplying this by X and dividing by AH to correct for indistinguishability in 

the classical fashion, we obtain the total number of complexions for the given 
distribution-in-energy: 

C = (2!) N * II {(«i>) B, ’/«iyn II {(« 2 i) n «Ahy!} 

i 
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(6.104) 
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To find the most probable distribution-in-energy we maximize 
restriction (6.101) and that of constant total energy: 

this under the 

N = n ij + 2 ^2 n 2 j 

j j 

(6.105) 

E = 6 i;' n iy + ^2 (e 2 j — W)n 2 j 

j j 

(6.106) 

We can write Eq. (6.104) in the form: 


In C = In C x + In C 2 - N 2 In 2 

(6.107) 


where C\ and C 2 are the familiar expressions for ideal gases, containing respec¬ 
tively N i and N 2 particles. Eqs. (6.105) and (6.106) require that two undeter¬ 
mined multipliers a and /3 be introduced as before, and, adding the variations 

of Eqs. (6.105) and (6.106) and of the logarithm of C, we obtain, counting all 
the n’s as independent variables: 

(d/dtiy) {In Ci - a E n u - 0 E « iy n,y} = 0 (6.108) 

j j 

{d/dn 2j )\ In C 2 - \n 2 E n 2j - 2a E n 2i - PE(* 2 j~ W)n 2j \ = 0 (6.109) 

j j j 

Eq. (6.108) is the same as Eq. (2.305) and leads again to 

a = —n/kT and /? = 1/kT 
and the distribution-in-energy: 


nij = coiyexp (/z — €1 j)/kT (6.110) 

just as in Eq. (3.513). Since we are discussing ideal gases, the energy levels and 
weights are the same as before, and we can write Eq. (6.110), after summing 
over all the levels, in the form: 

Ni = Qie* lkT (6.111) 

where 

Qi = V{2irmkT/h 2 )^ (6.112) 

is the classical partition function. To work out the solution of Eq. (6.109), we 
note that this equation can be obtained from Eq. (6.108) by substituting the 
constant In 2 + 2a for a and the energy e 2 y — W for € ij- Making this substitu¬ 
tion in Eq. (6.110) leads then to 

U 2 j = 2 °> 2 j exp (2/z — e 2 j + W)/kT (6.113) 

Summing over all levels gives 

N 2 = 2 Q 2 exp (2/z + W)/kT 


(6.114) 
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where Q 2 is the partition function for the molecule, which we have already evalu¬ 
ated in § 4.5: 

Q 2 = V(2ir2mkT/h 2 ) H Q int (4.601) (6.115) 

Eliminating /x between Eqs. (6.111) and (6.114), we find 

N 1 2 /2N 2 = {Q 2 /Q 2 )e~ wtkT = K n (6.116) 

This is the chemical constant of the law of mass action expressed as a function 
of temperature in terms of the partition functions. An elementary algebraic 
transformation gives the relative concentrations of the two components in the 
mixture as a function of temperature. 

6.2 Simple gas mixtures and the law of partial pressures. Consider an 
assembly containing N t atoms of type t = 1, 2, • • •, none of which has any chemi¬ 
cal attraction for another. Let their energy spectra be e tj and degeneracy weights 
be wtj, j = 1 , 2, • • •. The classical number of complexions corresponding to 
any distribution-in-energy n tj is the product of the number of complexions in 
each subassembly consisting of a single type of atom or molecule: 

C = nn (. 0 >tj) n, i/n t j\ (6.201) 

t 3 

so that the logarithm of the total C is the sum of the logarithms of the sub- 
assembly numbers: 

In C = Z In C t (6.202) 

t 

As there are no reactions between the types of particle, the total number of 
each type must remain constant: 


N t = n t j = constant for each t 

j 


(6.203) 


while we also impose the restriction to constant total energy 

E = EL etpi t j (6.204) 

3 t 

To maximize the number In C by varying the numbers n tj , we need an arbitrary 

multiplier for each value of t in Eq. (6.203), and one for Eq. (6.204); therefore 
we find that, for each value of t : 


(d/dn t j) jin C t ~Yj oitHtj — P 2Z ttpitj} = 0 (6.205) 

j 3 

Each of these equations is identical with that for a single assembly with just 
one type of particle, and we identify a, with the chemical potential of the species 
t: a t - m/kT and /3 = 1/kT. Assuming ideal gas properties, energy spectra, 
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and degeneracies we again derive the familiar equations, repeatedly for each 
species: 

N t = Q t e fHlkT (6.206) 

where 

Qt = 1 1 a> ti e-'>i' kr = V(2irm t kT/h 2 )* (6.207) 

J 

The definition of pressure exerted by the assembly, given in § 3.3, can be applied 
directly to the mixture of gases: 

V = ~(dE/dV) s = - Z Z n ti (de tj /dV) 

i t 

or 

V = Z N t kT(d In Q t /dV)r 

t 

or 

V = Z NtkT/V 

t 

The first form here, Eq. (6.208), follows because keeping S constant is equivalent 
to keeping all the n 1 s constant in Eq. (6.204); the second form, Eq. (6.209), 
follows in the same way as Eq. (4.111) followed from Eq. (4.113); and the last 
form follows at once from Eq. (6.207). 

Now the expression N t kT(d In Qt/dV)r in Eq. (6.209) is exactly what we would 
get for the pressure exerted by species t alone in the enclosure and is called the 
partial pressure p t of species t. Equation (6.210) is then written in the form: 

V = Z Vi (6.211) 

t 

This is the law of partial pressures for ideal gas mixtures; the total pressure 
of the mixture is the sum of the pressures that each part would exert independ¬ 
ently if alone in the same enclosure. The essential assumption made in the de¬ 
duction is that the total energy of the assembly is simply the sum of the energies 
of the species in the mixture, and that there is no interaction energy between the 
species. 

We have developed the law of partial pressures for a specially simple mixture 
in which no chemical or dissociative reactions occur. However, it is now easy to 
see that the same law applies even when reactions do occur, provided we define 
the parts of the assembly appropriately, i.e., to ensure that there is no interac¬ 
tion energy between the parts. Thus, in the first section on dissociative equilib¬ 
rium, we can define two such parts, the unassociated atoms in one part and the 
molecules in the other. Atoms pass back and forth between these parts and 
maintain an equilibrium concentration; but we can neglect the internal energy 
of the molecule in calculating the pressure, since TV is not a function of the vol¬ 
ume. We can apply exactly the same reasoning, using Eq. (6.208) applied to 
Eq. (6.106), and find eventually 


(6.208) 

(6.209) 

( 6 . 210 ) 


V = Vi + V2 


( 6 . 212 ) 
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for the dissociative mixture, where 

Vx V = N x kT and p 2 V = N 2 kT (6.213) 

the two partial pressures p x and p 2 being derived from the ideal gas law holding 
for each subassembly separately. 

6.3 Chemical equilibria in gaseous mixtures. Consider first a mixture of 
two species A and B between which only one reaction occurs: 

A + B ^ AB (6.301) 

Let there be Na atoms of species A and Nb of species B in the whole assembly. 
Suppose N a atoms of species A remain uncombined, Nb atoms of species B 
remain uncombined, and that there are N c molecules AB. Then there are two 
numerical restrictions in force: 

Na — N a + N c = constant (6.302) 

and 

Nb = Nb + N c = constant (6.303) 

The final objective of the calculation is to find the most probable or equilibrium 
values of the numbers N a , Nb, and N c subject to these restrictions and to that 
of constant total energy. 

Let the energy spectrum of A species atoms be e a j , with degeneracies co a y, of 
the B-species, e& ; -, w&y, and of the molecules e c y, o o c j. The energy e c; * includes trans¬ 
lational, rotational, and vibrational terms as in § 4.5, but we shall count it zero 
when the molecule is at rest in its lowest state, which is lower than that of two 
separate atoms at rest by the energy W of the reaction. The total energy of 
the assembly in a given distribution-in-energy is 

E — { taWaj + ebjUbj + (*c; — W)n C j] (6.304) 

J 

The number of complexions with the distribution-in-energy defined by the num¬ 
bers n a j, nbj, and n cj is counted as follows. The number of ways N a atoms can 
be chosen from among the total N A , leaving N c to be later combined into mole¬ 
cules, is N a \/N a \N c \. The number of ways N b can be chosen from Nb, also leav¬ 
ing N c , is A'/i !/A';,!A ? c !. The number of ways N c molecules can be formed from 
N c atoms of species A and N c of species B is just N c \. Combining all these and 

dividing by N a \Nb\ to correct for indistinguishability in the classical fashion 
yields 

l/(N a \N b \N c l) (6.305) 

Incidentally, if the student dislikes the fact that this number is likely to be a 
very small fi action of unity and therefore an apparently meaningless result— 
he may postpone removing the factor N A \N B ! until later. The number of ways 
N a atoms can be put into the specified distribution-in-energy is given by the 
Boltzmann count; similarly for the B type atoms and for the molecules; the total 
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product is multiplied by Eq. (6.305) to give the classical expression for the num¬ 
ber of complexions: 

c = II {(«ai) B "'/«a,n {(b>bj) nbi /n bj \) {(u e j) n ‘i/n CJ \} (6.306) 

j 

We have to maximize the logarithm of this number by taking variations of all 
the n ’s under the restrictions (6.302)-(6.304), each of which requires its appropri¬ 
ate Lagrangian multiplier, and we obtain 

(d/dn tJ ){In C - oi a N A - a b N B - PE] = 0 (6.307) 

where the subscript t stands for any one of a, b, or c, and where we must write 

NA ^ v n a j ”f“ ^ 1 71 c j 

i j 

Nb = 22 n bj + 22 n cj 

J 

C splits into factors C a , C b , and C c , each of which is identical in form with the 
expression already familiar in the theory of homogeneous assemblies, so we find 
from Eq. (6.307), using Eqs. (6.304) and (6.308), that 

(d/dn aj ){In C a — n a j — p t a {n a j\ = 0 (6.311) 

• • 

3 J 

(d/dn h j ){In C b — 0 t b 22 n b j — 0 23 e bjn b j} = 0 (6.312) 

• « 

j j 

(d/dn C j ){In C c — ( ot a + ot b ) 22 n cj — 0 22 ( € cj — W)n c j } = 0 (6.313) 

• • 

j j 

These three sets of equations are of the same form as for a single homogeneous 
assembly and lead to the same form of result in each case: 

Tl a j ~ 0)aj exp ( Ota (6.314) 

nbj = Ubj exp ( — aft — 1 3e b j) (6.315) 

n c j = u c j exp [— (a a + ot b ) — (3(e c j — W)) (6.316) 

Since we are dealing with gases, we can immediately identify with 1/kT and 

relate the two parameters a a and a b with the chemical potentials 

a a = -Ha/kT and aft = — m b /kT (6.317) 

Summing over all energy levels, the three equations become 

N a = Q a e' ialkT , N b = Q b e^ hlkT 
N c = Q c exp (na + M6 + W)/kT 


(6.308) 


and 


(6.318) 

(6.319) 
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where the Q’s are the ordinary partition functions as already defined: 

Qt = “o'exp ( — ttj/kT), t = a, b, or c (6.320) 

J 

Equation (6.319) may be interpreted as proving that the chemical potential of 
the molecule is the sum of the chemical potentials of the constituents. The 
two chemical potentials can be eliminated between the three equations (6.318)- 
(6.319), leading to the law of mass action in the form: 

N c /N a N b = (Q c /QaQ b )e w,kT (6.321) 

The right side of this equation is a function of temperature and volume that 
can be determined when we know the energy spectra required for the partition 
functions. If we use the partition functions for gas reactions, we have 

Q a = V{2irm a kT/h 2 ) v \ Q b = V(2Trm b kT/h 2 Y A (6.322) 

and 

Qc = T[2tt (m a + m b )kT/h 2 )*Q int (6.323) 

where the internal partition function is the one discussed in § 4.4. Because the 
volume-dependent parts of the energy of this assembly are simply additive in 
Eq. (6.304), the law of partial pressures again holds, and we find the total pres¬ 
sure of the mixture to be 

V — Pa + Vb + p c (6.324) 

where 

Pt = N t kT/V , t = a, 6, or c (6.325) 

Writing these relations, together with the partition functions Eqs. (6.322) and 

(6.323), into Eq. (6.321), we obtain the law of mass action in terms of the partial 
pressures: 

Pc/VaVb = (kT)-*(2*M/h 2 r H Qi a ie wlkT (6.326) 

where M = m a mb/{m a + nib). 

There is an important connection between the equilibrium constants of the 
law of mass action—i.e., the right-hand side of either Eq. (6.321) or of Eq. (6.326) 
and the change in fiee energy of the reaction which may be looked upon as 
one of the fundamental theorems of physical chemistry. While a detailed dis¬ 
cussion of the free energy of chemical reactions would take us too far afield, we 
shall derive this fundamental theorem and refer the student to treatises on 

physical chemistry or theoretical chemistry for the applications to practical 
chemical problems. 

The free energy of the reaction may be defined by the following ideal experi¬ 
ment. We start out with equal numbers N A = N B of the two constituents each 
at the same (arbitrary) standard pressure and temperature p and T, and end 
up with the whole assembly combined into diatomic molecules N c = N A = N B , 
also at the same pressure and temperature that we started with. The difference 
in free energy between these two idealized situations is the desired quantity. 
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The free energy of a monatomic gas has already been found, Eq. (4.207), and 
we may therefore write for the free energy of the two constituents together: 

Fi = NkT {2 In V - 5 In T - I a - I b ] (6.330) 

where I a and I 1 , are the chemical constants of the two constituents; see Eq. 

(4.214). The free energy of a diatomic gas can easily be shown to have the same 
form: 

F 2 = NkT {In V - | In T - I ab - W/kT] (6.331) 

where 

I ab = In {k 5A [2Tr(m a + m b )/h 2 ]' A j + In Q int (6.332) 

The free energy of the reaction is 

AF = F 2 - F x (6.333) 

which, from the information contained in the previous three equations, we can 
prove easily reduces to the following: 

AF = - NkT {In p + In K(p) } (6.334) 

where K(p) is the reaction constant in terms of the pressure form of mass action, 
i.e., the quantity on the right hand side of Eq. (6.326). If the standard pressure 
is taken as the unit of pressure, e.g., one atmosphere, the In p term disappears 
and one has the familiar form of the basic theorem: 

AF° = -NkT In K{p) (6.335) 

The generalization of the foregoing discussions to cover all kinds of chemical 
reactions is chiefly a matter of setting up a notation sufficiently comprehensive 
to include all possible molecular species. There must be a Lagrangian multi¬ 
plier for each chemical atomic species to take care of the restriction to constant 
total number of atoms of each species, and just one multiplier to take care of 
constant total energy, while being related to the uniform equilibrium tempera¬ 
ture throughout the mixture. The chemical potential of each atomic species 
must be the same throughout the mixture, and the chemical potential of any 
molecular species is the sum of the chemical potentials of the constituent atomic 
species. The chemical potentials can be eliminated from such equations as 
(6.318) in the general case; there is always the right number of these equations 
to permit the elimination, and eventually we end up with the law of mass action, 
analogous to Eq. (6.321). The species on the right hand of the reaction equation 
appear in the numerator, and the species on the left, in the denominator; the 
same ratio of the partition functions as of the numbers is found, as is the expo¬ 
nential of the total energy of the reaction. More details concerning these ques¬ 
tions are given in the references for wider reading. 

6.4 Dissociative cluster theory of saturated vapor. In discussing the disso¬ 
ciative equilibrium represented by the chemical equation H + H = H 2 in § 6.1, 
no mention was made of the mechanism by means of which the processes of dis- 
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sociation and association were effected. This mechanism is of no consequence 
for the equilibrium concentrations, and would be significant only in discussing 
the rate at which equilibrium is attained. Actually, the energy of binding be¬ 
tween the H atoms in the molecule is due to an electron-sharing process; it is 
large compared with the energies of attraction due to van der Waals forces be¬ 
tween two H atoms which are separated by ordinary interatomic distances such 
as exist in the gaseous or liquid phases. 

In the present section, we shall discuss a theory of the saturated vapor based 
on the idea that in the vapor there always exist clusters of atoms bound together 
only by their van der Waals attractions. The distances between atoms in a 
cluster are comparable in magnitude with the interatomic distances in the liquid 
phase, and no chemical bonding is present. The mechanism of formation of 
such clusters is due simply to elastic collision processes. If three atoms collide, 
momentum and energy can be conserved even if one atom escapes from the 
collision with higher energy and leaves the other two trapped in each other’s 
van der Waals potential fields. If two single atoms collide simultaneously with 
another cluster, one atom may emerge with increased energy, leaving the other 
trapped in the cluster, which thereby increases in size. Conversely, if one atom 
of sufficiently high energy collides with a cluster, two low-energy atoms may 
emerge, decreasing the size of the cluster. Two large clusters may collide, un¬ 
dergo fission, and emerge as two clusters of different sizes. A mechanism there¬ 
fore exists whereby clusters may be formed and the size distribution be brought 
into thermal equilibrium, although the rate of such processes remains an open 
question, to be studied by the methods of kinetic theory, rather than statistical 
mechanics. 

The foregoing remarks may serve to convince us that clusters, or liquid drop¬ 
lets, must in fact exist in the vapor. The mechanics of their formation play no 
part in the statistical calculations of the equilibrium concentrations of clusters 
of various sizes. For these calculations, we need only to know the partition 
functions of the various clusters. In this theory, the vapor is treated as a mix¬ 
ture of clusters of all sizes, and all forces of repulsion or attraction between 
clusters are neglected; in other words, the presence of clusters takes care of the 
van der Waals forces, and all potential energy is present inside the clusters rather 
than between them. To this approximation, the problem can be handled as if 
the assembly were composed of independent systems. 

Let there be N atoms in the assembly, N\ of them unclustered, N 2 pairs, 
triplets, • • • N a clusters of size $, etc., so that 

N = Yi sN, (6.401) 

8 

The objective of the work is to find the most probable values of the numbers 
N„ s = 1,2, • • •, and then from these to find the equation of state of the vapor. 
Let us call the N a clusters of size s a subassembly; there is one subassembly 
corresponding to every value of s. Each cluster in the s-subassembly has energy 
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levels, e aj - W„ where j indicates the level and W, is the energy of dissociation 
of the cluster from its lowest level into separate atoms at rest. Let a > 3j be the 
statistical weight of the jth level in the s-type cluster. Let there be n s j clusters 
of size s in the ,/th level, the totality of numbers defining a distribution-in¬ 
energy of the assembly. The number of clusters of size s is evidently 

N * = H n,j (6.402) 

J 

We now have to count the number of complexions corresponding to the given 
set of numbers n 8j , and then to maximize this number by making variations in 
the numbers u S j. This problem is the same as that of the dissociative equilib¬ 
rium of a diatomic gas, studied in § 6.1, except that here we have an indefinite 
number of subassemblies instead of just two. 

First we arrange N s groups each containing 5 atoms, s = 1, 2, • • •, using up 
all the N atoms in accordance with Eq. (6.401). The number of ways this can 
be done is X, where 

x n (* !)■! = N ! (6.403) 

s 

because the number X does not include the permutations s! within each group, 
nor the permutations N 8 \ among the groups. Having formed these groups, we 
have to build up the clusters and assign them to their energy levels. Consider 
any one subassembly alone. The Boltzmann count of complexions for the sub- 
assembly is 

N 8 \ XI (co 8 j) n »'/n 8 jl (6.404) 

j 

and the number for the whole set of subassemblies is the product of this expression 
over all s values. Finally we have to divide everything by N\ to correct for in- 
distinguishability in the classical fashion. Combining X from Eq. (6.403) with 
the product of (6.404), we derive the total number of complexions for the given 
distribution-in-energy: 

C = UCs (6.405) 

8 

where 

C. = n (a >'j/s\) n :/n aj \ (6.406) 

J 

We have to maximize In C by variations of n 8 j , subject to the restrictions: fixed 
total number N and fixed total energy E: 

8N = X) * Z) 5n 8j = 0 ( 6 - 407 ) 

S j 

5£=EE *».<(«.* — W,) = 0 (6.408) 

* 3 

The Lagrangian method at once leads to the equations 

2 ( 5 (ln C a ) — sa^2 bn 8 j — &Y1, 8n S j(€ 9 j — W 8 )) = 0 (6.409) 
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In this expression we can treat every Sn 8 y as an independent variable so we can 
also treat each value of s separately; in this way, we see that the expression for 
each $ is identical in form with that for a single ideal gas, Eq. (2.305), except that 
here we have sa instead of a } (e 8 y — TF 8 ) instead of ey, and co S j/s\ instead of coy. 
Therefore, we shall find for the most probable distribution-in-energy the same 
result as before except for these substitutions, thus: 

n 8 j = (co*y/s!) exp {-sa — (e 8 y — W 8 )/kT\ (6.410) 

Summing over all j-values yields the total number of s-clusters: 

N 8 = Q 8 e~ 8a e Wt,kT (6.411) 

where Q 8 is the partition function for a cluster of size $, referred to the lowest 
energy of the cluster as zero: 

Q 8 = (««y/*I) ex P ( ~e s j/kT ) (6.412) 

3 

The energies e SJ - include the kinetic energy of the center of mass of the cluster, 
together with the internal rotational and vibrational energies of the cluster. The 
kinetic energy of the center of mass is the same as that in an ideal gas particle 
having mass sm, where m is the mass of one atom or molecule. Thus 

Q, = V(2irsmkT/h 2 y A Q al (6.413) 

where Q ti represents the partition function for the internal energies. Note that 
in writing this we have neglected the finite space occupied by each cluster, as 
we neglected the volume of the molecules in the theory of the ideal gas. 

We can now write down the equation of state of the assembly from the law 
proved in § 6.2 that each subassembly exerts its own partial pressure, contribut¬ 
ing the total pressure additively. The partial pressure of the s-subassembly is 
given by the analog of Eq. (6.209): 

p„ = N e kTd In QJdV (6.414) 

The factor Q si is independent of V, therefore, using Eq. (6.413), we have 

V* = N a kT/V (6.415) 

and the total pressure is simply the sum of these: 

V = H N a kT/V (6.416) 

8 

Because N a is necessarily less than N —compare with Eq. (6.401), this 

8 

means that the pressure of the vapor is less than that of an ideal gas at the same 

temperature and density. To make actual use of this equation, however, it is 
necessary to find the numbers N a first. 

Inspection of Eq. (6.411) shows that it is possible to eliminate the chemical 
potential a in many ways. Thus for each value of s, we have the law of mass 
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action following at once from Eq. (6.411) with s = 1: 

NS/N, = {Q, 8 /Q s )e~ WalkT (6.417) 

where we have made use of the fact that the internal energy W\ of a single un¬ 
clustered atom is necessarily zero. These equations together with Eq. (6.401) 
are sufficient in principle to solve for all the unknowns N 8 , although in practice 
it may not be possible to solve in closed form. There are two extremes where 
the solutions can be found with relative ease. The one extreme is that where 
clustering is almost absent, and we can neglect all clusters except pairs; this leads 
to a theory of the van der Waals equation of an imperfect gas, to be discussed 
in the next section. The other extreme is that where the largest clusters become 
the most probable, and this leads to a theory of the saturated vapor. 

Using Eq. (6.413) in Eq. (6.417), the latter may be written in the form: 

N 8 /Ni = s^Q 8i e Wa/kT [(Ni/V)(2'jrmkT/h 2 )~^] 8 ~ 1 (6.418) 

Multiply this by s and sum over all values of s except s = 1: 

(N - N 1 )/N 1 = Z (6.419) 

8=2 

This equation contains only one unknown, namely N\, and so could in principle 
be solved for this unknown. Then from Eq. (6.418), for each value of 5 from 
2 up, we could find all the other unknowns, N a . Equation (6.419) has a simple 
physical interpretation: on the left-hand side is the ratio of the total number 
of particles involved in clusters to the number of particles not involved in clus¬ 
ters. On the right-hand side, the series would rapidly converge and have a rea¬ 
sonably small sum if the expression in the square bracket were much less than 
unity—as would happen in case the density of the vapor were small enough. 
Thus at low densities we may expect the ratio of clustered to unclustered par¬ 
ticles to be small. If now we follow through an isothermal compression of the 
assembly, keeping T constant but decreasing V on the right side of Eq. (6.419), 
we arrive eventually at a density so high that, on solving Eq. (6.419) for N i, 
we would find an infinite series just reaching its limiting sum; i.e., such that if 
the expression in the square bracket were any greater the series would diverge 
to infinity. This evidently represents some kind of critical condition, and we 
must proceed to investigate the radius of convergence of the series. 

The convergence of the series depends only on the asymptotic behavior of its 
terms at large values of s. At large values of s, the energy W s may be written 
as the sum of two parts, one of which is proportional to s and the other propor¬ 
tional to the number of particles in the surface of the cluster: 

W 8 = sW - s % X j s » 1 (6.420) 

We can indeed accept this relation as generally valid, regarding it as a definition 
of the quantity x> which, however, for small values of s is necessarily a function 
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of s such that when s = 1, 


Wi = 0, x = W at s = 1 


(6.421) 


So far as the convergence of the series is concerned, the important property of 
the term containing x is that it increases with s less rapidly than $ at large values 
of s. Using Eq. (6.420), we may now write Eq. (6.419) in the form: 


where 

and 

We can show that 


(N - Ni)/Ni = e wlkT X A a Z s ~ l 

8=2 

A, = s H Q ei exp (—s H x/kT) 


Z = (N 1 /V)(27rmkT/h 2 )- ,A e wlkT 


lim A, + JA, = 1 
8 —► 00 


(6.422) 

(6.423) 

(6.424) 

(6.425) 


therefore, the convergence of the series (6.422) depends only on Z, and its radius 
of convergence occurs just at Z = 1. The critical condition thus occurs when 
Z = 1, or from Eq. (6.424): 

(Ni/V) e = (2nmkT / h?)^e~ w 1 kT (6.426) 

and also, putting Z = 1 in Eq. (6.422): 

{(N - Ni)/Ni} c = X A a e w ' kT (6.427) 

s=2 

Solving the last equation for Ni and substituting the result into Eq. (6.426), 
we find 

(N/V) e = (2* mkT/h 2 )*[e- wlkT + X^.l (6.428) 

8=2 

which expresses the critical density as a function of temperature. 

If we now try to compress the assembly into a still smaller volume so that 
the density exceeds the critical value given by Eq. (6.428), we find it impossible 
to solve Eq. (6.422); this is because if Z were greater than unity the series would 
diverge to infinity its sum is discontinuous at Z = 1. To circumvent this 
paradox, we note that although the series (6.422) has a very large number of 
terms, it is not strictly an infinite series because the cluster size cannot in fact 
be greater than AT, the total number of particles in the assembly. What actually 
happens then is that Z does become very slightly greater than unity when the 
assembly is compressed beyond the critical density, and the series begins to di¬ 
verge in the sense that the terms of largest s become the largest terms. Before 
the critical density is reached, the terms of smallest s dominate; after the critical 
density is passed, the dominant terms shift from small s to large s. Physically, 
we say that the assembly begins to condense into the liquid phase. 
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To put this picture into more exact mathematical terms, we split the series 
into two parts at some rather arbitrary term, say the Lth, such that before con¬ 
densation, the first part of the series is much larger than the remainder. We 
can think of L as the size of a cluster—in order of magnitude at least—large 
enough to be free of Brownian movement and therefore qualified to be counted 
as a true drop of liquid rather than just a vapor cluster. While h is very large 
compared with unity, it is still very small compared with N. Write N* for the 
number of particles not involved in clusters larger than L: 

L 

N* = X sN a (6.429) 

8 = 1 

Summing Eq. (6.418) over all values of s up to L, we find, in place of Eq. (6.422), 

(N* - tf,)/W, = e wlkT Z A'Z'- 1 (6.430) 

8=2 

and the remainder of the series is 

(N - N*)/N x = e wlkT £ A a Z a ~ l (6.431) 

8 > L 

When Z is less than unity, the remainder of the series is entirely negligible be¬ 
cause L is a very large number. This means that N* is practically equal to N, 
and so practically no particles are present in clusters greater than L. This 
situation persists right up to the critical value Z = 1 because the factors A 9 
become very small for large values of s. A further compression to smaller volume 
than V c tends, through Eq. (6.426), to make Z greater than unity; now we can 
indeed put Z slightly greater than unity in Eqs. (6.430) and (6.431) because 
the series do have a finite number of terms. However, a very slight increase in 
Z beyond unity will give the remainder (6.431) a value enormously large com¬ 
pared with the first L terms in (6.430). There is therefore an almost discontinu¬ 
ous break in the behavior of the remainder (6.431); for Z less than unity, it 
stays practically zero, and at Z = 1, it suddenly begins to increase rapidly with 
further increase in Z. This can only happen if, with the slight increase in Z 
beyond unity, the number N i suddenly decreases rapidly, and with it N*. A 
glance at Eq. (6.424) shows that, as long as N\ and V decrease almost propor¬ 
tionally, Z does not have to increase very much, while the behavior of the re¬ 
mainder (6.431) ensures in fact that Z cannot increase very much while N i re¬ 
mains nonzero. Indeed, this last condition is so strong that in Eq. (6.424) we 
can take Z as just equal to unity for all further compression, any error being 
negligible in writing: 

V < V c : Ni/V = (2irmkT/h 2 )^e~ w,kT (6.432) 

The same approximation is also valid for summing the first L terms of the series, 
Eq. (6.430); writing Z = 1 therein, solving for N* f and using Eq. (6.432) to 
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eliminate N i, we find: 

L 

V < V c : N*/V = (2irmkT/h 2 ) H {e~ wlkT + X -4.1 (6.433) 

8=2 

These two equations state that during isothermal compression beyond the criti¬ 
cal density given by Eq. (6.428), the density N*/V of true vapor remains fixed, 
the number N* reducing with V. A number N — N* go over into the larger 
clusters counted as true liquid phase, and this number fixes the exact value of 
Z through Eqs. (6.431) and (6.432), which yield 

N 

V < V c : N - N* = V(2TmkT/h 2 y A £ A 8 Z 3 ~ l (6.434) 

8=L 

As N * decreases, following Eq. (6.433), this equation demands an increasing 
value of Z, but even when N * = 0, the value of Z is still so very slightly greater 
than unity that no error is made in assuming Z = 1, as we did in deriving Eqs. 
(6.432) and (6.433). We may also write Z = 1 in Eq. (6.418) and find that the 
number of clusters of size s during the compression is given by 

V < V c : N 8 /V = Q 8i (2irmskT/h 2 y A exp ( - x s H /kT) (6.435) 

The pressure exerted by the vapor during the compression is found from Eq. 
(6.416), summed only up to s = L: 

V <V C : V = kT(2irmkT/h 2 )X\e- wlkT + X) s K Q ti ex p (~xs H /kT] (6.436) 

8=2 

This pressure remains constant during isothermal compression also. 

Summarizing these results, we see that as V goes less than V c that part of 
the assembly containing no clusters greater than L continues to exert a constant 
pressure and has a constant density, while decreasing in mass. The part of the 
assembly not included in clusters less than L continuously increases in mass but 
is assumed to contribute practically nothing to the pressure. It is left as an 
exercise to justify this last assumption. We are therefore reasonably justified 
in interpieting the process as condensation into the liquid phase. What we have 
called the critical volume is now to be regarded as the saturated volume, and 
the pressure, Eq. (6.436), is the saturated vapor pressure. Incidentally, Eq. 
(6.421) shows that the first term in the brackets of Eq. (6.436) is simply the miss¬ 
ing term from the series in the same bracket, i.e., the term with s = 1. Thus: 

L 

Psat = kT(2TmkT/h 2 y A ^ s A Q 8i exp ( — xs A /kT) (6.437) 

8 = 1 

The density of the vapor at saturation can also be found, from Eqs. (6.435) 
and (6.429), the result being: 

L 

(N*/V ) 8a t = ( 2 t rmkT/h 2 y A £ s*Q 8i ex p (- x s*/kT) 

8 = 1 


(6.438) 
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In fact the upper limit L on the series can be dropped in these two results because 
the series are both rapidly converging. 

If pushed to their logical conclusion, these formulae would allow V to go to 
zero, which apparently leaves no space for the liquid phase. This is essentially 
because we neglected the volumes of the clusters at the outset. However, Eqs. 
(6.437) and (6.438) are valid in the sense that we do not have to have more than 
a trace of the liquid present to ensure saturation, and we can arrange to remove 
the bulk liquid as soon as formed by condensation. One can modify the theory 
to account for the finite volume of the clusters to make it more precise in this 
respect, but this complicates the formulae rather seriously and the method loses 
its main advantage—that of simplicity and ease of application, over the more 
rigorous theory that will be discussed in the next chapter. The present theory 
has been applied to many vapor pressure curves and found to give fairly satis¬ 
factory agreement for temperatures well below the critical temperatures of the 
gases concerned.* 

6.5 Dissociative cluster theory of the virial coefficients. It is assumed that 
the student is familiar with the van der Waals equation of state for a nonideal 
gas: 

(p + a/V 2 )(V - b) = NkT (6.501) 

which can be derived from a very simple kinetic theory model, viz., b is the vol¬ 
ume occupied by the molecular repulsive force fields, and a/V 2 is the intrinsic 
pressure due to molecular attractions. 

In modern experimental work in this field, the equation of state is usually 
expressed in the form: 

pV/NkT = 1 + B 2 /V + B 3 /V 2 + • • • (6.502) 

where B n is called the nth virial coefficient, and can be theoretically evaluated 
in terms of the forces between the molecules. A more rigorous theory of this 
must await the next chapter, but here we can discuss the Eq. (6.502) in terms 
of the approximations of the previous section, i.e., the dissociative processes of 
clustering suffice to account for the nonideal behavior of the gas. 

Using Eqs. (6.415) and (6.413) for the partial pressures, we can throw the 
law of mass action, Eq. (6.417), into the form: 

Ps/Pi 8 = K 8 (6.503) 

where 

K 8 = s' A Q 8i {kT(2TrmkT/h 2 y A } {1 - 8) e w ' ,kT 

The K’s are functions of T only. From Eq. (6.416), the law of partial pressures, 
we have 

p = Ep. = E K.Pi' 

8 8 

* Ch'eng, Tseng, Feng, and Band, J. Chem. Phys., 9 (1941), p. 123; also 8 (1940), p. 20. 
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and so 


dp/dpi = £ s K*Pi' 1 


8 


while 


NkT/V = ( kT/V) ZsN. = Z sp, = £ sK sPl 


8 


8 


8 


8 


Combining these last two results yields 

pV/NkT = {p/p\){dpi/dp) 
The series p = ^ Ksjh" can be inverted to read 


(6.504) 


8 


Pi = P - K 2 p 2 + (2 K 2 2 - K 3 )p 3 - (5K 2 3 - 5 K 2 K 3 + K 4 )p 4 + 
and Eq. (6.504) can then be expanded in the following form: 


where 

and 


pV/NkT — 1 “I - A 2 p "f~ A$ p 2 A 4 p^ 

A 2 = -K 2 , As = 3 K 2 2 - 2 K S) 


A 4 = -10K 2 3 + 12 K 2 K 3 - 3 K 4 , etc. 


(6.505) 


The virial expansion Eq. (6.502) can also be expressed in a form directly com¬ 
parable with Eq. (6.505): 

pV/NkT = 1 + B 2 (p/NkT) + (B 3 - B 2 2 )(p/NkT ) 2 


+ (B 4 - 3 B 2 B 3 + 2B 2 3 )(p/NkT ) 3 + 


• • • 


(6.506) 


Comparison between these last two forms yields the following expressions for 

the virial coefficients in terms of the equilibrium constants for the clustering 
equilibrium: 


B 2 = -NkTK 2 , B 3 = (4K 2 2 - 2K 3 )(NkT) 2 , 

= — (20/l2 3 — 18^2^3 + ZK 4 )(NkT) 3 , etc.. 


(6.507) 


In attempting to compare these results with observed equations of state, we 
have the parameters involved in the internal partition function of the clusters 
to adjust, and it might seem reasonable to expect to be able to fit the theory to 
almost any data. However, we must note that B 2 is necessarily negative accord¬ 
ing to the theory, whereas this is by no means the case experimentally. While 
B 2 is negative for the majority of gases at the lowest temperatures, it generally 
becomes positive for high enough temperatures; for helium, in fact, B 2 is posi¬ 
tive at all temperatures. It turns out that the positive values of B 2 can be 
easily understood in terms of repulsive forces between particles, but the dissoci¬ 
ative cluster model necessarily fails to take this effect into account properly. 

One way to force the cluster picture to work in spite of this difficulty is to 
imagine the possibility of negative cluster numbers; in particular, we need N 2 
to be negative when the second virial coefficient is positive. In fact the rigorous 
theory can be interpreted this way, because the mathematical quantities that 
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replace the cluster numbers can be negative without violating common-sense 
notions. But there is a much simpler way of correcting the cluster picture for 
the effect of repulsive fields, essentially the same correction that appears in the 
van der Waals equation for the finite volume of the clusters. Writing V — b 

for the empty space available to the particles in volume V, the partition function 
for a cluster of size s may be written 

Q, = (V — b)(2irsmkT/h 2 y A Q ai 

in place of Eq. (6.413), and corresponding to this, the equation of state 
goes over into 

P(V - b) = 'ZNskT 

s 

The law of mass action is unaltered by this correction, and the expansion (6.505) 
becomes instead 

p(V b)/NkT = 1 -j- A 2 p “f- A%p 2 -f- A^pP -}-••• 

which transcribes at once into 

pV/NkT = 1 + ( A 2 ~t~ b/NkT)p -f- A%p 2 + A^p^ -)-••• (6.510) 

Comparing this with the virial form (6.506) gives the desired correction on the 
second virial coefficient: 

B 2 = b - K 2 NkT (6.511) 

the other coefficients being unchanged by the correction. 

In comparing this formula with observed second virial coefficients, we may 
assume that b is approximately equal to the volume per mole in the liquid phase 
—picturing the liquid as being almost “close-packed.” Experimental data on 
B 2 then permit us to estimate K 2 and hence find the number of paired van der 
Waals clusters in the nonideal gas as a function of temperature. In fact from 
Eq. (6.503), we have N 2 /N l 2 = kTK 2 /V and so N 2 /N = (N^N) 2 ^ - B 2 )/V. 
But N 2 /N is always very small so that N\/N is nearly unity. If the volume is 
measured in Amagats, the volume per mole at NTP about 2.24 X 10 cm , 
then we have roughly 

N 2 /N = b — B 2 in Amagats (6.512) 

Three examples will suffice to illustrate the surprisingly large numbers of cluster- 
pairs in actual gases according to this theory. Liquid helium at its normal 
boiling point (4 °K) has a mole volume about 12.8 X 10 -4 Amagat, and a sec¬ 
ond virial coefficient that remains roughly constant near 5 X 10“ 4 Amagat from 
70 °K up to 673 °K. Taking b = 12.8 X 10 -4 , the difference yields nearly one 
pair per thousand atoms. Neon, with a liquid mole volume about 7.5 X 10 
Amagat, has a second virial coefficient that increases smoothly from —9.35 X 
10“ 4 Amagat to 6.12 X 10~ 4 Amagat between the same limits of temperature, 
so the number of cluster-pairs increases with decreasing temperature from about 


(6.508) 
(6.416) 

(6.509) 
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one pair per thousand atoms at 673 °K to 17 pairs per thousand atoms at 65 °K 
Argon has a liquid mole volume of 12.8 X 10~ 4 Amagat and a second virial 
coefficient -28.7 X 10“ 4 at 173 °Iv which increases to 6.83 X 10 -4 Amagat at 
673 °K, so there are 40 pairs per ten thousand atoms at the lower temperature 
but only 7 pairs per ten thousand at the higher temperature. (We shall return 
to a more detailed discussion in the next chapter.) 

6.6 Chemical equilibrium in nonideal gases. In §6.3 we derived the law of 

mass action for chemical equilibrium in gaseous mixtures. The form of the law 

was strictly true only in gaseous reactions, because partition functions have a 

meaning only when the systems have independent energy spectra. In a nonideal 

gas the particles do not have independent energy spectra. However, the cluster- 

ing approximation has permitted us to treat the nonideal gas as a mixture of 

noninteracting components, clusters of various sizes, and this picture leads to 

a very simple way of generalizing the law of mass action to include nonideal gas 
reactions. 

We shall discuss in fact only slightly nonideal gases, and so include only 
cluster-pairs. There are, adopting the same notation as in § 6.3, N a free A-type 
atoms, N b free J3-type atoms, and N e molecules AB, and we now add N aa pairs 
of A-type atoms and N bb pairs of Z?-type atoms. We shall not count pos¬ 
sible van der Waals pairs of unlike atoms A and B that fail to combine chem¬ 
ically, and we shall not count larger clusters, like a molecule AB plus an atom 

A or B , etc., although the method is easily generalized to include such larger 
clusters up to any order desired. 

The numerical relations necessarily found are 


N a = N a + 2N aa + N c j 
Nb = N b + 2N bb + AQ J 


(6.601) 


and it is an easy exercise to derive the most probable distributions by following 
the same kind of reasoning used in § 6.3: 


n aj = 0 ) a je~ (e ° l ~‘ ia)lkT 

n aa j = \u>aaje~ l - l ° al ~ w lkT 

n C j = 


(6.602) 

(6.603) 

(6.604) 


with similar equations for n bj and n bbj . The energies W aa and W bb are energies 
of dissociation of van der Waals pairs, and W c is the energy of dissociation of 
the molecule; W c is much greater than the other two. Summing over all energy 


N a = Q a e ) “ lkT , N h = Q b e^ kT 

Naa = Qaae (W °° +2 ^l kT 1 

N bb = Q bb e^^ t )lkT ) 


(6.610) 

(6.611) 


N c = Q c e < - We+t ‘a+at>)i kT 


( 6 . 612 ) 



104 AN INTRODUCTION TO QUANTUM STATISTICS 

The potentials can be eliminated in several ways, for example to yield 

N c /N a N b = (Q c /Q a Qb)e We,kT (6.615) 

and 

N c 2 /N aa N bb = (Q c 2 /QaaQbb)e (2Wc - Waa - w bb)l kT (6.616) 

Now neither of these is the ratio that one seeks for the law of mass action, which 
is N c /N a Np where 

N a = N a + 2N aa and Np = N b + 2N bb (6.617) 

are the total numbers of atoms not associated in molecules. We have to con¬ 
struct the desired ratio less directly. We have 


N a Np = N a N b + 2(N aa N b + N bb N a ) + N aa N bb (6.620) 


Dividing this by N c will give the desired ratio. But the right side can be derived; 
thus from Eqs. (6.610)-(6.612) we can show that 

N aa N b /N c = N a (Q b /Q a )(.Q aa /Q c )e iW °°~ w ' )lkT (6.621) 

N bb N a /N c = N b {Q a /Q b ){Q bb /Q c )e Wbb ~ w ‘ )lkT (6.622) 

We shall neglect N aa N bb compared with the other terms, since the number of 
van der Waals clusters is small. Then we have 


N a N 0 /N c = 0(Q a Q b /Qc)e- Wc,kT (6.623) 

where 

0=1 + 2N a (Q aa /Q a 2 )e w ° alkT + 2 N b (Q bb /Q b 2 )e WbilkT (6.624) 

Then referring back to Eqs. (6.412), (6.503), and (6.507), we can show that 

0=1- 2 B 2a /V - 2 B 2b /V (6.625) 


which expresses the deviation factor 0 in terms of the virial coefficients of the two 
monatomic gases. 

On the clustering approximation, the law of partial pressures holds in the sense 
that Eq. (6.416) and Eq. (6.415) hold. Applying this to the present question, 

we have 

V = Pa + Paa + Vb + Pbb + Pc (6.626) 


If we write 


Pa = Pa + Paa , Pp = Pb + Pbb 


(6.627) 


for the partial pressures of the monatomic constituents, the law of partial pres¬ 


sures becomes 

p = Pa + Pp + Pc 


(6.628) 


p a *= (N a kT/V)( 1 + B 2a /V), Pf, = (N b kT/V)( 1 + B 2b /V) (6.629) 


while 
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While proving Eq. (6.625), we can also show that 

NaJNa = —B 2 a /V, N bb /N b = -B 2b /V (6.630) 

Then from Eq. (6.617) we have 

N a = N a ( 1 - 2 B 2 a /V), N 0 = N b ( 1 - 2 B 2 b /V) (6.631) 

Combining Eqs. (6.629) and (6.631) and neglecting squares of the virials, we 
have 


N <* = (p a V/kT)( 1 - 3 B 2 a /V), Nff = { v& V/kT){ 1 - W 2 b /V) (6.632) 

Using these to rewrite the law of mass action in terms of partial pressures, Eq. 
(6.623) and Eq. (6.625) become 


PaPff/Pc — K p ( 1 + B 2a /V + B 2b /V) (6.633) 

where K p is the equilibrium constant determined in the same way as for ideal 
gases. 

In the conventional calculation generally used by physical chemists, different 
“partial pressures” are employed than those suggested here. Thus a purely 
arbitrary definition is set up according to which 

p* a V/kT = N a and p* ff V/kT = Np (6.634) 

these partial pressures being simply proportional to the mole fractions of the 
uncombined constituents. The law of partial pressures does not hold for p*’s, 
and the law of mass action (6.623) becomes 


P* a P*p/Pc = 8 K P (6.635) 

where 6 is given by Eq. (6.625). It would seem desirable to use the partial pres¬ 
sures p a and p b and the law of mass action (6.633), in terms of which the law of 

partial pressures does hold, to the same approximation as does the law of mass 
action itself. 


EXERCISES AND PROBLEMS 

in the E mrtture the ^ ° f “““ aCti ° n ’ Eq ' (6 - 116)> in terms of the relative concentrations 

2. What information is needed to compute the relative concentrations of H and H, in 
hydrogen gas? Use Eqs (6 112) and (6.115) for the partition functions and develop 

2 6 j l 6 * u f “ U , detal1 for hydrogen. How would the dissociative equilibrium theory 
proceed to take into account the stability of ortho- and para-hydrogen? 

in one nl,n? e r^T' Petition function for a diatomic molecule constrained to move 
in one plane. Consider the dissociative equilibrium between H 2 and H in an adsorbed 

® “ aSS y“ 1I ! g * hat both atoms ln . th e molecule are adsorbed with the same energy as the 
associated atom, and that motion is confined to the plane of the monolayer. 

4. bet up an equilibrium that includes the dissociative equilibrium in a eas and dis 
proems 6 cSSTS,™ ^ ^ the Langmuir model for the adsorption 

K'"" “" l the re ““ n »'"» i" film i» rJr “M to ™ p£* DoS 

the adsorption process act as a catalyst? p uoes 
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6. Follow through the ideas of § 6.4 with atoms in a monolayer film and show that a 

condensed film could form from a monolayer vapor at a saturation pressure per centi- 
meter given by 

£sat = kT(27rmkT/h 2 ) '$2 s Qsi exp (— xs^/kT) 

*=i 

6. Justify the assumption made in the paragraph following Eq. (6.436) that the large 
clusters do not contribute significantly to the vapor pressure. 

7. Prove Eqs. (6.331) and (6.332). 

8. In the law of mass action of Eq. (6.321), assume that the total number of each con¬ 
stituent is equal, N A = N B = N, and then solve Eqs. (6.321), (6.302), and (6.303) for 
N a , Nb, and N a b- 

[Ans. NJK n = (N A /K n + *)* - }] 

9. Derive Eq. (6.505) from Eq. (6.504), as outlined in the text. 

10. Derive Eq. (6.506) from Eq. (6.507). 

11. Show that Eq. (6.509) follows from Eq. (6.508). 

12. Derive the distribution-in-energy given in Eqs. (6.602)-(6.604). 

13. Prove Eq. (6.625) and (6.630). 

14. Generalize the theory of § 5.6 for sublimation from a crystal to include the case 
where the gas phase undergoes molecular association in pairs, while the crystal is treated 
as monatomic in structure. 
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Chapter VII 


ASSEMBLIES OF DEPENDENT SYSTEMS 


7.1 The assembly partition function. Up to this point we have either dis¬ 
cussed assemblies of ideally independent systems, or else we have restricted our¬ 
selves to an approximate theory of interacting systems which is valid only insofar 
as the energy spectrum of any one system in the assembly is independent of the 
energy of any other system in the assembly. In general, the interactions between 
molecules in solids and liquids, even in many imperfect gases, are so important 
that one cannot solve the quantum mechanical problem in such a way as to ob¬ 
tain a unique energy spectrum for any one system; in fact, the whole spectrum 
of possible energies of any one system depends on what neighboring systems are 
doing. In this situation (as outlined in Chapter I), the quantum mechanical 
problem is solved by considering the assembly as a whole, and yields a spectrum 
of energy levels for the assembly as a whole. The stationary wave functions are 
functions of all the co-ordinates of all the systems in the assembly and cannot 
be separated into factors depending on only one system in the assembly. Nor 
can the eigenvalues of energy be regarded as sums over contributions from in¬ 
dividual systems in the assembly; the energy cannot be localized on the systems 
but belongs to the assembly as a whole. To handle this problem statistically 
we also have to accept the assembly as a unit, its Nf variables now being re¬ 
garded as internal degrees of freedom. In place of finding the average condition 
of a system among a large number of similar systems in one assembly, we now 
have to look for the average condition of an assembly among a large number of 
similar assemblies. Instead of assuming each assembly quantum state to be a 
prion equally probable, we now assume that each quantum state of the ensemble 
as a whole is a prion equally probable. Whereas in the earlier problem the large 
number of similar systems actually exists as the assembly of interest, here the 
arge number of assemblies exists only in the imagination; the closest approach 
to such an ensemble of Gibbs,” as it is called, in reality is perhaps the totality 
of similar assemblies that happen to have been under observation in all the 
laboratones throughout the history of science. But actually we need a more 
specialized type of collection of assemblies than this accidental historical one 
and we proceed to set up the following idealized ensemble of assemblies 

107 
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Let there be altogether N assemblies at rest relative to each other in a thermal 
bath at some definite temperature T. The assemblies are all copies of the 
assembly of interest; they can exchange energy with each other via the thermal 
bath, but cannot influence each other’s energy spectra. The assemblies are 
mutually distinct and distinguishable at all times, so that the statistics of Boltz¬ 
mann type are exact in counting the complexions in any assigned distribution- 
in-energy. Let be the number of assembly eigenfunctions associated with 
the energy Ej. Let a distribution-in-energy over the ensemble be specified by 
the numbers Nj of assemblies in the ensemble having the energy Ej, j = 1,2, 

The Boltzmann number of complexions corresponding to this distribution is 

C = N! II Vj N i/Nj ! (7.101) 

3 

We wish to maximize the logarithm of this number under the restrictions that 
the total number of assemblies N and their total energy in the ensemble E re¬ 
main fixed. The variations in the numbers Nj satisfy the conditions: 

5N = X) = 0 (7.102) 

3 

SE = X 5 N i E i = 0 (7.103) 

3 

This problem is formally identical with that of an ideal gas, the assembly playing 
the same role as the atom. The most probable distribution is the exact analog 
of Eq. (2.314): 

Nj = mj exp (-a- pEj) (7.104) 

where a is the Lagrangian multiplier for Eq. (7.102) and ft that for Eq. (7.103). 
The physical interpretation of these parameters must await detailed discussion 
of the thermodynamic properties of the assembly. 

The numbers Nj given by Eq. (7.104) are the most probable numbers in the 
ensemble of assemblies in the indicated energy levels. We then imagine an 
ensemble set up in this most probable distribution, take the average of all assem¬ 
blies in this ensemble, and identify this average with the most probable behavior 
of the actual assembly under observation. The validity of this procedure de¬ 
pends on the ergodic hypothesis, in the sense that there must exist some mech¬ 
anism whereby the one assembly under actual observation can spontaneously 
go through all the states that are consistent with the restrictions imposed on 
it—given N and E. A great deal of discussion exists in the literature regarding 
the truth of the ergodic hypothesis, but for the purpose of the present course, 
we shall simply assume that some logical justification will eventually be agreed 
upon by the philosophers, and for ourselves, adopt the somewhat crude but 
effective point of view that, as the procedure succeeds in getting the right re¬ 
sults, it is acceptable until proved otherwise. 

In line with the stated procedure we shall therefore accept k In C as the entropy 

of the whole ensemble, divide this by N to get the average entropy of each assem- 


ASSEMBLIES OF DEPENDENT SYSTEMS 


109 

bly in the ensemble, and if the ensemble is in the distribution specified by Eq. 

(7.104), identify this average entropy with the actual entropy of the assembly 
under observation. This entropy is therefore 

S = (1/N)fc In (N! ]1 n/tyWyO (7.105) 

Moreover, we shall define the temperature of the assembly by means of its ther¬ 
modynamic relation with entropy 

1 IT = (dS/dE) v (7.106) 

In this expression, E is the energy of the assembly, and this is the average energy 
of all assemblies in the ensemble in its most probable distribution; V is the vol¬ 
ume of one assembly. The partial derivative is to be interpreted as a variation 
of the distribution-in-energy of the ensemble, causing a variation of the mean 
energy of the assemblies in the ensemble, without changing the energy spectrum 

Ej of possible assembly energies in the ensemble. Summing all equations like 
Eq. (7.104) over all ./-values yields 


where 


N = Ne“ a Q 

Q = 12 exp (-/ 3Ej ) 


(7.107) 

(7.108) 


The sum Q is called the assembly partition function from its exact analogy with 

the partition function of Eq. (4.102) of a system. Evidently from Eq (7 107) 
we have J 


cl = In Q 


(7.109) 


The average energy per assembly is given by dividing the total energy in the 
ensemble by N: 

E = (1/N) £ NjE, = (1/Q) £ (7 . 110 ) 

; j 

where we have made use of Eqs. (7.104) and (7.109). Clearly if we regard 8 as 

a variable while keeping the energy spectrum £’• constant, this result can be 
written in the form 

E=-dlnQ/d(3 ( 7 . m) 

Using the most probable distribution Eq. (7.104) in Eq. (7.105), the definition 

of entropy, and making use of the Stirling approximation on the logarithms of 
the factorials, it is easy to prove that 


(7.112) 


S = A; (In Q + /3£) 

Then the definition Eq. (7.106) of temperature yields 

1/T = k ((a In Q/d/3 )(dp/dE) + E(d(3/dE) + (j\ 

Because of Eq. (7.111), the first two terms in the bracket cancel, and we are left 


(7.113) 
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with the familiar relation again: = 1 /kT. The thermodynamic definition of 

the Helmholtz free energy of an assembly, A = E - TS, then yields, from Eq. 
(7.112): 

■A = —kT In Q (7.114) 

Comparison with Eq. (7.109) thus identifies the parameter a: 

a = -A/kT (7.115) 

contrasting with Eq. (3.503) which gave a there as the Gibbs free energy. The 
two a’s are of course different statistically as well as physically. 

Having now found the Helmholtz free energy in terms of the assembly parti¬ 
tion function, Eq. (7.114), we are in a position to find all the other thermody¬ 
namic variables in terms of the assembly partition function: 

V = - ( dA/dV) r = kT(d In Q/dV) T (7.116) 

for the pressure of the most probable assembly, and 

S = ~(dA/dT) v = /c{In Q + (5 In Q/d In T) v ] (7.117) 

for its entropy. From Eq. (7.111) it is easy to check that Eq. (7.117) is con¬ 
sistent with Eq. (7.112), and also to show that 

E = kT 2 (d In Q/dT) v = kT(d In Q/d In T) v (7.118) 

The whole problem therefore reduces itself to the evaluation of the partition 
function of the assembly in terms of T and V from the definition, Eq. (7.108), 
which reads 

Q = XX exp (- Ej/kT) (7.119) 

0 

Before using this method to solve the problems for which it is designed, we 
shall first apply it to ideal gases and show that the assembly partition function 
formalism gives exactly the same results as the ordinary partition function 
method previously developed. 

The wave function for an ideal gas separates into factors, each of which refers 
to a single particle; the energy of the gas is a sum over the individual energies 
of the particles. Each distribution-in-energy of the atoms in the gas determines 
the energy of the gas, so the energy levels of the gas as a whole are in one-to-one 
correspondence with the distribution-in-energy of the atoms: 

Ej = X n rj(r (7.120) 

r 

where n r y means the number of particles in their rth level, € r , corresponding to 
their ^th distribution-in-energy. The degeneracy weight fly of the energy level 
Ej of the whole gas equals the number of complexions corresponding to the yth 
distribution-in-energy of the particles. This number was computed in our dis- 
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cussion of the Boltzmann statistics and corrected classically for indistinguish- 
ability of the particles [see Eq. (2.213)]: 

= CboIu/AM = II «>/n r y! (7.121) 

r 

where w r is the degeneracy of the individual atomic states. Putting Eq. (7.120) 
into Eq. (7.119) and using (7.121), we find for the assembly partition function, 

Q = zn (l/n r ,!){<o r exp ( — e r /kT)\ n 'i (7.122) 

j r 

To evaluate this, write 

Vr = co r exp (- e r /kT ) (7.123) 

and expand y r raised to the power N by the multinomial theorem: 

{Sl/r! = E (^!/ni!n 2 ! • • • • ( 7 . 124 ) 

t r ) {n}V 

where the sum on the right is taken over all sets of numbers [u\ whose total 
equals N:Y^n r = N. If we now indicate each set of numbers by a subindex j , 

the Eq. (7.124) can be written in the form: 


N 


El/r = N\ 2 n (l/n rj \)y r n n 


(7.125) 


Comparing this with Eq. (7.122), we see at once that 


Q = (!/#!){£ J 


N 


(7.126) 


But the ordinary partition function of the particle is 


Q = E“rexp (~e r /kT) = ^y r 


and therefore 


Q = Q n /N\ 


(7.127) 

(7.128) 


Taking the logarithm of this and applying Eq. (7.116) we find the pressure of 
the assembly g 1V en by the assembly partition function formalism: 

V = kT(d In Q/dV) T = NkT(d In Q/dV) r 

which is identical with the result of the ordinary partition function method in 
Eq. (4.111). Also Eq. (7.114) with (7.128) gives A = — A^TlnQ + jfcTln AM 
and because F = A + pV = A + NkT, this gives, after using Stirling’s ap¬ 
proximation, F - NkT(\n N — In Q), which is identical with the Gibbs free 
energy given by the ordinary partition function method in Eq. (4.104). Because 
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all other thermodynamic variables can be derived from F, this completes the 

verification that the new method is consistent with the old where the latter is 
valid. 

7.2 Debye’s theory of the crystalline solid. In contrast to the Einstein 
theory of a crystal, developed in § 4.8, the Debye theory treats the entire crystal 
as a single member, or assembly, in an ensemble and forms the assembly parti¬ 
tion function of the whole crystal. To do this, we first set up the classical Hamil¬ 
tonian in the 3N co-ordinates and 3N momenta of the N atoms forming the 
crystal. This is theoretically possible if we know the lattice structure and inter¬ 
atomic forces. We may take as co-ordinates the (small) displacements of each 
atom from its equilibrium position or lattice point. In these co-ordinates the 
potential function has a minimum at the origin, and to a first approximation, 
its dependence on the displacements is purely quadratic: 

3 N 3 N 3 N 

H = X) \ m *i + E Z \AijXiXj (7.201) 

»=i t=i j =i 

The nondiagonal terms in the matrix A x j represent coupling terms, and the 
matrix itself represents a hyperellipsoid in 3N co-ordinate space. It is generally 
possible to find a linear transformation or rotation in this space such that in the 
new system of generalized co-ordinates, say q Xf the hyperellipsoid is referred to 
its principal axes and the matrix A is diagonalized. The corresponding rotation 
carried out in velocity space does not change the purely spherical form of the 
kinetic energy part of the Hamiltonian. If p x are the generalized momenta cor¬ 
responding to the new co-ordinates, the Hamiltonian reduces to the diagonal 
form: 

3 N 

H = \ ^ (pi 2 /m + 4 T^mvPq 2 ) (7.202) 

i =1 

where the constants v x are the normal mode frequencies of the crystal. There are 
3 N such normal modes; they are not associated with individual atoms; each one 
involves motion of the entire crystal. Replacing pi by the operator, — ifid/dq x , 
we obtain the Schrodinger equation for the whole crystal, H\p = E\f/, in a form 
that is soluble by a function separable into factors, \p = JJ u x (q x ). Each factor 

X 

is a function of only one of the generalized variables and so refers to one of the 
normal modes of the crystal, and each is a solution of the Schrodinger equation 
for a linear oscillator with the corresponding normal mode frequency: \ fi d /dq x 
+ 2 mEi — (2 tt mviq x ) 2 }ui(qi) = 0. The eigenvalues of the total energy are sums 
of the eigenvalues E x of the normal modes, and these are, by Eq. (1.322), E x — 

(m + %)hvi. The total energy is determined by the set of integers n x : 

3AT 

E{n } = ( n * + h)hv% 

*=l 


(7.203) 
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There is no degeneracy in the harmonic oscillator, so the partition function 
Eq. (7.119) is 

3V 

Q = E exp {-E{n\/kT) = II exp { -hv^m + \)/kT} (7.204) 

In) {n} i=l 

The fact that this summation extends over all conceivable sets of integers n t -, 
each set containing exactly 3N members, permits the product and sum operations 
to be interchanged, and in place of Eq. (7.204), we may write 

3 N oo 

Q = n E exp { -hvi(n + \)/kT\ (7.205) 

i=l n=0 

this is the product of 3A r infinite series, each of which is a simple geometric 
progression whose sum is well known: 

3 N 

Q = II fexp {-\h Vi /kT))/\ 1 - exp (- hvJkT )j (7.206) 

t=1 

To make further progress, it is evidently necessary to know the entire spectrum 

of normal modes of the crystal, and as yet no feasible method has been devised 
to find this exactly. 

To overcome this major difficulty, Debye suggested that the actual crystal 
be replaced by a simple model whose spectrum of normal modes could be easily 
calculated, and which imitates the actual crystal as closely as possible in its 
physical properties. Debye’s model consists of a continuous elastic medium 
having the same density and the same elastic constants as the actual crystal. 
The normal modes of this model are well known, but one difficulty is that there 
is no upper limit to the frequency of vibrations in a continuous medium, the 
number of modes being infinite; whereas in the actual crystal of N atoms the 
number of modes is only 3N. This number is of course extremely great, but it 
is not infinite and a definite upper limit must exist to their frequency. Debye 
suggested that we arbitrarily accept the 3iV lowest frequencies in the spectrum 
of the continuous model, with the expectation that these will most closely imi¬ 
tate the true normal modes of the crystal. The success of this model in matching 
the observed thermodynamic behavior of actual crystals is its major justification. 
To find the normal modes of the continuum we proceed as follows: Let the 

displacement of any element in the medium be expanded in a three-dimensional 
Fourier series: 


u = E 4 (k) sin (2rk l x) sin (2nk 2 y) sin (2irk 3 z) 

where u is the displacement vector of the element originally located at (x,y,z) 
and where A (k) is the vector amplitude of the mode characterized by the wave- 
number vector k = (/ci,A- 2 ,fc 3 ). If the continuum is bounded by a cube of side 
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(7.207) 


L, the boundary conditions applied to the Fourier series require that 

kj = »y/2L, j = 1, 2, 3. 

where rij are any three positive integers. The frequency of a mode is the velocity 
of propagation of the corresponding elastic wave multiplied by the wave number. 
In the actual crystal there are three modes of vibration to each wave number, 
two tiansveise and one longitudinal vibration. The continuum model must 
imitate the actual crystal in its elastic properties, so we must imagine it also to 
have the same three sets of modes, and the same velocities of propagation as in 
the actual crystal. Let ci and c t be the longitudinal and transverse wave veloci¬ 
ties of propagation respectively, then the frequencies of vibration are 


n = (ci/2L) (rii 2 + n 2 2 + n 3 2 ) H 
= (Q/2L)(m 2 + n 2 + n 3 2 )*. 


(7.208) 


and there are two modes for each possible value of v u one for each v t . The 
number of longitudinal modes having frequencies between v and v -f- dv is equal 
to the number of ^-vectors satisfying the inequality: 

2 Lv/ci < ( Tii 2 ~f~ ^ 2 2 d - n 3 2 ) ^ < 2 L(v + dv)/ci 

t 

This number is equal to the number of unit points, or to the volume in n-space, 
within an octant of the spherical shell lying between the radii, R = 2 Lv/ci and 
R + dR — 2L(v + dv)/ci y which is 


N i(v)dv = §7r R 2 dR = 47 \(L/cifv 2 dv 


(7.209) 


The same form of result holds good for the transverse modes, with c* replacing 
c;, and there are twice as many. Thus altogether the number of modes whose 
frequencies lie between v and v + dv is 


N(v)dv = 47rF(2/c* 3 + l/ci 3 )p 2 dv (7.210) 

where V = L 3 is the volume of the crystal. As already discussed, we arbitrarily 
select only the 3 N lowest frequency modes to compute the partition function. 
The maximum frequency v m is given by 


SN = j N(v)dv = (47r/3)(2 /c t 3 + 1 /ci 3 )u m 3 V (7.211) 

•'o 

This permits Eq. (7.210) to be written in terms of v m : 

N{v)dv = 9 Nv 2 dp/vJ ( 7 . 212 ) 

a result that will enable us to evaluate the logarithm of the partition function 
as an integral instead of a discrete sum. 

From Eq. (7.206) we have 

3 N 

In Q = { “2 hvi/kT — In [1 — exp (— hvi/kT)]) 

t=i 
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and Eq. (7.118) then gives 

3JV 

E = 2 I \hvi + hvi/[e \p {hvi/kT) — 1]| 

i=i 

Replacing this sum by an integral, by using the density Eq. (7.212), we have 

E = (9N/r m 3 ) {\hv + hv/[ex p Qiv/kT) - 1 })v 2 d v (7.213) 

•'o 

which may be written in the form 


E = %Nh» m + 3 NkTD(6/T) (7.214) 

6 = hvjk (7.215) 

r eiT 

D(6/T) = 3 (T/d) 3 I [x 3 /(e x - l)]dx (7.216) 

*'o 

where 9 is called the Debye characteristic temperature, and D(9/T) is the Debye 
function. Values of this function have been tabulated, so that it is easy to read 

off the value of E as a function of the ratio T/d. If instead we take the tempera¬ 
ture derivative of E, we find the heat capacity: 


C v = ZNk{4D(9/T) - Z(d/T)/(e e ' T - 1)) (7.217) 

When T » B this goes over into the classical limit C v = ZNk, while at very low 
temperatures it can be shown that Eq. (7.217) becomes 


T«6 : 


C v = ZNk(^/S)(T/9) 


(7.218) 


This low-temperature result, that the heat capacity is proportional to T 3 , is one 

of the major successes of the Debye theory, because it has been very well borne 
out by experiment. 

According to Eq. (7.217) the heat capacity depends only on one physical 

parameter, the Debye characteristic temperature. All solids to which the Debye 

theory applies should therefore have heat capacity curves of the same shape 

when plotted on the appropriate temperature scale, T/d. The value of d for any 

particular solid can indeed be determined by making the best fit between the 

experimental heat capacity curve and the theoretical curve of Eq (7 217) 

Alternatively the value of 6 can be determined from the elastic constants of the 

material. Agreement between the two methods of determining 6 is fairly good 

m those cases where a good fit with the heat capacity curve can be obtained, 

but there are many minor and some major exceptions that can be understood 

only in terms of deviations of the normal mode spectrum from that of the Debye 

continuum model. Most modern work on this subject is concerned with these 
deviations. 

On the basis of the Debye model it is possible to proceed from the partition 
function to the free energy and the pressure. For this pressure to be identified 
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with the exterior (atmospheric) pressure, the energy assessment made in the 
Debye model that of the vibrational modes—must be supplemented to include 
the cohesive energy of the crystal. To the energy in Eq. (7.203), we must add 
a term — NU to represent the energy when the atoms are all at rest, and to 
In Q, we must add a term NU/kT. The cohesive energy of the crystal is highly 
sensitive to changes in density or volume, but under ordinary conditions it is a 
minimum at the natural density of the crystal. Thermal expansion changes the 
volume slightly, but the cohesive energy is assumed to make only negligible con¬ 
tributions to the heat capacity. Also it is not customary to think of the crystal 
as having different states of cohesion, so that no entropy is associated with it. 
The Debye model is, however, quite powerless to predict the equation of state 

pressure, volume, temperature relation—because neither U nor its volume 
derivative is given by the Debye model. 

7.3 The Bom-von Karman theory of crystalline solid. Max Born and Theo¬ 
dore von Karman obtained a low temperature T 3 law for the heat capacity of a 
crystal almost simultaneously with the publication of the Debye theory. While 
the Debye model was admittedly idealistic, the Born—von Karman theory in¬ 
volved much more laborious computation; and since the two theories gave super¬ 
ficially the same results, Debye’s naturally became the more popular as stimulus 
for further study. Improved experimental techniques have now produced so 
many data inconsistent with the Debye model that increased attention has 
lately been paid to the more realistic theory of Born and von Karman. We can¬ 
not spare space for a complete account of this theory but will give a brief outline 
designed to emphasize the main principles involved. 

The statistical basis of the theory is exactly the same as that of the Debye 
theory, Eq. (7.206), for the crystal partition function. To find the approximate 
distribution-in-frequency of the normal modes of the crystal in as realistic a 
fashion as possible, it is assumed that any one atom in the lattice is acted on 
only by forces from its nearest neighbors and its next nearest neighbors. The 
calculations have to be tailored to the particular kind of lattice, e.g., body- 
centered cubic, face-centered cubic, etc. In the body-centered cubic lattice an 
atom at the (Z,m,n) lattice point is acted on by Hooke’s-law-type forces propor¬ 
tional to the relative displacements between the atom and its nearest neighbors, 
eight in number, a[r(l,m,n) — r(/db^,m=b^,n±^)], and also by forces propor¬ 
tional to the relative displacements between it and its six next nearest neigh¬ 
bors, 7 [r(Z,m,n) — r(Z=bl,m,n)], etc. The two parameters a and y have to be 
adjusted to individual cases. The classical equations of motion can be written 
down for any lattice point (Z,m,n). Since each atom has three degrees of free¬ 
dom, there are three such equations for each atom, and we seek solutions of them 
in the form of three wave motions with wave numbers given by points in the 
reciprocal lattice space. Substitution of these solutions into the equations of 
motion for any choice of ( l f m,n ) yields a condition for the possible frequencies 
of the wave motion (independent of l> m, and n) in the form of a three-by-three 
determinant equated to zero—this is the secular equation of the problem. The 
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three solutions of the secular equation represent the three types of wave motion 
ordinarily associated with longitudinal and two transverse polarized waves; in 
general, none of the three is completely polarized. In spite of this complication, 
one can derive the number of different frequencies possible in any given fre¬ 
quency range from the secular equations, either by direct numerical and graphi¬ 
cal means, or analytically in the form of a series expansion: 


N(y)dv = dv(K 0 v 2 + K x v A H-) (7.301) 

where the K’s are somewhat complicated expressions involving the two Hooke’s 
law parameters a and 7 . This is the Born-von Karman expression to replace 
t e Debye expression (7.210); it is valid at low temperatures only, because the 
Hooke s law of interaction between nearest neighbors can be valid only for rela¬ 
tively small displacements. Anharmonic terms would undoubtedly perturb 
the problem at higher temperatures. 

Using Eq. (7.301) and the method of § 7.2 for the heat capacity, one finds 


where 


c v = k[K o {kT/h) 3 B( 0 ) + Ki(kT/h) 5 B{\) + ...] 



x 2n+4 e x dx 
~(e x - l) 2 


x - hv/kT 


(7.302) 

(7.303) 


The integral is taken over the entire spectrum, and the upper limit is allowed to 

go o in mty because at low T there is practically no contribution to the inte- 

gran romarge values of the variable. Comparing this result with the Debye 

orm, Eq. (7.218), at low temperatures, it is possible to find an “effective Debye 
0 as a function of temperature. Thus J 


(/.304) 


1/e 3 - ( 5 / 127 r 4 )[(/c/ 7 i) 3 K 0 B( 0 ) + T 2 (k/h) 3 K 1 B(l) d-] _ _^ 

of ^27^ n Tf iCal reSUltS Can bG obtained b y a graphical examination 
the spectral density function. Figures 7.31 and 7.32 show such results ob- 



frequency v 

Fig. 7.31. Acoustical spectral density in bodv-centered d 

man and Debye models. Arbitrary units. * ** ed Ub Iattlce > Born-von Kar- 
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Fig. 7.32. Spectral distribution in a face- 
centered lattice. The units are arbitrary. 
Dotted curve shows the total number of 
modes, curves I and II, the transverse modes, 
and curve III, the longitudinal ones. 


tained for a body-centered cubic 
crystal * and for face-centered cubic 
crystal, f Figure 7.33 shows the effec¬ 
tive Debye 6 curves appropriate to 
face-centered lattices with different 
values of y. Figure 7.34 shows a 
comparison with the observed effec¬ 
tive Debye 6 in silver; it is clearly 
a great improvement over the straight 
Debye theory, although the hump 
below 10 °K remains unexplained 
by the theory. 

The theory is completed by a de¬ 
tailed discussion of the observable 
elastic constants in terms of the 
Hooke’s law parameters a and y. 
Then from the data on the elastic 
constants obtained from the velocity 
of sound measurements, one can com¬ 
pute a and y and so in principle 
predict the heat capacity curve, or, 


more conveniently, the effective Debye 6. In working on such a program, it is 
to be noted that there are three distinct elastic constants in the classical theory 
of elasticity, usually written Cn, c 12 , c 44 , so that the two Hooke’s law constants 
a and y result in elastic constants with one identity between them, viz., c 12 = c 44 , 
called the Cauchy relation. In actual metal crystals, the elastic constants do 
not satisfy this identity; the discrepancy involved may result in several per cent 
alteration in the effective Debye 6. This failure of the Cauchy relation has been 



temperature T/p 

Fig. 7.33. Effective Debye temperature for face-centered cubic lattice. The unit of 
temperature is/3 = (; h/k)\/2a/m. 

* P. C. Fine, Phys. Rev., 66 (1939), p. 355. 
t R. B. Leighton, Revs. Modem Phys., 20 (1948), p. 165. 
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attributed to either of two causes: one is due to the effect of the conduction elec¬ 
trons on the elastic constants, and the other, to a volume dependence of the zero 
point energy of the Debye modes. Evidently both these effects must be taken 



Fig. 7.34 Effective Debye temperature for silver. Comparison with lattice theory 
assuming y/a = -0.08. * 

fully into account before we can expect the Born-von Karman theory to give 
exact predictions. 6 

7.4 Theory of imperfect gases. In this section we give the quasi-classical 

theory of imperfect gases, analogous to the classical theory of an ideal gas given 

in § 4.2. To this end we recall the general expression for the assembly partition 
function of Eq. (7.119): 


Q = 2 0; exp ( — Ej/kT ) 

J 


(7.401) 


and proceed to write this sum in the form of an integral over the G TV-dimensional 

phase space of the gas. A single element or cell in this phase space may be 
written as J 


dr - dq x dq 2 • • • dq 3N dp x dp 2 * • • dp 3N 


(7.402) 


The number of quantum states corresponding to this element 
energy of the whole gas is 


is h 3N dr . 


The 


£(p,q) = 2 Pi 2 /2m + U( q) 


(7.403) 


where U(q) is the whole potential energy of interaction, a function of all the 
9-vanables, and the sum is over all the 3 N degrees of freedom of the kinetic 
energy. Instead of the sum over discrete states, the partition function now be- 
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conies an integral over all the cells in phase space: 

Q - (1 •. . i nN (7.404) 

The integral includes all permutations among the particles of the gas and the fac¬ 
tor AH has to be removed to correct for this—like the classical correction for 
indistinguishability of the atoms. The momentum variables separate and the 
integrals over them can be carried out exactly as in Eq. (4.217), yielding 

Q = (27rmkT/h 2 ) 3N ' 2 Q(q)/N\ 

where 

<2 (q) =/••'/ 'e- u ^' kT dq x • • • dq 3N 

Evidently the evaluation of this integral is the crux of the problem. 

We assume that the potential energy U (q) is due only to central forces between 
pairs of atoms. Write u(rif) for the potential energy due to interaction between 
the zth and the jth particles, whose relative position vector is r t *y. The total 
potential energy is then expressible in the form: 

N- 1 

U(q) = u(r {j ) (7.407) 

i>j 7 = 1 

The summation takes i and j over all pairs just once, and so contains ^N(N — 1) 
terms. Also we can write 

e U(q)ikT = JJ JJ e~ u(r ii ),kT (7.408) 

N>i>j> 1 

A first approximation to the integral can be made by using a device due to 
Ursell. We write 

fij = e - u(ri ’ )lkT - 1 (7.409) 

This function of vanishes if the interaction potential is zero and remains 
small so long as t*(r*/) « kT. In terms of f ijf the right side of Eq. (7.408) becomes 

II (1 + fij) = 1 + 2 fa + 2 Z Mi’, 4 - (7.410) 

N>i>j>\ i>j %’ >j' 

and this replaces the integrand of Eq. (7.406): 

Q(q) = r* • • T{1 + Z Z fij + products of /’s }dqi • • • dq 3 N (7.411) 

J J N>i>j>l 

Integrating this over the whole of co-ordinate space, the co-ordinates of every 
particle are taken over the whole volume V, and for any particular pair of parti¬ 
cles appearing in the subscripts of fij, there exists a region in space where the 
two particles are so close together that f t y is large and positive due to mutual re- 


(7.405) 

(7.406) 
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pulsion—and that is where the particles i and j are very close together. How¬ 
ever, it is assumed in the Ursell approximation that these regions of phase space 
are so small in extent that they make a negligible contribution to the integral 
as a whole. The integrals of are then all small, and we may neglect the inte¬ 
grals over products of two or more / factors. Because every pair is equivalent 
in that they all have the same interaction potential, and because the integra¬ 
tions take them over the entire co-ordinate space, the integral (7.411) becomes 

Q( q ) =J • • • J*{1 + %N(N - l)fij)dq\ ■ • • dq ZN (7.412) 

where the factor 2 N{N 1) represents the number of pairs, and i y j are any 
arbitrarily chosen pair. Integration of the unity gives V for every particle, and 
there are 3(N - 2) co-ordinates among the q } s that have nothing to do with the 
pair i and j , hence the integration over these yields a factor V to the power 

N — 2: 


Q( q) = V” + hN(N - 1 )V N ~ 2 f. ■ .Jf ijdqi ...dq 6 (7.413) 


where q x ••• q Q represent the co-ordinates of the zth and yth particles. The 
function /,-y is a function only of the distance between the two particles; we may 
theiefore write it here as/(r), and the sixfold integral element can be expressed 
as a product of the volume element 47r r 2 dr and the volume element of co-ordi¬ 
nates referred to the position of one of the particles. We can think of the inte¬ 
gration taking the pair as a whole over the whole volume while keeping r fixed, 
and later taking r over its whole range of possible values. The first part of this 

procedure integrates to give a factor V, because the integrand is not changed 
while r remains fixed; hence we can write 


Q(q) = y" + \N(N - l)V N ~ 1 r°°47rr 2 /(r)dr 

J 0 

Write for convenience, 


then because N » 1, we have 



(7.414) 

(7.415) 


Q( q ) = r w (i + n%/v) (7. 416 ) 

Taking the logarithm and expanding this in series, and retaining only the first 
two terms, we find 


m Q(q) = N In V + N%/V -f- 




By using Eqs. (7.116) and (7.405) we obtain from this the equation of state, 
emembermg that in the present approximation b 2 is independent of V: 


pV = NkTQ. - Nb 2 /V H-) 


(7.418) 
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If we neglect squares or higher powers of (Nb 2 /V), and if b 2 were to depend on 
T through Eqs. (7.415) and (7.409) in such a way that 

Nb 2 = —b + a/NkT (7.420) 

where a and b are constants, then Eq. (7.418) would reduce to the familiar van 
der Waals form: 

(:P + a/V 2 )(V — b) = NkT (7.421) 

Empirically the equation of state of an imperfect gas is usually expressed in 
the form Eq. (6.502) as a power series in 1/F, of which Eq. (7.418) contains 
only the first two terms, or the first two virial coefficients. The experimental 
data on the virial coefficients as functions of T are both extensive and highly 
precise and so provide a very sensitive method of checking theoretical values of 
b 2 , and through Eq. (7.415), of theoretical force functions/(r). The most suc¬ 
cessful form of interaction potential is that which was first suggested by Lennard- 
Jones: 

u(r) = A/r 12 - B/r 6 (7.422) 

where A and B vary from one gas to another. To a very rough approximation, 
this potential does yield an integral like (7.420), but of course its usefulness ex¬ 
tends to a far higher precision than the van der Waals equation. 

A useful form of the Lennard-Jones potential is 

*(r) = € 0 {(r 0 /r) 12 ~ 2(r 0 /r) 6 } (7.423) 

where r 0 is the radius at which the potential has its minimum €q- Lennard- 
Jones computed a universal curve, shown in Figure 7.41, applicable to all gases 
for which this potential form holds. The ordinate is In (3 B 2 /2ttD 3 ), where B 2 



Fig. 7.41. Universal curve of Lennard-Jones for second virial coefficient. 
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is the second virial coe fficien t, B 2 = -Nb 2 [see Eq. (6.502)], and D = r 0 /2 u ; 

the abscissa is 2 In (2\^( 0 /kT). If one takes a sphere of radius r 0 /2as unit vol¬ 
ume, and e 0 /k as unit temperature, all the curves of B 2 versus temperature 
should coincide. In practice, values of the parameters r 0 and e 0 have to be ad¬ 
justed to give the best fit between experiment and the Lennard-Jones curve. 
The general agreement is excellent for gases with spherically symmetrical mole- 


LENNARD-JONES PARAMETERS 


Gas 

r 0 in 

Angstroms 

eo/k 
in °K 

Helium 

2.87 

10.22 

Neon 

3.08 

35.7 

Argon 

3.85 

120.0 


cules particularly, monatomic—and even for diatomic molecules at the higher 
temperatures, it is satisfactory. In the latter cases, where the force constants 
ought to be functions of relative orientation, the best fit presumably gives the 
average force constants over all directions. Other physical properties depend 
on the second virial coefficient, heat capacity, velocity of sound, Joule-Thomson 
coefficient, etc., and may be employed as independent checks. Insofar as the 
Lennaid-Jones universal curve is applicable, all these properties ought to be the 
same for all gases when plotted against the appropriate temperature and volume 
scales; this is the “law of corresponding states” originally deduced from the van 
der Waals equation and expressed in terms of critical point values of p, V, and T. 

In recent years the following interaction potential, called the “exp-six” law 

has been preferred over the 12-6 law of Lennard-Jones, chiefly because it has 
some basis in quantum mechanical theory: 



(7.424) 


ere again r 0 is the radius at which the potential has its minimum e 0 , and is a 
parameter determining the steepness of the repulsive field. The curve has the 
form shown qualitatively in the accompanying Figure (7.42). The greater a 
the steeper or “harder” the potential barrier. ’ 


PARAMETERS FOR THE EXP-SIX LAW 

7*0 in € 0 /k 

Gas Angstroms in °K a 

Helium 3.135 9.16 12 4 

Hydrogen 3.337 37.3 14.0 


Figures 7.43 and 7.44 show a comparison between the data on second virial 
coe cient and on viscosity in helium gas, compared both with the Lennard-Jones 
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radial distance r 

Fig. 7.42. Sketch of exp-six potential function. Arbitrary units. 

and the exp-six law; * the exp-six law is clearly superior in correlating the several 
phenomena. It has another advantage: insofar as the values of a differ some¬ 
what in different gases, v r e can understand small deviations from the law of 
corresponding states. 




Fig. 7.43. Second virial coefficient of helium. Solid line: calculated from exp-six 
potential. Broken line; calculated from Lennard-Jones potential, 12-6. Dots: experi¬ 
mental values. 

A detailed discussion of the kinetic properties and their relation to the second 
virial coefficient would take us too far afield; we discuss briefly the heat capacity 
of an imperfect gas. The energy is given by Eqs. (7.118) and (7.405) for the 
partition function; if the work is taken only as far as the second virial coefficient, 

• E. A. Mason and W. E. Rice, J. Chem. Phys ., 22 (1954), p. 522. 
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Fio. 7.44. Viscosity of gaseous helium. Solid line: calculated from exp-six potential. 
Broken line: calculated from Lennard-Jones potential, 12-6. Dots: experimental values. 


Eq. (7.417) can be used for Q( q), B 2 being written for -Nb 2 , the second virial 
coefficient, and we find 

E = § NkT - ( N/V)kT 2 dB 2 /dT (7.425) 

so the heat capacity at constant volume is 


C„ = 2>Nk/2 - 2(N/V)kTdB 2 /dT - ( N/V)kT 2 d 2 B 2 /dT 2 (7.426) 

To find the heat capacity E p at constant pressure, we first find the enthalpy 
H = E + pV, and use Eq. (7.425) and Eq. (7.418): 

H = %NkT - ( N/V)kT 2 dB 2 /dT + NkTB 2 /V (7.427) 

From the equation of state we have approximately 


T(dV/dT) p = V - B 2 
and therefore from C p = (dH/dT) p , we find 


C P = C V + Nk( 1 + B 2 2 /V 2 ) + {N/V)kTdB 2 /dT 


(7.428) 


The ratio of the two specific heats enters the theoretical expression for the 
velocity of propagation of sound in the gas: 


v -(1 /p)V(dp/dV) T (C p /C v ) (7.429) 

The elasticity factor {dp/dV) T is obtained from the equation of state, and the 
ratio of the heat capacities from Eqs. (7.428) and (7.426); p is the density of the 
gas. When this method is used with diatomic gases, sound waves of very high 
frequency sometimes deviate, the reason being that the period of the wave is too 
short to allow the dissociative equilibrium to adjust itself and follow the tem¬ 
perature variations in the wave. This leads to dispersion and absorption of 
sound in the gas, and to an estimate of the relaxation time for dissociative equi- 
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librium. It is interesting to speculate whether the dissociative cluster theoiy 
of the virial coefficients should not lead to a similar effect at high frequencies 
specially m those gases where the second virial coefficient is somewhat sensitive 
to temperature. In view of the small concentrations of binary clusters calcu¬ 
lated in § 6 . 5 , it is rather doubtful whether the effect would be large enough to 
be readily observed. 

7.6 Mayer’s theory of the higher virial coefficients. A much more exact 

treatment of the integral of Eq . ( 7 . 411 ) over co-ordinate space is due to Joseph E. 

Mayer and leads to a proof that pair interaction can cause condensation of the 

gas into a denser state of aggregation. In this treatment we observe first that 
the product, 

nn d+ ftj) 

N >i> j>\ 

consists of \N(N - 1 ) factors, one factor for each conceivable pair of particles: 

(1 + /21XI + h 0(1 + /32 )(1 + hi) • • • (1 + f N ,N—i) ( 7 . 501 ) 

In multiplying out this expression, we obtain a sum of products, each of which 
contains an arbitrary selection of /-terms; for example, one such product is 

/31/41752/62/65/71 /73/74/9J98 ( 7 . 502 ) 

This is a comparatively simple product containing only ten/-terms; the missing 
/-terms are absent because we multiplied by the unit terms instead in ( 7 . 501 ). 
Before integrating such a product as ( 7 . 502 ) over 3N co-ordinate space, as needed 
to evaluate Q( q), we first group together those terms that are linked through 
their subscripts, /31/41/74/73/71, /52/32/65, and/ 9 ,/ 98 , making sure that the groups 
are complete and mutually exclusive. Such a group is called a “cluster inte¬ 
grand. ” When the integration is carried out, the variables that do not appear 
in the group contribute a factor V for each absent subscript, while the integra¬ 
tion over the particles that are present in the group contributes a result that 

depends only on the bonding pattern in the cluster, and not on the particular 
particles involved in the cluster. Let 

JM) = f f II fij H dq ( 7 . 503 ) 

be the integral over a cluster integrand in which there are v particles linked 
together in a specific bonding pattern indicated by 0; the integration is carried 
out over only the 3v co-ordinates of the v particles in the cluster. In particular 
7(1,0) means the cluster integral where only one particle is in the cluster; this 
can be thought of as a cluster in which only a unity (no /-term) is present in the 
integrand, and therefore we shall have 

7 ( 1 , 0 ) = V ( 7 . 504 ) 

where of course the bonding pattern index 0 is superfluous. The integral 7(2,0) 
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is just twice Vb 2 in Eq. (7.415), and again the bonding index is redundant. In 
general the expressions like Eq. (7.502) can be characterized by numbers m v $ 
of clusters of v particles with the 0 type bonding, a number m v $ for each pair of 
values of v and f3 present in the expression. The set of numbers m v $ in the prod¬ 
uct is called the cluster pattern of the product, and m x is the number of unclus¬ 
tered particles not present in the expression. Integration of such a product 
yields 

n n (7.505) 

/9 v 

because the integral depends only on v and 0, not on which particles are 

present. 

The expression (7.501) includes 2^ N{N ~ l) products like (7.502). A definite 
number of them have the same cluster pattern, having the same set of numbers 
m^, but with different particles represented in the clusters. The number of 
such similar products equals the number of ways one can select from among N 
particles, m v $ clusters of v unspecified particles, multiplied by the number of 
ways a given bonding pattern 13 can be drawn in a cluster of v specified particles. 
The number of ways we can form m v p clusters of v particles is 

N 1 n n (O' !} -1 (7.506) 

v 0 

The number of w ays a given bonding pattern can occur among specified particles 
need not be calculated for the present; we may write it as c(v,0). The contribu¬ 
tion of the given bonding pattern to Eq. (7.501) occurs n II{c(r,/3) } m ^ times. 
The complete integral of Eq. (7.501) now becomes » 0 

Q(q) = N\ Z IIII {c(,v,$)} m ‘’ 0 {(v[) m “ 0 m p p\}~ 1 {J(i>,|3)) m -0 (7.507) 

(m| N 0 

where the sum is taken over all possible sets of numbers m w p, such that all the 
particles in the assembly are included: 


N = ZZ 


vrrivp 




(7.508) 


Here we have to understand by again the number of particles not included 
in clusters. In order to rearrange the sums and products in Eq. (7.507), we write 

*00 = (1/r!) Z 

0 


(l/«d) f j Z CM (n/o) n dq 


(7.509) 


where the product over the /-terms is for one particular cluster pattern, „,/j. 
This expression sums l{vfi) over all bonding patterns possible in the clusters of 
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specified particles. If this equation is raised to the power m„ where 

rK = 2 (7.510) 

0 

using the multinomial theorem, we find 

{I{v)\ m - = m,! T, n (l/w^0{cM)7M)AI}"*# (7.511) 

i m ,p i 0 

where the sum is over all m v& satisfying Eq. (7.510) for a given m„. Therefore 
we can write Eq. (7.507) in the form: 

Q(q) =lf!EII (1M!)(/W) m > (7.512) 

{mJAT y 

This follows because of the equivalence of the two operations 


(7.513) 

In the summation of Eq. (7.512) the numbers m v are restricted only by the 
relation 

N = Yj vm v (7.514) 

v 

equivalent to Eqs. (7.508) and (7.510). The numbers m v are the numbers of 
clusters of size v , and the summation in Eq. (7.512) is over all possible sets of 
numbers m V) each set containing all values of v. Any one set of numbers m v 
characterizes a cluster pattern. Each possible cluster pattern contributes an 
additive term to Q(q) in Eq. (7.512). It can be proved that when N is very 
large the logarithm of Q(q) is practically equal to the logarithm of the maximum 
additive term in Q( q). As the thermodynamic properties of the assembly are 
all derivable from In Q(q) rather than Q(q) itself, the cluster pattern that gives 
the maximum additive term contributed to Q(q) is the physically significant one. 

To find the most probable cluster pattern we evidently have to maximize the 
logarithm of the typical term in the sum of Eq. (7.512): 

In | II I = Z In I(y) - In m,!} (7.515) 

L V -I ^ 

by varying the numbers m v under the restriction (7.514). Multiplying the 
variation of Eq. (7.514) by a Lagrangian multiplier 7 , subtracting from the 
variation of (7.515), and equating the result to zero, we have 

0 = (In /O') — In — yv}bmy (7.516) 

V 

Because the variations are now independent, this solves for every v\ 



m v — e yv I(v) 


(7.517) 
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Equating Q(q) to its most probable term inside the logarithm, given by Eq. 
(7.517), we then have 

In |Q(q)/iV!) = 23 Wvjln I(v) — In m* + 1) 

V 

— 23 m v {In 7 ( v ) + yv — In I(v) + 1 } 

V 

and therefore 

In {Q(q)/iV!} = yN + 23 /Me - ' 1 " (7.518) 

V 

where in the last step we have again used Eq. (7.514). The parameter y is deter¬ 
mined by Eq. (7.514): 

N = 23 r/We -1 " (7.519) 

V 

Given the potential function, we can in principle solve this for y, and then 

Eq. (7.518) gives the assembly partition function from which we can obtain 
the equation of state of the gas. 

If the gas were ideal and the potential function zero, the integrals I(v) would 
all vanish except I (1), which remains equal to V. In this case Eq. (7.519) yields 
e y ~ N/V and the partition function becomes, from Eq. (7.518): InQ(q)/AG 
= -N\n (N/V) + N, or In Q(q) = N In V, and therefore Q(q) = V N . This 
is identical with the ideal gas expression obtained before and of course leads to 
the same equation of state from Eq. (7.405). 

Successively better approximations for nonideal gases can be derived, but the 
computations of the integrals I(v) become progressively more laborious. For¬ 
mally, we can proceed as follows. Assume the range of interatomic forces to be 

small compared with the volume of the enclosure, then all the integrals I(v) are 
proportional to V, and we can write 


and if for convenience 
Eq. (7.519) becomes 


I{v) = Vb 


e = e~ y 


N/v = 23 verb, 


(7.520) 

(7.521) 

(7.522) 

V 

^ 1S ' n ^ a ' teS T th 1 at J?, Can exp L resS 6 as a power series in N/ v f or the solution of 
Eq. (7.522). Indeed this can be done in closed form, but for the purposes of the 

wT* i SCUSS '° n Z B f a " be satlsfied with the computation of the first few 
terms in the series. To do this we assume the result to have the desired form, viz.: 

(7.523) 

A 0 - 1/bi = 1, Ai = -2 b 2 , A 2 = — 36 3 + 8 b 2 2 , etc. (7.524) 


6 = {N/V)[A 0 + A X (N/V) + A 2 (N/V) 2 -|-) 
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Eq. (7.518) can be written in the form 


In {Q(q)/iV!} 1/JV = - In 6 + £ (V/N)b^ (7.525) 

V 

and if we use the above equation for 0 in this, we find 
(1/AO In {Q(q)/AT!} = In (V/N) + 1 + b 2 (N/V ) + (& 3 - 2b 2 2 )(N/V) 2 + •.. 


(7.526) 

The equation of state is then given by this in the same way as we found Eq. 
(7.419): p = kT{d \n Q(q)/dV}T, and therefore 

pV/NkT = 1 - Nb 2 /V - N 2 (2b 3 - 4 b 2 2 )/V 2 - (7.527) 

The first term is the ideal gas approximation. The second term gives the second 
virial coefficient, Nb 2) in agreement with the value given by the simple pair- 
collision approximation in Eqs. (7.420) and (7.415). The third term gives the 
third virial coefficient and involves the computation of the integral b 3 . Suc¬ 
cessively higher coefficients can be found in this way. 

Significant advances have recently been made in the theoretical calculation 
of the third virial coefficients by punched card computing machines. The same 
potential field parameters determined by the second virial coefficients are used 
to compute the third virial coefficients, and good agreement is obtained in many 
cases. But systematic errors have been pointed out, and it has been suggested * 
that different parameters may be appropriate for the different virial coefficients. 
The reason for this lies in the fact that the third virial coefficient is determined 
in part by the collisions or clustering of three molecules, while the second virial 
coefficient is determined by binary collisions or clusters alone. The formalism 
of the Mayer theory as outlined above was based on the assumption that the 
energy of three molecules is just equal to the sum of the energies of the three 
pairs among the three molecules, each pair interacting as if the third molecule 
were absent. If this were true, the same parameters ought to be used for the 
second and third virials. In the light of the quantum theory, however, the pair- 
interaction assumption is not exact. The interaction of any two molecules is 
due to the perturbation of the energy levels of each one by the proximity of the 
other, and it is clear that the proximity of a third molecule will perturb the 
levels of both the first ones and so alter their mutual pair interaction. In fact 
it is found that excellent agreement between theory and observation on the 
third virial coefficient can be obtained for a number of gases by a very slight 
modification of the Lennard-Jones parameters obtained from the second virial 
coefficient. For example, in argon it is found that ( r 03 /r 02 ) 6 = 1.0442, and 
* 03/ € 02 = 0.9904, where r 0 3 and r 02 are the values of r 0 in Eq. (7.423) deter¬ 
mined by the third and second virials respectively, and e 03 , e 0 2 are the energy 
parameters e 0 needed for the third and second virials. 

* H. W. Woolley, J. Chem. Phys., 21 (1953), p. 236. 
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While the integrals become prohibitively laborious to compute for the higher 
virials, it is possible to find an asymptotic dependence of the integral b„ on v as v 
approaches infinity. This leads to a study of the convergence characteristics of 
the series Eq. (7.519), and to a proof that the assembly goes over into a 
condensed phase with a typical first order transition like the clustering ava¬ 
lanche discussed in § 6.4. The details of this important theory will be discussed 
in § 13.1. 

7.6 Approximate theory of the liquid phase. Provided the assembly remains 
fluid after the phase condensation has been carried through, Eq. (7.512), for the 
partition function ot the potential energy, remains formally correct even in the 
condensed phase. If the assembly does not remain fluid, however, each particle 
becomes permanently attached to its own lattice point, and the assumptions on 
which the calculation of Eq. (i,ol2) were based become invalid. This is because 
in setting up the partition function (/ .404) it was assumed that the co-ordinates 


of every particle could be varied throughout the whole volume of the enclosure 
occupied by the assembly, and that there was no way to distinguish permanently 
between the individual particles; in the crystalline phase these assumptions are 
not true. Up to the present time there is no known way to prove that interaction 
between pairs leads first to a condensation into a fluid phase and later into a 
third solid phase. The phase condensation derived from the Mayer theory could 
just as well be from the gas directly into a solid phase; the theory itself does not 
provide any criterion for deciding between these two alternatives. We therefore 
have to admit that the theory of the liquid phase is still in the quasi-empirical, 
or phenomenological, stage. We have in fact to assume that the assembly does 
remain fluid after condensation, so that we may still apply Eq. (7.404) to the 
condensed assembly. It is then possible to try various schemes for approximately 
evaluating the integral for the condensed phase. This in itself is an exceedingly 
troublesome problem because interactions are all strong, and none of the approxi¬ 
mations used in the theory of imperfect gases is valid. 

There exists an alternative line of approach starting from the theory of the 
solid phase. For this we observe the relatively slight difference in density be¬ 
tween solid and liquid phases. We then picture the liquid as differing from the 
solid only in the circumstance that its atoms are not permanently attached to 
their lattice sites, but are instead confined more or less temporarily by their 
neighbors to small regions or cages, frequently leaking out from one such cage 
to a neighboring one. By making reasonable guesses at the average potential 
function within a cage due to the neighboring atoms, one can set up a partition 
unction for the assembly somewhat in the same way as we did for the Einstein 
model of a crystal. It is further necessary to multiply the partition function by 
an arbitrary factor or to add entropy in order to account for the leakage mobil¬ 
ity from cage to cage. Kirkwood has shown how this so-called communal en¬ 
tropy arises theoretically, although most discussions simply add it empirically 
to give the right results. For a clear discussion of this theory of liquids the stu- 
ent is referred to the text by J. Frenkel. Here we shall show how an approxi- 
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mate method of evaluating the partition function (7.404) leads directly to the 

same results as the cage model, thus uniting the two apparently different points 
of view. 

Assuming fluidity, all particles are mobile throughout the enclosure, and their 
interaction potentials are independent of their velocities; therefore the momen¬ 
tum integrals can be evaluated independently, and we again obtain Eqs. (7.405) 
and (7.406). The mathematical problem is to evaluate the integral Q(q). To 
this end we imagine the volume V divided into a large number X of equal fixed 
elements of volume v, X being much larger than the number of particles N, and 
v being so small that there is no possibility of more than one particle being in 
any such cell simultaneously. Let the cells v be indicated by a subscript running 
from 1 to X, and let n a be the number of particles in the ath cell. - n a is either 
unity or zero. The set of numbers {n a j determines to a good approximation the 
total potential energy of the assembly: 

C/(q) = U\n a | = X Z n a n^u(r afi ) (7.601) 

a >/3 

where r a $ is the relative co-ordinate vector between the centers of the ath and 
/3th cells, and u(r a p) is the pair-interaction potential between particles, if in the 
two cells. The approximation involved here is simply that if an atom has its 
center somewhere within the cell, we count it as at the center of the cell. We 
can omit the vector r a p from the notation and write u a p in place of u(r ai3 ). If 
the cells a and (3 are close together, the potential may be large, while if they are 
not close neighbors, the potential is nearly zero. Consider the expression 

U a = \ YL npu a p (7.602) 

/3=*=a 

in terms of which the total potential energy is 

U{n} = '£n a U a (7.603) 

a 

Evidently U a is the contribution to the total energy U{n\ from a particle in the 
ath cell; it is a function of the whole set of numbers but in practice depends 
only on the numbers belonging to closely neighboring cells, i.e., on the local 
order in the liquid. This local order is very like that in the solid phase, and this 
suggests that we substitute for the true interaction potential, a potential well 
whose floor undulates from place to place with the minima coinciding with the 
lattice points of a solid having the same local order as the liquid. This potential 
is not a function of the numbers n a and assigns a definite potential to each cell, 
say U a . In terms of this picture, the integration (7.406) becomes a sum over 
the small cells, the co-ordinates of every particle being taken successively over 
all the cells. The integrand is now a function only of the set of occupation num¬ 
bers n a , and every such arrangement of particles having the same set of numbers 
contributes additively the same sum to the integral. There are N\/Un a l dif- 
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ferent arrangements of particles corresponding to the same set of numbers n a , 
so that 


Q(q) =J “• fexp {-U(q)/kT\dqi • • • dq 3 


N 


= Z (N\/n n a \)v N exp (-£ n a UjkT) 

(n)iV “ a 

where the summation is over all sets of numbers n a satisfying 

x 

Zn a =N 

a=l 


(7.604) 


(7.605) 


Comparing the factorial coefficients in Eq. (7.604) with those of the multinomial 
theorem, we see at once that 

x 

Q(q) = \v 22 exp (-U a /kT)} N (7.606) 


at=l 


and hence from Eq. (7.405), we have for the partition function of the whole 
liquid assembly: 


Q = (l/N\)Q 


N 


where 


x 


Q = {2mnkT/h 2 )^v 22 exp (- UjkT) 

a=l 


(7.607) 

(7.608) 


The relation (7.607) is exactly the same form as Eq. (7.127) where Q is the parti¬ 
tion function of a single particle. In fact in the limit when the interaction poten¬ 
tial between particles vanishes, the result goes directly over into the ideal gas 

J 

Eq. (7.127); this is because when U a = 0 for all a, we have v X) exp (— U a /kT) 
x a = l 

= v E (1) = Xv = V, and hence Q = V{2wmkT/h 2 )\ exactly the partition 
function per atom in the ideal gas. 

To calculate the partition function for the liquid we should have to make a 

reasonable guess at U a as a function of a , and then we could approximate to the 
sum over a by means of an integral: 


lim v 22 exp (— U a /kT) f exp (— U/kT)dV 

X —► oo a=l J 


(7.609) 


the integral being a simple volume integral over V. Essentially U a is a periodic 

function having N minima corresponding to the lattice sites, and we may actually 

go over to the cage model, regarding the integral of Eq. (7.609) as simply N times 
the integral over one cage: 


J'exp (— U/kT)dV = N f 

^cage 


exp (— U/kT)dV 


(7.610) 
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If we write 

Q c = (2irmkT/h?)X f exp (~U/kT)dV (7.611) 

•'cage 

for the partition function of one particle as it usually appears in the cage model, 
we see that Eq. (7.607) becomes 

Q = (1/N\)(NQ c ) n (7.612) 

and therefore 

In Q = N + NlnQc (7.613) 

On the cage model itself In Q = N In Q c . The present theory includes an extra 
N and therefore automatically includes the communal entropy Nk. 

If the assembly were to become solidified, the walls of the potential hollows 
would become so high that particles would be unable to wander between the 
cages. This has the effect of localizing the particles permanently on distin¬ 
guishable sites. For this reason the factorial correction 1 /N\ in Eq. (7.607) for 
indistinguishability must be omitted from the partition function. At the same 
time, the partition function of a single particle is to be integrated only over one 
cage instead of all N cages, so the factor N is to be removed from Eq. (7.610); 
hence the particle partition function becomes Q c instead of NQ C . The assembly 
partition function for the solid phase is therefore 

Qsolid = Qc N (7.614) 

so that 

In Qsolid = N In Q c (7.615) 

which differs from Eq. (7.613) for the liquid phase in the absence of the com¬ 
munal entropy term. Eq. (7.615) leads directly to the Einstein theory of the 
crystal if U is taken as a simple harmonic potential. 

Several models closely related with the above formalism will be briefly dis¬ 
cussed. The simple harmonic oscillator model is probably the most obvious. 
We let the potential U in a cage be represented by a simple harmonic restoring 
force directed towards the center of the cage: 

U = —Uo+ \mw 2 r 2 (7.616) 

where — Uq is the potential minimum at the center, r is the distance of the parti¬ 
cle from the center, and w is the angular frequency of the motion in the cage. 
The cage integral becomes 


(7.617) 


The upper limit of r is taken infinite on the assumption that the cage is large 
enough to reduce the integrand to practically zero before reaching the physical 
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boundaries of the cage. The partition function for the liquid is then given by 

In Qnq = N( 1 + UJkT) + 37V In ( kT/hw ) (7.618) 

There are two parameters in this model, Uq and w, and both may depend on 

volume or density, but not on temperature. The equation of state derived from 
Eq. (7.116) is evidently 


V = NdUo/dV - 3NkTd In w/dV 


(7.619) 


Since the first term here represents the “intrinsic pressure,” and since this is 

very much greater than one atmosphere, the relation (7.619) may be regarded 

as an approximate relation between the two parameters, taking p almost zero 
(one atmosphere!): 

dUo/dV = SkTd In w/dV (7.620) 

The temperature derivative of Eq. (7.619) yields a result that can be made use 
of at once: 

-3Nkd In w/dV = ( dp/dT) v = a /0 (7.621) 

where « is the coefficient of thermal expansion ( dV/dT) p and 0 is the compressi- 
bihty {dV/dp) T , both experimentally observable. For most monatomic liquids 
a is of the order 10 per degree Kelvin, and 0 about 10“ 4 per atmosphere, so 
that d In w/dV ~ l/(24.7 cm 3 ). It is generally assumed that the frequency 
w is inversely proportional to the linear dimensions of the cage, and therefore 
inversely proportional to the cube root of the molar volume: 

w oc V~' A and dlnw/dV = —1/3F 

Combining this with the previous numerical estimate yields F ~ 8 23 cm 3 for 
the molar volume of any monatomic liquid. This is in fact the right order of 
magnitude, and by allowing a more general relation between the frequency and 

2 r e ’h ai ; C0ns ’ denng th f detailed data on a and 0, a more complete com¬ 
parison between theory and experiment could be made. Actually such a com- 

LTdhJT^ DOt T W f be ° f T Ch int6reSt bGCaUSe the model has been su Per- 

cutdt : ZZ™ C °” e dUe ‘° “1 D-onshire, to be dis- 

The free volume model is apparently quite different, but is a natural outcome 
of th e van der Waals picture of hard sphere molecules in a nonideal gas- only 
part of the gross molar volume V is considered accessible to the free motion of 
any one particle, viz., the term V - b in the van der Waals equaTon In^m- 
per ect gas theory b is much smaller than V so the Ursell power development 

phase w e e S finTt e hat r0 F Ce - ^ COefficien ts- In the liquid 

smaller than F, and there ’is no way orusfn^tL^Ursdl" 01111116 ’ A C ° nSlderably 

derive an equation of state for the /quid, V 

Nevertheless the concept of a free volume F, - V h v. ^ V ‘ 

r a. nee volume Vf - V — b has proved a very useful 
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one in discussing the liquid phase, and we shall indicate its theoretical status 
and some of its applications here. 

Let there be a flat negative potential — TJ/ within the free volume Vf, then 
for any particle, Eq. (7.610) becomes 

J exp ( -U/kT)dV = V f exp (U,/kT) (7.623) 

So far as the cage is concerned, there is essentially only one cage in which all 

the molecules are trapped the whole free volume F/. We can, however, write 
for convenience: 

V f = Nv f (7.624) 

to define v f as the free volume per particle. Then if we write 

Q c = (2wmkT/h 2 ) H Vf exp ( Uf/kT ) (7.625) 

in place of Eq. (7.611), Eq. (7.612) remains true, and we find 

In Qn q = N(1 + Uf/kT) + N In v f + N In (! hzmkT/K‘ 2 ) H (7.626) 

Again the two parameters U / and Vf are functions of F, not T , and the analogs 
of Eqs. (7.620) and (7.621) are 

dUf/dV = -kTd In Vf/dV (7.627) 

and 

Nkd In Vf/dV = a//3 (7.628) 

If the mean distance between centers of nearest neighbors is a and their diam¬ 
eters are d , a spherical free volume per molecule equals 

v f = (47r/3)(a - df 

The gross volume per molecule is a 3 /v, where y depends on the local order: 
y = \/2 for face-centered cubic symmetry, for instance. The total free volume 
is then taken to be 

Vf = (4tt7/3)(F^ - F 0 *) 3 (7.629) 

where F 0 = Nd 3 /y. Using this in Eq. (7.628) yields 

y f Xy$4 = y Xg 2 cm 3 (7.630) 

Liquid argon for example has a molar volume F = 28.5 cm 3 , and if y = 
we find Vf — 1.25 cm 3 . 

We return now to the cage model, and consider briefly the refinement due to 
Lennard-Jones and Devonshire. The cage is again pictured as a sphere of radius 
a surrounding the molecule of interest; all its z nearest neighbors are wandering 
at random over the spherical surface, and the molecule within the sphere is sub¬ 
ject to the Lennard-Jones forces from those on the surface. The cage integral 
(7.610) can be evaluated in terms of the parameters r 0 and 6 0 , and from the re- 
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suiting partition function an equation of state can be derived. From simple 

dimensional analysis it is not difficult to see that this equation of state may be 
expressed in the universal form: 

pV/NkT = <KkT/e*, V/V*) (7.631) 

where <f> is a function, the same for all substances, of the temperature and volume 
expressed in suitable units: V* = r^/y and e* = Z€q. The quantity pV/NkT 
plotted as a function of T and V is the same for all substances w r hen the appro¬ 
priate units are chosen. This is the law of corresponding states, already met with 
in § 7.4 in connection wuth the behavior of imperfect gases; here it is the equa¬ 
tion of state of the liquid that is involved, 4 he function </> is very complicated, 
and has to be obtained numerically. Isothermal curves are similar to the van der 
Waals curves for an imperfect gas, but of course valid now only in the liquid 
phase. They show a “wobble” through an unstable region into the gas phase. 
If T = e*/9k this w r obble flattens out, and above this critical temperature the 
isotherms are monotonic and no phase separation occurs. Because the density 
at the critical point is quite high, the Lennard-Jones model is valid there, and 
ought to give a better picture than the van der Waals equation. In fact, assum¬ 
ing the same values of e* and r 0 as one derives from fitting the Lennard-Jones 
potential to the vinal coefficients in the imperfect gas, one can calculate the 
critical temperature from e*/9 fc, for the liquid model, and compare with the 
observed values. The results are quite impressive. 


3 Angs. t* erg/mole 

T c theo. 

T c abs. 

29.2 4.89 X 10- 16 

47 °K 

44 °K 

72.5 13.25 ” 

128 

126 

56.2 16.5 ” 

160 

150 


COMPARISON BETWEEN THEORETICAL AND EXPERIMENTAL CRITICAL TEMPERATURES 

Liquid r 0 : 

Ne 
N 2 
A 

Further tests of these models are possible only in connection with the phase 

equilibrium between solid and liquid, and between vapor and liquid We dis¬ 
cuss these briefly in the next section. 

7.7 Phase equilibria. In § 5.1 we proved statistically that two phases con¬ 
sisting of noninteracting particles may be in mutual equilibrium when their 
molecular chemical potentials are equal. The same theorem is true, as we know 
from elementary thermodynamics, even when the two phases consist of inter- 
ac mg particles. The statistical proof of this theorem will be given in Chapter 
I, where the method of the Gibbs grand ensemble is introduced. For the 

a HouW y a t CCep . t , the theorem and a PP!y ^ to the equilibrium between 

discussed b the S ^ V,POt ^ USi " s the rari ° us 

or 116 '' ‘ he 1PPr ° Pri! “ e “ etgy 
F = -Win Q + VkT(d In Q/dV) T 


(7.701) 
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Using Eq. (7.618) for the oscillator model and neglecting the pV term com¬ 
pletely, as we did in setting up Eq. (7.620), we find 

F i iq = -NkT - NUo - SNkT In (kT/hw) (7.702) 

From the free volume model on the other hand, Eq. (7.626) gives 

F Uq = —NkT - NUf - NkT In v f - NkT In (2 tt mkT/h 2 )^ (7.703) 

Equilibrium between liquid and solid is established when Fn q = F so i, and this 
occurs of course at the melting temperature T = T m . We consider then, the 
melting of an Einstein model crystal whose partition function was found in 
§ 4.8. This function, Eq. (4.803), was referred to an energy zero corresponding 
to a particle at rest in the crystal. To conform with the energy zero used in our 
liquid models, we rewrite Eq. (4.804) in the form: 

In Qsoi = (U s - e 0 )/kT - 3 In (1 - e hv ' lkT ) (7.704) 

where U B is the energy of a particle at rest in the solid relative to a particle at 
rest in empty space. We have assumed all three modes to have the same fre¬ 
quency v s in the Einstein crystal. The melting temperature is generally higher 
than the Debye characteristic temperature, or than hv s /k } and we may approxi¬ 
mate to the partition function by expansion in powers: 

In (1 - e hv ‘ lkT ) = In (hv s /kT) + In (1 - hv 8 /2kT) 

= In (hv 8 /kT) - hv 8 /2kT 

The last term of this approximation exactly cancels the zero-point energy term 
in Eq. (7.704), and the result is 

In Qsoi = UJkT - 3 In QivJkT) (7.705) 


Again neglecting the pV term, we have 


Fsoi = -NU S - SNkT In (kT/hv a ) 


(7.706) 


Comparison between this and Eq. (7.702) for the oscillator liquid model gives 
the melting temperature: 

T = (7.707) 

m 1 + 3 In (2tvv s/w) 

WherG H m =-Uo+U. (7-708) 


is the molecular latent heat of melting. Considering that in most substances 
the local order in liquid and solid phases at the melting point is the same, and 
that only small changes in density occur, one would reasonably expect t e re 
quencies w/ 2ir and v a to be almost equal. Equation (7.707) would then pre 
that HJkT m would be about unity for all monatomic liquids. Actually a very 
large proportion of such substances do have values of H m /kT m between . 
and 1.25, in fair agreement with this simple theory. 
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The free volume model liquid is more convenient for a discussion of the liquid- 
vapor equilibrium. Treating the vapor as an ideal gas, we may write for its 
free energy [see Eq. (4.207)]: 

F v ap = NkT In (p/kT) - NkT In (2tt mkT/h 2 ) H (7.709) 

Comparing this with Eq. (7.703) for the liquid, the boiling point is given by 

F vap = F liq: 

In ( p/kT b ) = — 1 — Uf/kT b — In v/ 
or 

p s at = ( kT b /vf) exp (- H b /kT b ) (7.710) 

where H b = kT b + Uf is the latent heat of evaporation at the boiling point, 
neglecting the small term pFn q . A relation of the form (7.710) is known to hold 
empirically over a considerable temperature range in many liquids: 

Peat = Ae~ H,kT (7.711) 

where A has a value somewhere between 1.3 and 5 X 10 4 atmospheres, depend¬ 
ing on the substance, and depending slightly on temperature. This would agree 
with Eq. (7.710) only if v f were approximately proportional to T; numerically 
one finds only rough agreement. Returning to Eq. (7.710), we may substitute 
the observed values of H b and T b for argon, viz., H b = 1,500 cal/mole, T b = 
87.5 °K, and p 8a t = 1 atm., to find the free volume: 

V f = (NkT b /p 6at )e~ H f> ,kT b = 1.33 cm 3 /rnole (7.712) 

in satisfactory agreement with the figure of 1.25 cm 3 /mole derived from the 
expansion coefficients in the previous section. 


EXERCISES AND PROBLEMS 

1. Check the equivalence between the two expressions for entropy in Eqs. (7.117) and 
(7 *112) • 

2. In the Debye theoiy we accepted the lowest 3 N frequencies in the continuum spec¬ 
trum regardless of how many of these were longitudinal and how many transverse. Re¬ 
vise the theory so that we take only the N lowest longitudinal and 2 N lowest transverse 
modes. How does this affect the heat capacity formula? 

3. Verify Eq. (7.218) for heat capacity at low temperatures. 

4 . Develop the theory of two-dimensional solid crystals analogous to the Debye theory 
and prove that the heat capacity goes to zero like T 2 at very low temperatures 

6. Derive Eqs. (7.302) and (7.303) from Eq. (7.301). 

6. Discuss the expression (7.425) for the energy of an imperfect gas as volume is allowed 
to go to infinity, and energy ought to approach the ideal limit %NkT 

7 . Verify Eq. (7.524). 

8. Derive Eqs. (7.627) and (7.628). 

9. Verify Eq. (7.712) for the free volume of liquid argon. 

10 . From the method outlined in the paragraph following Eq. (7.104) for finding the 
averages over an ensemble, find the average number nj of quanta in the mode of vibra- 
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tion having a frequency Vj for the crystal having the energy spectrum of Eq. (7.203V 
prove that 

nj + § = —(kT/h)d In Q/dvj 

and hence that 

rij = 1 /(e hv > ,kT — 1 ) 

Compare with the distribution-in-energy of a Bose-Einstein gas. 
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Chapter VIII 


INDEPENDENT SYSTEMS WITH QUANTUM 

DEGENERACY 


8.1 Black-body radiation: photon gas. In Chapter II we developed the 
formulae for the most probable distribution-in-energy for the three kinds of 
statistics: Boltzmann for distinguishable systems; Fermi-Dirac and Bose-Ein- 
stein for indistinguishable ones. At high temperatures or low densities a 
corrected form of Boltzmann statistics was shown to suffice for all three. Now 
we turn to a study of examples where the classical correction to Boltzmann 
statistics is not sufficient to take care of the degeneracy due to indistinguishabil- 
ity of atoms. It was shown in § 3.6 that the condition for validity of the classical 
correction, viz., 

exp ( — ii/kT) 1 (8.101) 

is violated by assemblies of atoms whose masses are as small as those of H or 
He atoms at temperatures of a few degrees Kelvin, and of electrons at ordinary 
laboratory temperatures. The electron, being a single elementary particle, obeys 
the Pauli exclusion principle, and the wave functions of an assembly of electrons 
must be antisymmetrical in all electrons. Therefore the Fermi-Dirac statistics 
apply to an electron gas. We discuss this in § 8.4. 

There is another interesting circumstance that can lead to violation of the 
condition (8.101). This comes about if the total number of systems in the 
assembly is not predetermined. This happens in black-body radiation treated 
as an assembly of photons. In finding the most probable distribution-in-energy 
of the photons, there is no specified total number of photons; there is therefore 
no Lagrangian parameter needed to take care of the numerical restriction, that 
is, there is no a. This is equivalent to setting a = 0 in the formulae, or \i == 0. 
If we put /I = 0 in Eq. (8.101), it is obvious that the condition for classical 

statistics is violated. 

Returning for the moment to examples where the total number of systems is 
known, and quoting the results of § 2.3 on the most probable distribution-in- 
energy, Eqs. (2.321) and (2.331), or Eqs. (3.511) and (3.512), we may summar- 
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ize them all in one equation to determine the free energy n: 

N = “/{exp (ey — fi)/kT T 1 1( -1 (8.102) 

J 

where the upper sign refers to the Bose-Einstein, the lower to the Fermi-Dirac 
statistics. Both these expressions can be expanded in power series: 

N = X “j (=hl) r_1 exp {r(n - ej)/kT\ (8.103) 

y=o r=l 

From this it is obvious that we cannot write N as a product of a factor depending 
on the free energy, multiplied by a partition function, as was possible in classical 
statistics in § 4.1. The method of the particle partition function therefore breaks 
down with quantum degenerate assemblies. The reader should therefore take 
heed that none of the theorems developed in connection with the partition func¬ 
tion method for indistinguishable systems is valid when quantum degeneracy is 
important. The method of the assembly partition function, however, remains 
valid, because the assemblies in an ensemble are mutually distinguishable, and 
the Boltzmann statistics are valid without correction. Quantum degeneracy 
enters the assembly partition function method only through the detailed compu¬ 
tation of the assembly partition function itself. The theorems of the assembly 
partition function method remain valid. We discuss the partition function for 
quantum degenerate assemblies later in Chapter XI. 

We turn now to a discussion of the photon gas. As was discussed briefly in 
Chapter I, energy is transmitted by electromagnetic radiation in the form of 
photons each having energy hv , where v is the frequency of the electromagnetic 
waves. For many purposes photons can be treated as particles, and generally 
we can think of them as systems in a statistical assembly. Electromagnetic 
energy in equilibrium with matter at some definite temperature is found experi¬ 
mentally to have a unique spectral distribution-in-energy such that the energy 
density U(y) per unit frequency spectral range is 

U(v) = 8Th(v/c) 3 (e hv,kT - l)' 1 (8.104) 

where h is Planck’s constant. This formula was discovered by Max Planck to 

fit the observed distribution exactly, even before any satisfactory theory of the 

distribution existed. We shall see immediately that it is actually the most 

probable distribution-in-energy of a gas of photons obeying the Bose-Einstein 
statistics. 

Consider an enclosure of volume V whose walls are perfect reflectors of electro¬ 
magnetic radiation. Let some arbitrary distribution of electromagnetic energy 
be present in the enclosure. Because the walls are perfectly reflecting and the 
interaction between photons themselves can be neglected, the distribution re¬ 
mains constant. Now we imagine a small piece of matter capable of absorbing 
and re-emitting radiation, introduced into the enclosure and keeping its thermal 
contact with the outside walls. This absorbs and re-emits radiation and in time 
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produces a new distribution-in-energy in equilibrium with the temperature of 
the enclosure. We may then remove the piece of matter and consider the radia¬ 
tion alone, which of course maintains the equilibrium distribution indefinitely. 

The energy levels of a photon are given by the possible frequencies of the 
radiation field, and these are the normal modes of the electromagnetic waves in 
the enclosure. Since we are supposing the walls to be perfect reflectors, these 
modes are easily found; indeed, they are identical with the Debye modes dis¬ 
cussed in § 7.2. Translating the results of § 7.2 into the terms of the present 
problem, we find that the normal modes of the radiation field have frequencies! 

v(n) = (c/2L) (rii 2 + n 2 2 + n 3 2 ) y * (8.105) 

where {u i,^ 2>^3) any positive integers. Considering that electromagnetic 
waves are polarized, like the transverse Debye modes, the number of modes 
having frequencies between v and v + dv equals 

u(v)dv = 8t r(L/c) 3 v 2 dv (8.106) 

Photons are freely absorbed and re-emitted during the processes required to 
establish this equilibrium, and the number of photons is not conserved during 
these processes. Therefore in finding the most probable or equilibrium distribu¬ 
tion, the photons are not restricted to a constant total number, and, as just dis¬ 
cussed above, we have to set — 0. Moreover there is no limit to the number 
of photons in any one frequency, and therefore the Bose-Einstein statistics are 
appropriate. Putting n = 0, and taking the upper sign in Eq. (8.102), or using 
Eq. (3.511), we have 

rij = coyfexp ( hvj/kT) — l} -1 (8.107) 

Combining this with Eq. (8.106), which gives coy as a continuous function, we 
find the most probable distribution of photons among their frequencies: 

n{y)dv = 87rU(^ 2 /c 3 ){exp Qiv/kT) - l}" 1 ^ (8.108) 

Multiplying this by hv, the energy per photon, we at once obtain Eq. (8.104). 

This agreement may be thought to constitute a very searching test of the 
particle picture of photon processes, but in fact this is not the case. We can 
get the same result if we regard the radiation field as a continuum having the 
modes of vibration given by Eq. (8.105) and evaluate the partition function for 
the whole enclosure, just as we did for the Debye crystal, instead of considering 
the photons individually. The final result is identical. The particle concept— 
as our discussion in the Introduction should have indicated—is not essential in 
any quantum mechanical problem. The essential point of the present problem 
is that electromagnetic energy be quantized, not that it should be localized in 
particles. 

The total energy of the photon gas is 

E = £ Tijhvj = £ hup,{^> lkT - l) -1 
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and going over to the continuous approximation, this becomes 



„ r ' J v z dv 

8 '* (1/c) 1 7^1 


8ir 5 (kT) 4 V 
15 (he) 3 


(8.109) 


This is the familiar Stefan’s law for black-body radiation. To find the entropy 
of the photon gas we use Eq. (2.243) and write 

S = fcZ K- In (uj/rij + 1) + uj In (1 + nj/wj )} 

3 

Then from Eq. (8.107), we have In (wy/n ; - + 1) = liuj/kT and In (1 + n ; /cu ; ) = 
— In (1 — e~ hv * lkT ), so that 


S = Uihvj/kT In (1 - e~ hv i lkT ) 

• • 

3 3 


( 8 . 110 ) 


The first term here is exactly E/T. Going over to the continuous approximation 
for the other sum, we get 



E/T - 8t vk(L/c) 



In (1 - e~ hvlkT )dv = E/T + 


8ir 5 (kT) 3 Vk 

45 (he) 3 


( 8 . 111 ) 


The Helmholtz free energy A = E — TS follows immediately: 

A = -(8ir 5 /45)(kT) 4 V/(hc) 3 


( 8 . 112 ) 


From this the pressure of the photon gas, the radiation pressure, is found: 

p = -(dA/6V) T = E/3V = (8tt 5 / 45) (kT) 4 /(he) 3 (8.113) 

which, incidentally, is independent of volume. 

At ordinary temperatures this pressure is negligible. On the surface of the 
hotter stars, T — 3 X 10 4 °K, it is about 2,000 dynes/cm 2 . The probable tem¬ 
perature generated in an atomic bomb explosion, 10 5 °K, would produce a radia¬ 
tion pressure of about one-fifth atmosphere, 2 X 10 5 dynes/cm 2 . The tempera¬ 
ture required to produce thermonuclear reactions is at least 10 7 °K, and this 
would generate a radiation pressure no less than ten million atmospheres, 10 13 
dynes/cm 2 . An explosive nuclear reaction would of course not generate an equi¬ 
librium condition, but its radiation pressure must be of a similar order of magni¬ 
tude; how much of such immense pressures would be effective in adding to the 
explosive force, would depend on how much of the radiation can be absorbed 
before it radiates away from the source. If any information of this nature has 
been secured from the Pacific H-bomb tests, it undoubtedly remains classified 
as “top secret.” 

8.2 The phonon gas. In § 7.2 we outlined the Debye theory of a crystal, and 
the student may have been aware of a close analogy between the formulae of that 
theory and some of those occurring in the theory of black-body radiation: in 
particular Eqs. (7.213) and (8.109). In the Debye model, a zero-point energy 
exists, which is neglected in the photon formulae, and in the Debye model a 
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finite uppei limit appears in the integral, but not in the photon formulae. Logi¬ 
cally , a zero-point energy ought to appear in the photon formulae, which, be¬ 
cause no upper limit exists to frequencies, would in fact be infinite. This infinite 

zero-point energy is ignored because it is constant and does not apparently alter 
any physically significant results. 

It is instructive to follow up the analogy between the Debye crystal and the 
photon gas. The vibiational modes of the crystal can be thought of as an assem¬ 
bly of acoustical quanta a gas of phonons. With each mode of vibration we 
associate quanta of energy, hv 9 called phonons; the amplitude of the acoustical 
wave determines the number of phonons associated with it. The phonons can 
be regarded as indistinguishable systems or “particles” with possible states de¬ 
termined by the spectrum of frequencies. The phonons are treated as a Bose- 
Einstein gas, and we find the energy and heat capacity of this gas coincide ex¬ 
actly with the results of the straight Debye theory as given in § 7.2. The crystal 
is to be treated as a box containing the phonon gas. The possible frequencies, 
or states of a phonon, are to be found exactly as in the Debye model—see Eqs. 
(7.209) and (8.106). There are here two spectra of frequencies, the one coming 
from the longitudinal modes, and the other from the transverse modes, the latter 
having double weight because of polarization. Except for these differences in 
detail, the argument given preceding Eq. (8.107) for the photon gas applies here 
with equal force, and we have in place of Eq. (8.108) for the number of phonons 
in any given frequency range: 

n(y)dv = 47rF^ 2 d^(l/ci 3 + 2/c 2 3 ){exp ( hv/kT ) — l} -1 (8.201) 

We multiply this by the energy hv per phonon, integrate up to v m defined as in 
Eq. (7.211), and find for the total energy of the phonon gas: 

pV m 

E = (9 N/v m 3 ) j {exp (hv/kT) - 1 }~ 1 hu 3 du (8.202) 

Jo 

which is the same as Eq. (7.213) except for the zero-point energy. 

The partition function corresponding to the present picture, the expression 
appearing in § 7.2, is not available now because we are not using Boltzmann 
statistics. To find the entropy of the phonon gas we resort to precisely the same 
method as used in the photon gas, Eq. (2.243), and find the analog of Eq. (8.111): 

S = E/T - ( 9Nk/v m 3 ) f V In (1 - e^ hvlkT )dv (8.203) 

Jo 

It is convenient to introduce the Debye characteristic temperature 6 = hv m /k, 
and to write Eq. (8.203) in the form: 

J r eiT 

X 2 In (1 - e~ z )dx (8.204) 

0 

If this integral is subjected to partial integration and the result is compared 



INDEPENDENT SYSTEMS WITH QUANTUM DEGENERACY 147 


with Eq. (8.202), we find 

S = 4E/3T - 3Nk In (1 - e~ d,T ) (8.205) 

where, incidentally, we may write 

E = 3 NkTD(9/T) (8.206) 

The free energy A = E — TS is 

A = -E/3 + 3NkT In (1 - e~ d,kT ) (8.207) 

The radiation pressure of the phonon gas is now given by the volume deriva¬ 
tive of this free energy: 

V = — (aA/< W) T = Nk{D'(Q/T) - 3(e e,T - 1 )~ l \dd/dV 
But D r (0/T) = —3(T/0)D(Q/T) + 3{e 6,T — l) -1 and therefore 


V = yE/V (8.208) 

where 

7 = —d In 6/d In V (8.209) 

The free energy F = A + pV is identically zero at all temperatures, for the 
following reason: in a material gas having a fixed number of particles, the free 
energy arises from the Lagrangian parameter restricting the variations so as to 
keep the total number of particles fixed. In the phonon gas (as also in the pho¬ 
ton gas of the previous section) the number of systems is not conserved; the 
Lagrangian parameter is not needed and can be taken as zero. In the next sec¬ 
tion we shall find that the Bose-Einstein gas of material particles undergoes a 
lambda-type transition at the temperature where F approaches zero. This 
transition does not occur in the phonon gas, simply because the number of parti¬ 
cles is not conserved and F is always zero. The mean number of phonons can of 
course be calculated from Eq. (8.201): 


r eiT 

Nphon = 9 N(T/6) 3 I (e x - 1 )~~ 1 x 2 dx (8.210) 

do 

This integral can be evaluated numerically; at sufficiently high temperatures, 
the asymptotic value is easily found: J 


1 >>d: N phon = 4.5NT/6 (8.211) 

At sufficiently low temperatures, the upper limit of the integral becomes practi¬ 
cally infinite, and we can then expand the integrand and evaluate the integral 
term by term, the result being 


T «0: 


Wphon + 2l.QN(T/6) 3 


where we have used 1.202 for the sum Z1 If. 


( 8 . 212 ) 
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To make use of Eq. (8.208) we need an estimate of the volume dependence of 
the Debye characteristic temperature. By means of quite plausible arguments 
it can be shown * that approximately 

7 = *V/pC v (8.213) 

where a is the coefficient of thermal expansion, p the compressibility, and C v the 
heat capacity; compare Eq. (7.621). The same reasoning also suggests that this 
quantity is independent of temperature. Its value has been tabulated for a 
large number of elements by Mott and Jones (op. cit., Appendix II). For gold 
7 = 3.0, 6 = 170 °K, and we may calculate p at the melting point of gold, 
T = 1336 °K. Here the total energy is practically its classical value 3NkT, 
and a straightforward arithmetical calculation leads to the result: 

Au at T m : p = 10 11 dynes/cm 2 , or 10 5 atm 

Clearly this phonon radiation pressure is opposed by an intrinsic pressure ex¬ 
erted by the walls of the crystal, due essentially to cohesion, or binding energy U : 
Pint = SU/dVy and while the cohesive energy can be found experimentally at 
the natural volume of the crystal, its dependence on volume is less easily deter¬ 
mined. At 0 °K the extrapolated cohesive energy of gold is about 3.4 X 10 11 
ergs/cm 3 and so has the same order of magnitude as the phonon radiation pres¬ 
sure at the melting point. The difference, at any temperature, between the co¬ 
hesive energy and the phonon pressure may be interpreted as the tensile strength, 
which, for gold, is about 1.4 X 10 10 dynes/cm 2 at ordinary temperatures. As 
we shall see later, the electron gas in a metal also contributes appreciably to the 
internal pressure, so that no exact balance can be expected between the cohesion 
and the phonon pressure alone. The process of melting could be pictured as 
occurring when the phonon radiation pressure gets too big for the intrinsic pres¬ 
sure; in the liquid state, the phonon pressure is drastically reduced by removal 
of the transverse modes, and the intrinsic pressure is again sufficient to hold it. 

8.3 Ideal Bose-Einstein gas of material particles. Assemblies of atoms 
having even mass numbers like D and He 4 are to be described by symmetrical 
eigenfunctions, and the Bose-Einstein statistics are appropriate. Although helium 
is no longer a gas under ordinary pressures at temperatures low enough to make 
quantum degeneracy effects large, it is nevertheless of great interest to study 
the theoretical properties of the Bose-Einstein gas because it is found that liquid 
helium exhibits many remarkable similarities in its behavior to a Bose-Einstein 
gas. It is widely believed that the anomalous properties of liquid helium at very 
low temperatures will eventually be understood in terms of the quantum de¬ 
generate anomalies of the Bose-Einstein statistics. We return to this practical 

question later. 

The general expression for the most probable distribution-in-energy for the 
Bose-Einstein gas, Eq. (3.511), may be written 

* Mott and Jones, Properties of Metals and Alloys , Oxford, 1936; p. 19. 
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n r = w r {exp (e r — ix)/kT - I( 1 (8.301) 

where n has to be found from the condition, 

N = X) n r (8.302) 

r 

The weights &> r were found in Eq. (3.204): 

<■o r = to(e)d« = 2wV(2m)^h~ 3 e A de (8.303) 

where the lowest energy level is taken as the zero. This expression is valid for 

an integral approximation to the sum in Eq. (8.302), which then becomes [see 
Eq. (8.103)]: 

J r*® 00 

e' A Z exp {j(n - e)/kT}de (8.304) 

o y=i 

J r*® 

z A e~*dz = | (Pierce’s Tables 

0 

#481), we find that 

N = V&mkT/h*)* Z (1/j) (8.305) 

i=i 

This is the equation to be solved by inversion for ju as a function of T and N/V. 

At sufficiently high temperatures, it is clear by inspection that, for a given N/V, 

Eq. (8.305) requires that \x/kT be rather large and negative, and then the series 

ieduces almost to its first (major) term. The equation then coincides with the 

corresponding equation (3.208) for the classical ideal gas, as of course it should. 

As T is decreased, N/V remaining fixed or alternatively we may increase N/V 

keeping T fixed it is clear that Eq. (8.305) requires that — n/hT become smaller, 

and the series may no longer be equated to its first term. Let us lower T _or 

increase N/V to the point where Eq. (8.305) requires n/kT to be exactly zero. 
In this case the equation becomes 


N = V(2TmkT/h 2 y A 1 /j 

j=i 


(8.306) 


We shall indicate this temperature by a subscript, and writing the numerical 
value of the series: 

Z) l/i K = 2.612 (8.307) 

u j=1 

we have 

N/V = 2.Q\2(2irmkT 0 /h 2 ) A ( 8 . 308 ) 

v N /oon« US y t0 ev f luat . e M for temperatures even lower than T 0 , still using 

V V ;S/^ PPa l 14 18 neCeSSary t0 find a value of M that gives the series 
2. ( 1 /J) e a somewhat greater value than 2.612; as we lower T continuously 

we need the senes to have a continuously increasing sum. However, if we put 
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a positive value of n in the series, we find that the sum diverges immediately to 
infinity; there is no value of /z that gives the series a sum between 2.612 and in¬ 
finity. It is therefore impossible to satisfy Eq. (8.305) for T < T 0 . The trouble 
here is due to the integration approximation on which Eq. (8.305) is based. Let 
us inspect the discrete form, Eq. (8.302). The numbers of particles in the lowest 
states, remembering that the lowest one of all has zero energy, e 0 = 0, are 

n 0 = cc 0 /(e^ lkT - 1 ) 

n\ = an {exp (ci — n)/kT —l} -1 
etc. 

If we put m = 0 in the formula for n 0 , we would get n 0 = oo, so that in fact we 
can never have m exactly equal to zero no matter how low T may be. The inte¬ 
gration approximation is therefore unreliable in the T 0 temperature region. As 
can be seen from Eq. (8.303), the integration approximation assigns zero weight 
to the lowest state, e = 0, so that co 0 is effectively zero on this approximation, 
and the number n 0 = 0/0 is indeterminate. 

Actually as T approaches T 0 from above, ju becomes almost zero, but not quite. 
It gets so close to zero that we can put it equal to zero in all but the lowest state, 
where an exact value is required; this exact value can make n 0 as large as neces¬ 
sary to make up the difference between N and the total in the other states. 

The exact calculations are extremely involved, but a simple device exists that 
gives the same results to within about 0.2 per cent and is based on a sound physi¬ 
cal picture. We accept the integration approximation as giving a good estimate 
of the number in all but the lowest state, and explicitly include the lowest state 
separately: 

N = n 0 + V(2rmkT / h 2 )* £, (1 /j)W* T (8.309) 

y=i __ 

Above Tq this is consistent with Eq. (8.305) because the integration approxima¬ 
tion has o>o as zero and n 0 negligible. But Eq. (8.309) no longer fails below T 0 
because we can now put /z = 0 in the summed part and write 

T < T 0 : N = n 0 + 2M2V{2irmkT/h 2 ) H (8.310) 

Making use of Eq. (8.308), this can be written in the form 

T < T 0 : n 0 = i\T{l - (T/T 0 ) H ) ( 8 - 311 ) 

Equating this to o)o/(e~* i,kT — 1), we find 

-n/kT = In [1 + (uo/N) {1 - {T/To) h }~ 1 ) (8.312) 

In this result, <o 0 is a small number of order unity, so that, as soon as T < T 0 , 
the term in a> 0 /N becomes exceedingly small; hence we may write the logarithm 

equal to the small term itself: 

T < T 0 : -n/kT = («„/#) {1 - (T/T 0 ) H ) ~ l 


(8.313) 
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Since N is of the order 10 21 , we see that for all T < T 0 the value of /i is almost, 
but not exactly, zero. 

Summarizing, it appears that n increases with decreasing T from a negative 
value toward zero, which value it practically reaches at the temperature T 0 , 
and below this temperature n remains almost exactly zero. Above T 0 the 
population n 0 of the lowest state is practically zero, but as soon as T goes 
below Tq, the population n 0 starts to increase according to Eq. (8.311), in fact 
reaching a value comparable with the entire population of the gas as soon as T 
is appreciably lower than T 0 . The number of particles remaining in the other 
(excited) states drops as T falls: 


T <T 0 : N n = N - n 0 = N(T/T 0 ) y > 


(8.314) 


As T approaches absolute zero, the entire gas condenses into the lowest state, 
leaving no atoms at all in the excited states. 

The temperature T 0 , at which the population of the lowest state suddenly 
begins to increase, depends on the density of the gas, through Eq. (8.308). If 
we imagine the gas to have the same density as liquid helium, T 0 turns out to 
be about 3.14 °K. Liquid helium in fact does have a transition temperature at 
2.19 °K, below which it becomes a superfluid, and we shall see later why this is 
regarded as more than a coincidence. 


The exact character of the transition in a Bose-Einstein gas at T 0 has been 

the subject of considerable discussion. The fact is that there is no mathematical 

discontinuity anywhere in the behavior of the free energy /i as a function of 

temperature, and doubt was originally felt as to whether any condensation really 

occurs. It has been proved, however, by Fowler and Jones,* that the sharpness 

of the break in the n — T curve at T 0 increases with increasing N, and that in 

the limit N > 00 , the gradient d^i/dT does indeed become discontinuous at T$. 

As we shall see immediately, the heat capacity curve, C v - T, suffers a similar 

bieak in gradient at To, and this too becomes mathematically discontinuous only 
in the limit N —> oo. 


This kind of discontinuity is really all we should ask for in statistical theory. 
Consider what it would mean to check by experiment whether or not dC v /dT 
were discontinuous at Tq. In the first place, we have to measure a quantity of 
heat dH over a finite temperature interval dT below T 0 in order to find C v = 
dH/dT ; after this we have to repeat a similar measurement for another tempera¬ 
ture range dT ' and take the second difference. This whole process is to be re¬ 
peated again with intervals dT, and dT\ both above T 0 . To examine the con¬ 
tinuity at T 0 we must then allow all the temperature intervals to approach zero, 
converging on Tq from either side. This last step is not only impracticable, it 
is in principle impossible. To measure a small temperature interval dT, one 
may for example use a sensitive thermocouple, which converts dT into an emf, 
and measure this with a sensitive potentiometer arrangement. This emf suffers 

R. H. Fowler and H. Jones, Proc. Cambridge Phil. Soc ., 34 (1938), p. 573. 
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from thermal noise fluctuations about a mean value due to equilibrium fluctua¬ 
tions in the electron gas conducting the potential, and, if dT is made too small, 
the deflection gets swamped by the background noise. This kind of difficulty is 
inherent in the statistical nature of physical measurements; whatever macro¬ 
scopic device one might use for measuring dT, it inevitably suffers from a blur¬ 
ring of the finest details. From this physical point of view, the question as to 
whether a mathematical discontinuity occurs or not is of no importance. 

Let us calculate the energy of the Bose-Einstein gas: 

E = X n r*r = X w r e r {exp (e r - n)/kT — l}" -1 (8.315) 


and again employ the integration approximation for all levels above the lowest. 
The lowest state may be included explicitly, but because its energy is zero, it 
will make no difference anyway. Thus: 



2ttV( 2 m/h 2 y A e H de 
exp (e — fi)/kT — 1 


(8.316) 


This integral is evaluated as in Eq. (8.304), using 
(Pierce’s Tables #481), and the result is 




E = (3kT/2)V(27rmkT/h 2 y A X (1 /j)^' kT 

3 


(8.317) 


Making use of Eq. (8.305), this may be expressed in the form: 


E = (ZNkT/2) 


£ (i/i)V" /ftr 



- {z d/i)V^} 


(8.318) 


although we must remember that, like Eq. (8.305), this equation is valid only 
above the temperature T 0 . 

The energy below T 0 is found by writing 11 equal to zero in Eq. (8.317); the 
term in which we would need the more exact value of /z, the lowest state, is zero 
anyway. Thus: 

T < T 0 : E/V = f kT(2wmkT/h 2 ) A X V/* ( 8 - 319 ) 


Making use of Eq. 


we find 


(8.308) and the numerical value of the series, 

£ 1 /j* = 1.341 


T < T 0 '- E/N = 0.7701kT(T/T o ) H 

The heat capacity below T 0 derived from this is evidently 

T < T 0 '- C v = 1.925Nk(T/T 0 ) H 


(8.320) 

(8.321) 




(8.322) 
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Turning next to the general solution of Eq. (8.305) for the dependence of n 
on T and N/V at temperatures above T 0 , it is convenient to introduce the fol¬ 
lowing abbreviations: 

Z = (2tt mkT/h 2 ) H e> llkT = (N /V 0 )e li/kT /2.612 (8.323) 

where Fo is defined by 

N/Vo = ( 2*mkT/h 2 )* £ 1 /j* (8.324) 

Also ’ 

bj = (2wmkT/h 2 ) 3(l -i )l2 (l/j)H = (l/j) H (2.Q12V 0 /Ny~ 1 (8.325) 

It is to be noted that Fo is the volume which would make the assigned tempera¬ 
ture T the transition temperature for the given N. In terms of these abbrevia¬ 
tions, Eq. (8.305) may be written 

N/V =Y, jbjZ j (8.326) 

j=l 

and the mathematical problem is to invert this series to express Z as a power 
series in (N/V): 

Z = ai (N/V) + a 2 (N/V) 2 +■■■ (8.327) 

The coefficients a u a 2 , ■■■ are obtained by direct substitution of Eq. (8.327) 

into Eq. (8.326) and equating coefficients of equal powers of N/V. The result 
is eventually found to be 

V>V 0 : Z = (W/E){1 - 0.9235(F o /F) + 0.3926(F„/F) 2 - O.1027(F o /F) 3 

+ 0.0188(F o /F) 4 - 0.0027(F 0 /F) 5 • • •) (8.328) 

Putting this into Eq. (8.323), taking the logarithm, and expanding this loga¬ 
rithm as a series in (F 0 /F), we find n/kT as a function of F 0 /F: 

V > F 0 : tx/kT = In (2.612F 0 /F) - 0.9235(F 0 /F) - 0.034(F 0 /F) 2 

- 0.002(F o /F) 3 • • • (8.329) 

1.0 
K 

3 

CL 0.5 

X 
0 > 


0 

relative temperature T/T Q 

Fig. 8.31. Free energy M of B.E. gas. Calculated from Eqs. (8.329) and (8.332). 
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Finally, we use these expressions to evaluate the sum appearing in Eq. (8.317) 
and the result is 

V>V 0 : E = %NkT{ 1 - 0.462F o /F - 0.0225(F 0 /F) 2 -} (8.330) 

which is the desired expression for E as a function of T, through the temperature 
dependence of F 0 given by its definition in Eq. (8.324). Remembering this 
last point, and taking the temperature derivative of Eq. (8.330), we find the 
heat capacity: 

V > F 0 : C v = fA r fc{1 + 0.231F 0 /F + 0.045(F 0 /F) 2 + • • • ( (8.331) 

To interpret these equations, we observe from Eq. (8.324) that the higher T , 
the smaller is V 0 /V for a given N/V. In fact we may write Eq. (8.324), using 
Eq. (8.308), in the form: / 

V 0 / V = ( T 0 /T) y * y (8.332) 

Thus for sufficiently high values of T/T 0) we may neglect the terms V 0 /V in 
Eq. (8.331), and the heat capacity approaches the classical value 3Nk/2 asymp¬ 
totically. As T falls, the heat capacity rises above the classical value to a maxi¬ 
mum at the transition temperature T = T 0} which can be shown to have exactly 
the same value (viz., 1.925JVA;) as that obtained from Eq. (8.322) as T approaches 
To from below. There is no discontinuity of heat capacity, but there is a dis¬ 
continuity in the slope of the heat capacity curve at To- 

Finally we wish to find the equation of state of the Bose-Einstein gas, and to 
do this we first calculate the entropy and then make use of the elementary ther¬ 
modynamic relations between entropy and pressure. The entropy is again de¬ 
fined as k times the logarithm of the number of complexions. From Eq. (2.243), 

S = k ^2 [n r In (c o r /n r + 1) + o> r In (1 + n r /w r )} (8.333) 

r 

From Eq. (8.301), we have kT In (1 + <*> r /n r ) = e r — n, and therefore 
1 + n T /u r = {1 — exp (n — €r)/kT\~ u , hence Eq. (8.333) becomes 

S = X ”r(«r — n)/T — X ku r In {1 — exp in — fr)/kT} (8.334) 

r r 

If we write F = Ny. for the Gibbs free energy, the first sum in S is simply E/T 
— F/T. The second sum can be evaluated as an integral, using Eq. (8.303). 
Because \x is either negative or zero, the logarithm in the integrand can be ex¬ 
panded as a series, and we obtain 

S = E/T - F/T + 2TkV(2m/h 2 ) H f 2 il/j)e/^~ t)lkT de (8.335) 

do 3 = 1 

This contains a sum of familiar definite integrals 

f t He->' elkT df = {kTH)'\\ y/r) 

do 
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and we therefore have finally 

S= (E - F)/T + kV{2rmkT/h 2 ) ,A £ (1 /j) H e 3 ' l>lkT (8.336) 

;=l 

Making use of the thermodynamic relation pV = TS + F — E, we have 

pV = kTV(2TrmkT/h 2 ) ** X) (1 /jf^ ,kT (8.337) 

i=i 

Comparing this with Eq. (8.317), we see that 

pV = 2E/3 (8.338) 

—a relation that proves to be true also for Fermi-Dirac statistics. Moreover 
both Eqs. (8.337) and (8.317) are true below T 0 with /x = 0, so that the Eq. 
(8.338) is also true below the transition. 

Above the transition temperature, we use the development of Eq. (8.330) and 
find the equation of state in the form: 

T > T 0 : pV = NkT{ 1 - 0.462F 0 /F - 0.0225(F 0 /F) 2 -} (8.339) 

and recalling Eq. (8.332): 

T > T 0 : pV = NkT{l - 0.462(7 1 0 /7 7 )^ 2 - 0.0225(7 1 0 /7 1 ) 3 -} (8.340) 



° f B * E ; gaS * Plotted for four different densities from Eqs. (8.340) 

r= To 1 ’ 2,3, and 4 ° K: densities 
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At sufficiently high temperatures, this approaches the classical ideal gas equation. 

As T falls toward T 0 the pressure becomes appreciably less than the classical 

pressure for the given density. When T is lower than T 0 we may use Eqs 
(8.338) and (8.319) to find 


T <T 0 : p = kT(2rmkT/h 2 )* £ (l//) 5 * (8.341) 

7=1 

The significant peculiarity about this result is that below Tq the pressure of the 

Bose-Einstein gas ceases to depend on the density of the gas and depends only 

on the temperature. Making use of Eq. (8.308), we can put the last result in 
the form: 


T < T 0 : P V = 0.5134NlcT(T/T 0 ) H (8.342) 

This shows that at T = Tq the pressure for any given density has dropped to 
almost one-half the classical value. In one sense the equation may be mislead¬ 
ing; its apparent dependence on density is fictitious because the factor T 0 H is 
exactly proportional to N/V, so the terms cancel. 

8.4 Ideal Fermi-Dirac gas—electrons. As was remarked in § 3.6, the classi¬ 
cal approximation is not valid for an assembly of electrons because of the small 
electronic mass. Indeed the classical statistics would be approximately valid 
only at temperatures above a million degrees Kelvin, and compared with such 
temperatures, one can regard ordinary laboratory temperatures as zero to a first 
approximation. It turns out therefore that the absolute zero temperature limit 
of the Fermi-Dirac statistics is of great interest, and it is sufficient to make 
first order corrections on this limit in order to describe the situation at ordinary 
temperatures. 

The general expression for the most probable distribution-in-energy for the 
Fermi-Dirac gas, Eq. (3.512), is 

n r = w r {exp (e r — n)/kT + l} -1 (8.401) 

where n is to be found from the equation, 

N = £ n r (8.402) 

r 

The degeneracy weights co r are just double those used before in Eq. (8.303), 
because there are two spin states of an electron to each wave function as counted 
in finding the weights; see § 1.5. Thus we shall take 

co r = a >(e)de = 4ttV( 2 m/h 2 )*e H de (8.403) 

This permits us to write Eq. (8.402) as an integral: 

N = 4irV(2m/h 2 )* f {exp (e - p)/kT + 1 }~ 1 ^de (8.404) 

•A) 

As remarked at the beginning of this section, we attempt to solve this for n in 
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the limit T — 0, calling the solution no- For the Bose-Einstein gas, we found 
negative values of p approaching zero at T = 0; however, it is clear that in the 
Fermi-Dirac gas if p were negative as T —> 0, the term e u ~ ls)lkT would approach 
infinity, and the integral of Eq. (8.404) would be zero for all values of e appear¬ 
ing in the integration. Evidently this could never satisfy Eq. (8.404), so we must 
look for positive solutions of the equation for p near T = 0. 

Since p must be positive, we can consider those values of e first that are less 
than p. When T approaches zero, the term e u ~ tl)lkT becomes zero no matter 
how small e — p may be, as long as it is negative. For this part of the energy 
range, the integrand of Eq. (8.404) is therefore equal to e H in the limit T = 0. 
Next consider those values of € greater than p. In this case the term e (e ~>‘ )lkT 

becomes infinite as T —* 0, and the integrand is therefore zero in this limit. 
Equation (8.404) thus may be written in the limit 


lim T -» 0: N = 4ttF(2 m/h 2 )* f °e^dt (8.405) 

J° 

which solves to give 

Mo = (h 2 /8m)(SN/TrV) H (8.406) 

Comparing Eqs. (8.405) and (8.403), we see that in the limit T = 0 every one 
of the states given by Eq. (8.403) is fully occupied up to the energy n 0t while 
all of the states above this energy are empty. For free electrons in a metal the 
magnitude of mo is several electron volts, comparable with the work function. 
It is also of the same order of magnitude as the kinetic energy of an atom in a 
classical gas at 10 5 °K, and therefore very great compared with the kinetic en- 
ergy of atoms at ordinary laboratory temperatures. 

The total energy of the electrons in the gas is obtained from the general 
formula 

E = 2 e rttr 
r 

/i 00 

= 4wV(2m/h 2 ) {exp (e - p)/kT + \ (8.407) 

Now let T = 0 and put p 0 for p in this; then we have 


E = 4ttF(2 m/h 2 ) H f e A de = §W Mo 

•A) 


(8.408) 


The mean energy per electron at the absolute zerc^-the zero-point energy-is 
therefore 3 Mo /5, and is very large compared with the gas kinetic energy per atom 

?he e Ferm; ^ ^ is charSteristic of 

prindpir DiraC St ' CS and 18 Clearly due t0 the operation of the exclusion 

tJ°(^ funCti0 f J 0f T and X/V> we have to evaluate the integral in 
Eq. (8.404), and we could proceed in precisely the same way as in the Bose- 
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Einstein problem by expanding the integrand in a series: {exp (e — n)/kT + 1} -1 
= S exp {j(n — e)/kT J. This series has a finite sum when n < 0, so 

we can integrate it term by term and obtain the following result: 

N = 2V{2irmkT/h 2 ) ,A £ (-(8.409) 

This is exactly analogous to Eq. (8.305) in the Bose-Einstein problem, and we 
define a degeneracy temperature T 0 at which a = 0: 

N = 2V{2wmkT 0 /h 2 )K £ (-1 y~ l /j H = 1.5300V (2TmkT 0 /h 2 ) H (8.410) 

J 

When T < Tq , this fails to give a solution for /z, again because the series in Eq. 
(8.409) diverges if we try to put /z positive. In the Bose-Einstein case we were 
able to save the situation by noting that the population of the zeroth state be¬ 
came anomalously great as /z approached zero. Here we cannot say this, because 
n 0 = coq /(e M,kT +1) remains of the same order of magnitude as /z passes through 
zero. In fact here n does become positive as T drops through Tq ; because the 
series expansion (8.409) becomes invalid, we proceed instead as follows, making 
use of the fact that the zero temperature limit makes a good first approximation. 
Consider the function: 

g(e) = {exp (6 - n)/kT + l} -1 (8.411) 

which appears in the integrand of Eq. (8.404). At T = 0, this is a step function, 
being unity in the energy range 0 < e < /z and zero in the range /z < e < °o. At 
temperatures appreciably above zero, the function has its corners rounded off 
somewhat, and the step shifts a little because /z depends slightly on T. The 
object of the calculation is to find exactly how much n shifts with increasing 
temperature. The function g(e) has a gradient with respect to e that is almost 
zero everywhere except in the immediate neighborhood of e = /z. In order to 
include a discussion both of the integrand in (8.404) and that in (8.407), let us 
consider an integral of the form: 

f(e)ff(e)de (8.412) 

0 

where /(e) is a monatonic increasing function of e starting from zero when e is 
zero. Because of the special character of the function g(e), we can integrate 
Eq. (8.412) by parts and obtain a new integrand that is different from zero only 
over a small range of e—values, where dg(e)/de differs from zero appreciably. To 
carry this through, we write 

E(«) = f f(y)dy (8.413) 


so that 


dF(e)/de = /(*) 
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Writing the last equation into Eq. (8.412), we see at once that 


7 = F( t )g( t ) 


M _» 

- I F( 

o •'o 


i) {c7^(e)/<fe }c? 


(8.414) 


But from its definition Eq. (8.413), F(t) — 0 at« = 0, while g(t) is zero at € = oo, 
so the integrated part of Eq. (8.414) vanishes at both limits, leaving 


oo 


i = 


— f F(t){dg(e)/dt}de 
do 


(8.415) 


Because dg{i)/dt vanishes, except near e = n, we may usefully express F(e) as 
a series in powers of (e — 11 ): 


F(t) = Ffa) + (« - m)E'(m) + §(« - m) 2 E"(m) + • • • 
from Taylor’s theorem. Putting this series into Eq. (8.415), we get 

I = ~ £ (l/r!)F r (ji) f (e - „y{dg( e )/de\d ( 

r =0 *'0 

Write 2 = (e — ii)/kT, then from Eq. (8.411), 


(8.416) 


(8.417) 


kT{dg(e)/de] = — eV(l + e*) 2 


(8.418) 


and Eq. (8.417) becomes 


I = E (l/r\)F'(n)(kTY f 2 r {eV( 1 + e ‘) 

r=0 J-nlkT 


}dz 


(8.419) 


1 he integrand here is practically zero, except in a small region around the value 

2 = 0, so the lower limit can be changed to minus infinity without making any 

difference to the integral. We next observe that Eq. (8.418) is symmetrical with 
respect to sign changes in 2 : e*/(l + e*) 2 = + e~*) 2 . From this it fol- 

X oo 

2 r {e 2 /(l + e*) 2 \dz = 0, while if r is even, we can write 

- 00 1 

the integral as twice that over half the range, viz., from zero to infinity, thus: 

I = E {2/(2»)!}F*G0(*T)*» fV {«-/(! + e~*) 2 \dz (8.420) 

Expanding 1/(1 + e ) 2 by the binomial theorem, one obtains 


/ z 2n {e 7(1 + e~*) 2 \dz = £ (-l)^- 1 f X jz 2n e~ 3 

0 7 = 1 *^0 


dz 


(Pierce’s Tables #493) = (2n)! £ (- l)^7i 2n unless » = 0. In case „ = 0 
we can write down the r = 0 term in Eq. (8.419) at once, because the integral 
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becomes simply - I {dg(e)/de}dt 
(8.420) becomes 



Finally therefore Eq. 


I = TO + Z 2 F 2n („)(kT) 2n Z (-iy- 1 /f n (8.421) 

n=1 y=l 

To use this result to compute the integral in Eq. (8.404), we must set 





etc. 


and we find at once that 


N = J-7T V(2m/h 2 ) 1 + f (kT/n) 2 E (-l) y “Vi 2 

7 = 1 

+ -KfcT//.) 4 Z (- l) y_1 /j 4 + • • •) (8.422) 

;=l 

Making use of Eq. (8.406) on the left of this equation, and writing in the numeri¬ 
cal values of the series on the right,* one obtains 

= y. y n 1 + (ir 2 /8)(kT/tf + (7 7r 4 /640) (kT/n)* + • • • | (8.423) 

Because in fact n is much greater than JcT this series converges quite rapidly, 
and the above three terms are sufficient for an excellent approximation. How¬ 
ever we need n in terms of no and T, rather than the reverse that appears in 
Eq. (8.423); to invert the series, we write it in the form: 

mo K = M K (1 + Y) or m = mo(1 + Y)-K 

where 

Y = (x 2 /8)(kT/n) 2 + (7 ir 4 /640) (k T/n ) 4 (8.424) 

Expanding the right side by the binomial theorem, one gets 

M = mo(1 - 2F/3 + 5F 2 /9-) 

and writing in the above value for F, and evaluating it up to terms of the order 
(/cT/m) 4 , one obtains 

n = mo{ 1 - (tt 2 /12) (kT/n) 2 + (tv*/ 720) (kT/nY + • • •} (8-425) 

The two smaller terms on the right may be evaluated in terms of no by successive 
approximation. Thus the first small term is found from the second approxima¬ 
tion: M = Mofl “ (?r 2 /12) (JcT/ no ) 2 }> while the term in (kT/nY is so small we 

* Tables of Functions, Jahnke and Emde, p. 269, defines the Riemann Zeta functions Z(z) 

= V 1 /n* and (1 — 2 1-Z )f(z) = ^ ( — l) n-1 (l/7i)* and gives tables of f(z) on p. 273. 

i n- 1 
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may put m = Mo without significant error. Finally therefore 

M = MoU - (t 2 /12)(1cT/h 0 ) 2 - (w 4 /80)(kT/n 0 )* -) (8.426) 

For most practical purposes the first two terms of this series are enough, but for 
precise estimates of temperature variations all three are needed. 



w G : ?' 4 !f £ ree . energy M of a F ermi-Dirac gas. T 0 is the degeneracy temperature 
related to the Fermi energy by Eqs. (8.406) and (8.410): kT 0 = 3.37 Mo . 



relative temperature T/T Q 
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We are now ready to evaluate the energy of the gas from Eq. (8.407), using 
Eq. (8.421) with the following definitions: 

FM = fW = y A , F"{n) = 

J 0 

F""b) = - f M -«, etc. 

Using Eq. (8.406) to eliminate V from the expression, we find 

E = |W( m /mo)^{1 + (5*78 )(kT/tf - (7tt 4 /384 ) (kT/»)*+■■ ■} 

Using Eq. (8.425) in each term on the right of this, retaining only terms up to 
(kT/no) 4 , one finally derives 

E = no {1 + (5tt 2 /12)(kT/ ho) 2 - (tt 4 /1 ^{kT/noY + * * •} (8.427) 

With Eq. (8.406) this gives E as a function of T and N/V. Keeping V fixed, and 
therefore ho constant, and taking temperature derivatives, we obtain the heat 
capacity at constant volume: 

C v = \ir 2 Nk{kT/Ho) {1 - (3tt 2 /10)(A:7 1 /mo) 2 + • • •} (8.428) 

To a first approximation this is linear in T. 

It is of interest to derive formulae for the entropy of a Fermi-Dirac gas both 
in the low and higher temperature limits. We return to Eq. (2.244) and set 

Sf.d. = k^2 {n r In (w r /n r — 1) — w r In (1 — n r /u r )} (8.429) 

r 

Using Eq. (8.401) in this we have . 

/ J 

Sf.d. = fc Z «r(*r - v)/kT + Z ko r In {1 + 

r r 

Changing from sum to integral, expanding the logarithm, and performing the 
integration term by term, similar to the derivation of Eq. (8.409), we find 

Sf.d. = (E - F)/T + 2kV{2ivmkT / h 2 )' A X) (-l^O /j)W kT (8.430) 

j 

which is valid as long as h is n °f positive, i.e., at higher temperatures. Of greater 
practical interest is the low temperature approximation, when h becomes positive 
and approaches the value ho, or more precisely, the value given in Eq. (8.426). 
To evaluate the entropy in this case, we start from the form: 

/*O0 

Sf.d. = (E - F)/T + IvlcV(2m/h 2 )* f In {1 + e^~ ,)lkT ]de (8.431) 
When T is very small we can approximate to the logarithm expression in the 
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integrand (a) when e < /z, and (b) when e > fi: 

Case (a): In {1 + e° i “ e)/ * :r } = (/z - e)/kT + e (e ~^ lkT 

Case (b): In {1 + e^~^ ,kT \ = t)lkT 

Therefore the integral breaks into two parts, and we have to evaluate 

f {e A (n - e)/kT + € A e^ ),kT }de + f e A e (ti ~ t),kT de 

Jo Jp 

Integrating the logarithm by parts, and comparing the resulting expression with 
that for E in Eq. (8.407), we find that 

S f .d. = (E - F)/T + 2E/3T = 5E/3T - F/T 
or, from the relations already derived for E and F = N/i: 

Sf.d. = (Nno/T)\(%w 2 )(kT/ fi 0 ) 2 - (t 4 /20)(kT/n 0 ) i • • •) (8.432) 

The same result can also be derived from the thermodynamic formula: 


S = ( C v /T)dT (8.433) 


and from Eq. (8.428) for the heat capacity. 

As mentioned earlier, it turns out that mo is much greater than kT for all 
laboratory temperatures, so that Eq. (8.428) means that the heat capacity of 
an electron gas is exceedingly small, only about 1 per cent, compared with that 
of a classical gas. This is specially remarkable when we remember that the total 
energy of the electron gas is extremely large compared with that of a classical 
gas, the laige eneigy lemains almost constant as temperature is increased, until 
reaching exceedingly high temperatures of the order 10 5 °K, when the Fermi- 
Dirac gas begins to turn classical. One of the major troubles with the classical 
free-electron theory of conductivity of metals was the fact that the heat capaci¬ 
ties of metals are very little different from those of nonconducting solids. If the 
metals contain free electrons in sufficient numbers to account for their high 
conductivity, these electrons ought, on the classical picture, to share in the equi¬ 
librium of kinetic energy, and so contribute a specific heat of the same order of 
magnitude as if they were ordinary atoms—which would roughly double the heat 
capacity of conductors compared with nonconductors. The fact that the Fermi- 
Dirac statistics of free electrons predicts an extremely small heat capacity con- 

tribution was one of the major factors leading to the general acceptance of the 
Fermi-Dirac statistics. 
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The lattice contributions to heat capacity vary roughly as T 3 at low tempera¬ 
tures, see § 7.2 on the Debye theory. Therefore if T can be made sufficiently 
small, the linear dependence of electronic heat capacity on T would permit it 
to become appreciable, compared with the lattice contributions; although, of 
course, both contributions are very small at such low temperatures, and accurate 
measurements are difficult. This method has actually been employed to make 

quantitative checks on Eq. (8.428), by fitting C V ,T curves to a formula of the 
type: 

C V = AT + BT 3 (8.434) 

As an example we cite recent measurements by Estermann, Friedberg, and 
Goldman on the specific heats of several metals between 1.8° and 4.2 °K.* 
Plotting C v /T versus T 2 , we would expect a straight line, with slope proportional 
to 1/0 3 , and intercept giving the electronic term N/p 0 . Actually the Debye 6 is 
not a constant over any extended temperature range, but may be taken constant 
over the liquid helium range used in this work. The results are tabulated below, 
giving the Debye characteristic temperature 6 and the electronic term A. The 
values of A can be interpreted in the light of the energy band theory of metals, 
but for this, the student is referred to the original paper. The last column gives 


Metal 

6 °K 

A X 10 4 cal/mole °K 2 

m*/m 

Copper 

315 

1.80 

1.47 

Magnesium 

342 

3.25 

1.33 

Titanium 

280 

8.00 

3.15 

Zirconium 

265 

6.92 

2.24 

Chromium 

418 

3.80 

2.93 


the effective mass of the free electron compared with its true mass, as deduced 
from the linear term in the heat capacity. 

Another interesting recent development concerns the pressure exerted by the 
electron gas in a metal. From A = E — ST and p = — ( dA/dV)r , it is easy to 
prove that 

V = 2E/3F = (2AW5F) {1 + (5ir 2 /12) (kT/ p 0 ) 2 + • • •} (8.435) 

Putting into this the numerical values ordinarily found for metals, e.g., 
N/V ~ 10 22 , /i 0 ~ 5 ev = 8 X 10~ 12 erg, we find p ~ 10 11 dynes/cm 2 , or 10 5 
atmospheres. This is the same order of magnitude as the phonon gas pressure 
and the cohesive energy in a metal. In our discussion, § 7.3, of the Born-von 
Karman theory of crystals, it was mentioned that the Cauchy relation between 
compressibility and rigidity, expected theoretically for an ideal crystal, is not 
satisfied in practice in metals. It is believed that this anomaly can in part be 
understood in terms of the electron gas pressure and its contribution to the bulk 
elasticity modulus of the metal, f 

* Phys. Rev., 87 (1952), p. 582. 

t Jules de Launay, N.R.L. Report 4083 (Jan. 13, 1953); J. Chem. Phys., 21 (1953) p. 1975. 
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relative temperature T/T Q 


Fig. 8.43. Equations of state of Fermi-Dirac and B.E. gas compared. 

8.5 Quantum degenerate monolayers. Recent experimental work on the 
adsorption of helium isotopes at very low temperatures makes it of interest to 
discuss both the Bose-Einstein and the Fermi-Dirac statistics of quantum de¬ 
generate monolayers. The results will be applied to the adsorption problem in 
the following chapter. The general formulae for the most probable distribution- 
^ri _ on g are still valid here, except that we must now use the two-dimensional 
expressions for the weights (see Problem 9 of Chapter IV): 

o>(e)de — A(2irm/h 2 )de (8.501) 

where A is the area of the assembly. The free energy parameter is determined 
by integrating the distribution-in-energy in exact analogy with the three-dimen¬ 
sional problem in Eqs. (8.304) and (8.404): 


N = A(2-irm/h 2 ) f {exp (e - fi)/kT =F 1) 


—1 


de 


(8.502) 


where the upper sign applies in Bose-Einstein statistics; the lower sign in Fermi- 
Dirac statistics. If the latter are applied to a monolayer of electrons, we have 
to double the weights; but at the moment we are interested in applying the 
formulae eventually to the isotopes of helium rather than electrons 

Confining our attention first to the Bose-Einstein case, the analogous expres¬ 
sion to Eq. (8.305) is easily shown to be 


N = A(2wrnkT/h 2 ) £ (1 /j)^ lkT 

i=l 


(8.503) 
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while the conesponding calculations of the energy of a Bose-Einstein gas start 
from 


E = A{2inn/h 2 ) f {exp (e — n)k/T — 1} 

•'0 


—1 


ede 


(8.504) 


and lead easily to 


E = AhT(2TrmkT/h 2 ) £ (1 /j) 2 e jti ' kT 

3 =1 


(8.505) 


Before solving Eq. (8.503) for M as a function of T and N/V, we note first that 
it is significantly different from the result, Eq. (8.305), in the three-dimensional 
gas, in that, whereas the series in the latter had a finite sum at its radius of con¬ 
vergence, in the two-dimensional case, the series: 

E (l/j)e illlkT = - In (1 - e lilkT ) (8.506) 

i=i 


has an infinite sum v r hen /x is put equal to zero. The sum can in fact have any 
desired value between zero and infinity by adjusting ju. This means that there 
is no transition temperature below v r hich the integration approximation breaks 

dov r n in the two-dimensional gas, and no sudden condensation into the low r est 
state. 

To solve Eq. (8.503) generally, we may v r rite Eq. (8.506) on the right and get 

1 - e " lkT = (8.507) 

where 

e = N/(2TrmkTA/h 2 ) (8.508) 

therefore 

n/kT = In (1 - e~ e ) (8.509) 



temperature in relative units: WT/n 

Fig. 8.51. Free energy /jl of a B.E. monolayer. The curve is plotted from Eq. (8.509) 
with the surface numerical density N/A = n X 10 14 ; W is the atomic weight; T is in K. 
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At sufficiently high temperatures 0 < 1, and we shall then be able to make the 
following development: 

n/kT = In 0 + In (1 — -§0 + 0 2 /6 — 0 3 /24 H-) 

= In 0 - ±6 + 0 2 /24 — OH- (8.510) 

This series is valid when 0 < 1 and includes terms up to 0 3 . At sufficiently low 

temperatures 0 > 1, and we can instead develop Eq. (8.509) in the following 
rapidly converging series: 


v/kT = - ± e - 26 - ±e~ sd - 


(8.511) 


This series converges for all positive values of 0, but is useful only for low tem¬ 
peratures or large values of 0, where it converges rapidly. 

These equations complete the specification of ^ as a function of T if we include 
the definition Eq. (8.508). 

Putting Eq. (8.510) into Eq. (8.505) gives E as a function of T y and after a 
straightforward algebraic calculation, the following result is derived: 


0 < 1 : 


" ^ e = NkT(l - \0 + 0 2 /36 -) (8.512) 

accurate to terms in 0 3 . Remembering the temperature dependence of 0 we can 
differentiate this to find the heat capacity at constant area: 


0 < 1 : 


C A = Nk(l - 0 2 /36 + 


(8.513) 


also accurate to terms in 0 3 . 

On the other hand at low temperatures where 0 > 1, we shall use Eq. (8.509) 

directly in Eq. (8.50o), use the binomial theorem on thejth power of (1 — e~ d ) 
and find exactly: ’ 


E — NkT( 1/0) 2 j 1 /j 2 + 2 (~l) r j* e rd /[j 2 rKj — r)!] 

j =1 f r=1 


r=l 


(8.514) 


At sufficiently low temperatures, the second (double) sum can be neglected com¬ 
pared with the first sum. This is true even of the temperature derivative, so 
that the low temperature limit of the heat capacity is 


0 » 1 : 


C A = 2Nk(l/0) 2 l/; 2 

j=i 


(8.515) 


Comparing this result with that for the three-dimensional Bose-Einstein gas we 

see that whereas the latter, Eq. (8.322), had a heat capacity proportional to 

T , here it is proportional to T. Moreover both the heat capacities, three- and 

two-dimensional, are independent of the number of atoms in the gas, because 6 

is proportional to N and so cancels it. Thus for the three-dimensional gas we 
may write Eq. (8.308) into Eq. (8.322) and get 


T < T 0 : 


C v = 1.925VkT H (2wmk/h 2 ) ,A £ 1 /j' A 


1—1 


(8.516) 
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while in the two-dimensional gas, we get from Eqs. (8.508) and (8.515): 

9^1: Ca = 2AkT(2Trmk/h 2 ) ^ 1/j 2 (8.517) 

o=i 

The smaller the number of atoms, the smaller the temperature range over which 
these peculiarities exist; in the three-dimensional gas they set in suddenly at 
T 0 , while in the two-dimensional gas, they come on gradually as T is lowered 
below where 6=1. It is also worth noticing that, whereas in the three-dimen¬ 
sional gas C v increases above the classical value as T goes down toward the 
transition temperature, in the two-dimensional gas Ca decreases continuously 
with decreasing T . These comparisons serve as an example, of which there are 
many in theoretical physics, of the dangers involved in extrapolating from the 
solution of a two-dimensional problem to possible solutions of an as-yet unsolved 
problem in three dimensions. 



Fig. 8.52. Heat capacity of B.E. monolayer at constant area. The numerical density 
N/A = n X 10 14 ; W is atomic weight; T is in °K. 

Turning now to the equation of state of the monolayer, we proceed from the 
expression for entropy, in the same way as we did in the three-dimensional prob¬ 
lem. Equation (8.334), being generally valid, can also be used here, but in going 
over from the discrete form to the integration approximation, we now use the 
weights of Eq. (8.501). In place of Eq. (8.335), therefore, 

0 3—1 


(8.518) 
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If we write n for the “pressure” of the monolayer in dynes/cm, we have 


and so 


UA = TS + F — E 


n = (2wmkT/h 2 ) £ (l/j)e i) ‘ lkT f e~ JtlkT d 

7 = 1 Jo 

= kT (2-tnnkT / h 2 ) £ (1 /j) 2 ^ lkT 

i=i 


(8.519) 


Comparing this with Eq. (8.505), we find 


IL4 = E 


(8.520) 

replacing the corresponding relation Eq. (8.338) in three-dimensional gas. 

Equations (8.512) and (8.514) at once lead to the equation of state in the two 
ranges of temperatures: 


High T, 6 < 1 
Low T, 6 1: 


n A = NkT(l - \e -\ -) 

II = kT(2irmkT/h 2 ) l/f 

3=1 


(8.521) 

(8.522) 



pfffnf 3 ' f 8 ’ 53 ' , Equatlon of state . of B - E - monolayer of hefium atoms. Note increased 
effect of quantum degeneracy with increased numerical densitv- nnfo „ic« *i “® reased 

in form between these curves and those of Figure 8.32 for three-dimensionafgas. eren ° e 

tbnonlv of r T I 011 " 1 w’ PreSSUre ° f the monola ^ r becomes * W 

ti°n onl y of T at low enough temperatures, independent of density. 
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Returning now to the lower sign in Eq. (8.502), we have for the Fermi-Dirac 


case: 


— oo 

N = A(2Trm/h 2 ) I {exp (e — n)/kT + 1 )~ l de 

Jq 


(8.523) 


As in the three dimensional case, the integrand again becomes a step function 
when T = 0. If ho is the value of /x at T = 0, we have 


N = A(2Trm/h 2 ) I de = {2ivm/h 2 )AytQ 

Jo 


or 


Ho = Nh 2 /2TmA 


(8.524) 


The total energy of the monolayer at T = 0 is 


E = A{2mn/h 2 ) I tdt = A{irm/h 2 )iiQ 

Jo 


(8.525) 


and using Eq. (8.524), this yields 
T = 0: 


E = bN no 


(8.526) 


The mean zero point energy per particle is one half the Fermi energy ho- 

To find h as a function of T, we first note that Eq. (8.523) can be expanded in 
the form: 

N = A(2irmkT/h 2 ) X) (-l) y-1 (l/jV' ,/ * r ( 8 - 527 ) 

i=i 


Writing 0 from Eq. (8.508), this equation becomes 

6 = In (1 + e» ,kT ) 


or 


n/kT = 6 + In (1 - e~ e ) 


(8.528) 

(8.529) 


At high temperatures this expands in the form: 


6 < 1: 


n/kT = In 6 + \Q + 0 2 /24 — OH- 


(8.530) 


while at sufficiently low temperatures, 


0 » 1 : n/kT = 6 - e ~ 9 - (a.oaij 

The limiting value of this at T = 0 is clearly the same as that given by Eq. 
(8.524). Putting Eq. (8.530) for n/kT at high temperatures into the expression 

for the energy as a function of T, yields 

E = A(2irm/h 2 ) f {exp (t — A)/kT + 1} 1( de 

Jo 


(8.531) 


= AkT{2irmkT/h 2 ) X) (-l) y-1 (l /j) 2 ^ 7 

j=i 


(8.532) 



INDEPENDENT SYSTEMS WITH QUANTUM DEGENERACY 171 



-« I _ i _ _ 1 

1 2 3 4 5 


T °K 

Fig. 8.54. Free energy ju of Fermi-Dirac monolayer of He 3 isotope atoms. The numer¬ 
ical density N/A = n X 10 14 . Any one of the three curves shown could be taken as a 
universal curve if the T axis is interpreted as atomic weight times T/n. Compare with 
Figure 8.51. 


and writing Eq. (8.530) into this finally results in 

0 < 1 : E — NkT( 1 + \0 + 0 2 /36 — • • •) (8.533) 

which is correct to terms in 0 3 . Differentiating this gives 

d <\: C A = Nlc(l - d 2 /36 -) (8.534) 

also correct to terms in 0 3 . For very low temperatures, we use Eq. (8.529) 
directly in Eq. (8.532) to find 


E - NkT(l/6) 2 ( —1) J 1 jl/j 2 + 2 (~l) r j!e re /[j 2 r\(j - r)!]!^ (8.535) 

Again at sufficiently low temperatures, the second (double) sum is negligible, 
and we are left with ’ 


6 » 1: 


E = NkT(l/6) £ (-l)i-VVj 2 

3=1 


(8.536) 


Because 6 is very large, we shall have to change the form of this series to permit 
numerical evaluation. To do this we write z = e e and consider the series 

/(*) = £ (-i y-v/j* 

J = 1 

z/'(z) = £ (-1 y-'z’/j = In (1 + z) 

;=i 


and 


(8.537) 




172 


AN INTRODUCTION TO QUANTUM STATISTICS 
This is equivalent to 

/'(z) = (l/z) {In z + In (1 + 1 /«)} 

= ( 1 / 2 ) In 2 + (1 /z) Y ( — 1) j—1 (1/2)V7 

i=i 

Integrating this series term by term yields 

f{z) = f (In 2 ) 2 - Y (—l) y-1 (l/2)Vi 2 + K (8.538) 

y=i 

where the arbitrary constant Jf is determined by comparing Eq. (8.537) with 
Eq. (8.538) at z — 1. The final result is 

f{z) = J(ln z) 2 + 2 X (-l) y ~Vi 2 “ Z (— l) y—1 (l/«) y /j 2 (8.539) 

i=i y=i 

When z is very large, we may neglect all the last sum in this expression, and so 
we find for Eq. (8.536) the following result: 

6»1: E = NkT{ §0 + (2/0) Z) (- l) j ~ l /j 2 ) (8.540) 

;=1 

The first term is evidently independent of T, from Eq. (8.508) defining 0, and 
so does not contribute to the heat capacity, which is 

0 » 1: C A = 4Nk(l/d ) £ (-1 (8.541) 

y=i 

which, from Eqs. (8.508) and (8.524), may be written as 
0 » 1: = 4Nk(kT/ hq) £ (- l) y “Vi 2 (8.542) 

i=l 

for comparison with Eq. (8.428) in the three-dimensional Fermi-Dirac gas. On 
the other hand, it may also be written in the form: 

C A = 4AkT{2irmk/h 2 ) Z ( —l) y ""Vi 2 (8.543) 

;=1 

showing that, like the Bose-Einstein gas, the limiting heat capacity at very 
low temperatures is independent of the number of atoms per unit area. The 
equation of state of the Fermi-Dirac monolayer is most easily found by first 
proving the theorem of Eq. (8.520), and this is easily done. Then we have 
directly: 

6 < 1, High T: n A = NkT( 1 + \0 + ■ ■ •) (8-544) 

6 » 1, Low T: UA = NkT{ \b + (2/9) Y (-1 ) y-1 /i 2 } ( 8 - 545 ) 

3=1 

The last equation may be written in the interesting form: 

n = (hN /A) 2 / iirm + 4rm(kT/h) 2 Y (~^)’~ l /f 


(8.546) 
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Fig. 8.55. Equation of state of Fermi-Dirac monolayer of He 3 isotope atoms. The 
numerical densities are n X 10 11 per cm 2 ; the three dashed lines are the high temperature 
asymptotes for the densities n = 2,4,8. 

which shows that the limiting pressure remaining at absolute zero of tempera¬ 
ture is proportional to the square of the surface density. 

8.6 A Bose-Einstein free volume liquid model. We saw in § 7.6 that it is 
possible to set up a phenomenological theory of the liquid phase, in which the 
atoms aie free to wander throughout a potential well that occupies the free vol¬ 
ume. A zeroth approximation consists in replacing the liquid by a gas trapped 
in a potential well of uniform depth. The atoms are then subject to the same 
statistics as the gas phase except that their energy spectrum is shifted down by 
an energy equal to the depth of the well. The depth of the well represents a 
smoothed out approximation to the van der Waals attractive forces between 
atoms, and therefore we expect to find that its depth must depend on the density 
of the liquid. We consider here the Bose-Einstein statistics of such a model. In 
finding the most probable distribution-in-energy, w’e take the variation of the 
logarithm of the Bose-Einstein number of complexions, and also the variations 
of total energy and total number of particles in the phase, combine these varia- 
tions with Lagrangian multipliers, and equate the total to zero. The fact that 
t e depth of the potential well depends on density makes our former results, 
viz., Eq. (8.301), inadequate here. Thus the expression for the total energy is 

E = H n r (e r - W) (8.601) 

r 

where «o = 0 is the lowest energy level, and W represents the depth of the po- 
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tential well. In making virtual variations of the system, we vary n r and keep 

the energy spectrum unaltered; keeping the energy spectrum unaltered means 

keeping the free volume fixed, so that varying the numbers n r means varying 
the density, which in turn varies W. Thus 

8E =2^ 5n r {€ r - (W + NdW/dN )} (8.602) 

r 

Compaiing this expression with that used in the Bose-Einstein gas, we see that 
e r is here replaced by c r — W* where 

W* = W + NdW/dN (8.603) 

"1 his correspondence carries through, as can easily be checked, and we find for 
the most probable distribution-in-energy: 

n r = co r {exp (e r - W* - n)/kT - l} -1 (8.604) 

Going over to the integration approximation, yields the following equation for 
determining the free energy >u: 

N = V f (2wmkT/h 2 )* Z (1 /j)*e J ^+ w * )lkT (8.605) 

;=i 

It is clear that we can now take over the results of § 8.3 on the Bose-Einstein 
gas, simply by substituting \x + W* for /i everywhere. For example, to obtain 
the equation of state of the liquid at sufficiently high temperatures, we turn to 
Eq. (8.334), make the above substitution, and proceed as before to Eq. (8.337). 
Here we must remember that for E we now have Eq. (8.601), and then write in 
place of Eq. (8.336): 

S = (JE - F)/T - C N 2 /T)dW/dN 

+ kV f (2wmkT/h 2 ) SA Z (1 /j)%’^+ w * )lkT (8.606) 

;'=i 

The pressure of the liquid is then found from the thermodynamic relation used 
to derive Eq. (8.337), giving 

p = (V f /V)kT(2TvmkT/h 2 ) y * Z (l/j)*e j ^+ w * )lkT - (N 2 /V)(dW/dN) (8.607) 

3 = 1 

The last part of this, depending on the potential well, corresponds to the intrinsic 
pressure of classical theory, and is clearly due to the fact that the depth of the 
potential well changes with density. 

Inspection of Eq. (8.605) at once reveals that there is so close an analogy with 
the corresponding expression for the Bose-Einstein gas, that we expect a lambda - 
transition in this liquid model due to quantum degeneracy. Thus if To is the 
temperature at which n = — W*; then: 

N/Vf = (27rmkT 0 /h 2 ) iA Z l/j H 


( 8 . 608 ) 
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For all temperatures below T 0 , the series in Eq. (8.605) diverges unless we keep 
n at this critical value — W*. The number given by (8.605) then represents 
only those not in the zeroth state. The number in the zeroth state is the dif¬ 
ference n 0 = N — VffiinnkT/h 2 ) A 1/i^, so that 

i= i 

T <T 0 : n 0 = N{1 — (T/T 0 )*} (8.609) 

exactly as in the Bose-Einstein gas. The pressure of the model liquid is 

T <T 0 : v = ( V f /V)kT{2TrmkT/h 2 y A £ l/j H - (N 2 /V)(dW/dN) (8.610) 

3=1 

Unlike the Bose-Einstein gas, the pressure of the liquid below the lambda- transi¬ 
tion point is not independent of the density of the liquid, both because of the 
potential well term dW/dN and because V/ depends on V and is not generally 
simply proportional to V. 

The energy of the liquid model is 


T < T 0 : E = %VfkT(2TrmkT/h 2 )' A 1 /j* - NW 

3=1 

and the heat capacity below the lambda -transition is 


(8.611) 


T < T 0 : C v = 1.925Nk(T/T o y A - N(dW/dT) v (8.612) 

In the ideal gas it was noted that the heat capacity had no discontinuity at the 
transition temperature, only a break in its temperature derivative. The extra 
term in C v , here due to the potential well, may or may not contribute a discon¬ 
tinuity to the heat capacity. One would occur if the temperature derivative of 
W were discontinuous at the lambda- point: 



Fig. 8.61. 
model liquid. 


AC V = -NA(dW/dT) v (8.613) 



Comparison between heat capacities of liquid helium and Bose-Einstein 
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# 

The dependence of the transition temperature on density is modified in the 
liquid model insofar as V/ is not proportional to V, as can be seen from com¬ 
paring Eqs. (8.608) and (8.308). Differentiating Eq. (8.608) with respect to To, 
one finds 

d In ( N/V)/d In T 0 = f + d In ( V f /V)/d In T 0 (8.614) 



log T°K 

Fig. 8.62. Comparison between Zam6c?a-lines of liquid helium and Bose-Einstein 
model liquid. 

If this model is used to discuss the properties of liquid helium at its lambda- 
transition, we substitute the observed numerical density N/V for the liquid and 
the mass of a helium atom for m in Eq. (8.608), and try to adjust Vf/V so that 
Tq coincides with the observed transition temperature T\ = 2.19 °K. Unfor¬ 
tunately the required ratio Vf/V turns out to be greater than unity, which 
violates the physical picture behind the free volume model. 

A significant improvement in this model can be made as follows. In setting 
up Eq. (8.605) to determine /x, it was assumed that the same energy spectrum 
as in an ideal gas was appropriate for the liquid, except for the potential well. 
Obviously this is an oversimplification, and w r e may seek some relatively simple 
modification of this spectrum in an effort to make a more realistic model for 
liquid helium. An early suggestion due to F. London was very useful. This 
was that the spectrum remained essentially the same as that of an ideal gas but 
that the effective mass of each atom was increased. This hypothesis is a priori 
attractive for two reasons. First, it is a familiar result of hydrodynamics that 
any macroscopic body moving through a liquid has an increased effective mass 
because of the inertia of the liquid which its motion has to displace. Second, the 
motion of an atom among surrounding atoms may be compared with the motion 
of an electron in a lattice potential, and it is known that the lattice potential 
field results in a modified effective mass for the electron. Then if an effective 
mass m* replaces m in Eq. (8.608) we can adjust m* so that the transition tempera¬ 
ture becomes identical with T\ for liquid helium. Thus if V/ = V, m*/m = 
To/Tx = 1.43. 

A further suggestion is also of great interest: that the lowest states have a 
finite energy gap between them and the other “excited states” in the spectrum. 

In working out the statistical formulae, these lowest states then have to be 
counted discretely, only the excited ones being amenable to the integration ap- 
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proximation. This leads to a considerable complication of the analysis, because 
the integrals are no longer between zero and infinity. The results are, however, 
encouraging: a finite jump in heat capacity occurs at the transition, and the 
heat capacity curve below the transition becomes sharper, and so fits the ob¬ 
served curve for liquid helium much better. A further advantage is that by 
virtue of the energy gap, transitions between the lowest states and the excited 
states are inhibited, and the particles in the lowest states are therefore unable 
to exchange momentum with the rest of the fluid: in other words the model 
“explains” the superfluidity of the lowest states. This model is of course nothing 
more than a phenomenological hypothesis, and before it can be taken very seri¬ 
ously, it will require justification in terms of a detailed molecular theory; not 
too much pi ogress in this direction has yet been made. It is, however, a very 
fruitful hypothesis and forms the basis of the two-fluid model of liquid helium 
to be discussed in more detail in the next section. 

8.7 Bose-Einstein gas with prescribed total momentum and the two-fluid 
model for liquid helium. In § 4.9 we developed the general expression for the 
most piobable distribution-in-momentum, given a prescribed total momentum 
P for the whole assembly. For the Bose-Einstein gas, the result obtained was 

n p = w p( ex P (<p ~ v p + \mv 2 - n)/kT —l)" 1 (8.701) 

vheie v is the mean paiticle velocity (drift motion) due to the prescribed mo¬ 
mentum P — Nmv. In the light of § 8.3, we may now look for a condensation 

in the momentum distribution at a low enough temperature. Summing over all 
the momentum states: 


N = E“pZ {exp [j(p - «p + vp - \tnv 2 )/kT}\ 

p ;=i 


(8.702) 


Writing <o p = (V/h 3 )d Vl dp 2 dp 3 , £p = {p 2 + P2 2 + pS)/2m, and vp = v lPl 

+ v 2 p 2 + v 3 p 3 , the sum over p can be treated as a triple integral, and after some 
elementary calculations, we find that Eq. (8.702) goes over precisely to the same 
result as for the distribution-in-energy, viz., Eq. (8.305). The condensation 
therefore occurs exactly as before, when m —;► 0, and at the same degeneracy 
temperature as given by Eq. (8.306). Below this temperature we must exclude 
the lowest state from the integration approximation, and consider it separately 
as in Eq (8.310) The lowest state, however, is now given by the minimum 

F Zer ° Q V 7 nn ul expression e ? - V P + bnv 2 , appearing in the exponent of 
Eq. (8.701). This expression ,s just (p - mv) 2 /2m, since £p = p 2 /2m, and 

therefore the momentum state into which the condensation occurs is exactly 


p = mv = p 0 


The number in this state is the same as given in Eq. (8 311V 

n p0 = AMI - ( T/T 0 ) y *( 


(8.703) 


(8.704) 
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\\ e notice particularly that the condensation is not into the lowest energy state, 
but into the one momentum state that happens to coincide with the mean atomic 
velocity vector due to the prescribed total momentum. All the n p0 atoms have 
exactly the same momentum. The remaining atoms, the normal fraction of the 
liquid, are still distributed over the whole spectrum in the normal fashion, their 
average making a contribution to the total prescribed momentum. 

These results are of great interest in connection with the two-fluid model of 
liquid helium already mentioned in the last section. Here we consider a model 
with a special energy level spectrum designed to lead to a two-fluid effect in a 
Bose-Einstein gas. The particles condensed into the momentum state po will 
be called the low-energy semiphase, the remainder the normal semiphase. The 
reason the two semiphases can be considered separately will be evident shortly. 
We suppose that the energy of any atom depends in a completely normal fashion 
on its momentum, whatever that momentum may be: 

€ P = p 2 /2 m (8.705) 

but that a critical momentum exists, p c , relative to a co-ordinate system at rest 
with the center of mass of the normal semiphase, such that the density of states 
co p is anomalously small for all momenta less than p c . In Eq. (8.705) the mass 
m may be an effective mass rather than the true mass. To match the properties 
of liquid helium, it is found that the critical momentum p c must be roughly 
equal to the momentum of a helium atom moving with the speed 30 cm/sec. 
The number of states in a normal spectrum having momenta less than this is of 
the order 10 13 , so it is possible for the postulated anomaly to reduce the number 
of states by many orders of magnitude, and still leave a very large number of 
states available for the low-energy semiphase: so many indeed that in summing 
over these states, an integration approximation can still be used. Except for the 
one state into which the condensation occurs, the population of the other states 
is proportional to the degeneracy of the state, and hence the population of the 
low-energy states can be made very small compared with the states just above 
the critical momentum p c —except of course for the one state containing the 
condensed semiphase. If the assembly has zero prescribed momentum, con¬ 
densation occurs into the lowest energy, and p = 0; there is effectively a gap in 
energy, p 2 /2m, between the condensate and the next state, just above p c , with 
any appreciable population. The quantum theory of transition probabilities 
shows that these probabilities are proportional to the density of states into 
which the transition occurs, while they decrease rapidly with increasing energy 
difference between the two sets of states involved. Therefore there will be much 
fewer than the normal number of transitions between the low-energy semiphase 
and the normal semiphase states. Also, because almost all the atoms in the low 
energy states have exactly the same momentum, there can be practically no 
viscosity in the low-energy semiphase, and no friction between it and the norma 
semiphase. Therefore we can regard the low-energy semiphase as a separate 
superfluid that can be given a mass momentum different from and independent 
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of the motion of the normal semiphase. Indeed, this internal relative motion 
between the two semiphases is a new constant of the motion, characteristic of 
this model, that can be prescribed in advance. Alternatively, we may prescribe 
individual total momenta for each of the two semiphases, using parameters like 
y of Eq. (4.902) for each one. To see exactly how this goes, we have to start 
again from the beginning. The restrictions replacing Eq. (4.901) are now: 

N = Z «p, E = Z «p«p ( 8.706) 

P P 

p * = Z Pnp, P 3 = Z P«p 5 (8.707) 

P>Pe P<Pc 

The argument proceeds exactly as before, and we arrive at the following distri- 
bution-in-momentum: 


IP - PnI < p c : Up, = to ps {exp (a + /3« ps + y„P 5 ) - 1) _1 (8.708) 

IP-P»l>Pc: « P = £o P {exp (a +/3f p + Y„-p) - l)- 1 (8.709) 

where p„ is the mean drift momentum P„/ N n of the normal semiphase. 

It can be shown that in approximating to the sum N n = n v by means of 

P >p c 

an integral, it makes very little difference to leave out the states below the small 
ciitical momentum p c , and the integral can be taken from zero up, to a good 
enough approximation. Therefore the parameters a and y n turn out to have 
the same interpretation as before, in terms now of the normal fluid alone: 


Y* = -Vn/kT | 

a = —n/kT + \mVn/kT\ 


(8.710) 


where v n = p n /m is the velocity of the center of mass of the normal fluid. Re¬ 
calling that y n is determined from the prescribed momentum of the normal 
fluid, we know also that y 8 is determined from the prescribed momentum of the 
superfluid upon condensation. Condensation occurs when the series obtained 
by summing Eq. (8.709) begins to diverge, at „ = 0; and we require this conden¬ 
sation to occur into the state having the prescribed momentum p s = V./N . 
his can be secured only by adjusting the parameter y 3 so that this state p*, 

I”* f make the ex P°nent in Eq. (8.708) go to zero when M = 0. Using 
Eq. (o.710) for a, we therefore need & 


2 m ( v n 2 + v 8 2 )/kT + my 8 -v 8 = 0 

The interpretation of y„ is evidently not as simple as that of y n 
of the normal fluid is prescribed to be zero, 


(8.711) 
If the motion 


v n = 0: 

If on the other hand v n and v 8 


Y«-2 v s /kT (8.712) 

are prescribed in such a way that the center of 
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mass of the whole mixture remains at rest, N n v n + N 8 v 8 = 0, we find instead, 
after some elementary algebra: 

y s = -£v s {l + (. N s /N n ) 2 }/kT (8.713) 

If the momentum of the superfluid were prescribed to be greater than p c , 
nothing in the foregoing algebra would break down, but the condensation would 
send the system into one of the states having normal degeneracy and interacting 
strongly with the normal fluid; this would destroy the superfluid character of 
the condensed part and forbid our having prescribed its momentum as an inde¬ 
pendent constant. The velocity corresponding to p c is therefore a critical velocity 
above which the superfluid can no longer exist as a separate semiphase without 
viscosity. This result corresponds to the observed phenomenon in liquid helium, 
that a critical velocity exists, roughly 25 or 30 cm/sec, above which the relative 
motion ceases to be free of viscosity. 

One of the most important characteristics of the superfluid liquid helium is its 
apparent zero entropy. We shall show how the present model takes care of this 
anomaly. The vast majority of the superfluid atoms are condensed into one 
state, co 8 — 1, and therefore make no contribution to the entropy; this can be 
seen from the basic definition of entropy, Eq. (3.401), where S = k In (7, and C 
is given by Eq. (2.223), a product of contributions from all states: 

(rik + a>/c — 1) V n k ! (uk — 1)! 


In fact any state for which o>k — 1 can make no entropy contribution, because 
C = 1 for such a state. Even if the lowest state is degenerate, co s being a few 
units but o) 8 <<C n s , its contribution to the entropy is still completely negligible. 
Thus when n 8 » u s we have In [(n 5 + qj 3 — l)!/(co s — l)!n s !] = (w s — 1) In n 8 
— In (co 8 — 1)!. The entropy per particle is therefore not greater than 


k(a) 8 /n 8 ) In n 8 

and as soon as an appreciable number of atoms enter the lowest state, n 8 ~ 10 19 , 
so that even if we allow co 8 to be as large as 10 10 for example, the entropy per atom 
would still be no greater than 10 -7 A;. 

Finally consider the other low-energy states, between zero and the critical 
momentum p c . All the energies involved in these states are much less than kF, 
even for T ~ 10~ 3 °K. Therefore in the expression for the entropy we may ap¬ 
proximately set e~ (p ^ kT =1 — e p /kT. Thus in Eq. (8.334) for the entropy of 
a Bose-Einstein gas, we put n = 0, because we are below T 0 , and approximate 
to Eq. (8.301) with n p = o) p kT/e py so deriving 

S = k Z cop - k £ «p In (tp/kT) (8.714) 

P<Pc P<Pc 


In the normal part of the spectrum, above p c , the weights co p are equivalent to 
on the continuous approximation, where co = 2irV(2m/h 2 )' 2 ; see Eq. 
(3.204). In the superfluid states we now assume the spectrum to have the same 
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general form, but leave open the magnitude of w. The sums again go over into 
integrations that can be evaluated immediately, yielding the result: 

£ = fwfc« 0 **{•§• - In (to/kT)) (8.715) 

where e 0 is the energy corresponding to p c : « 0 = Pc 2 /2m. If the spectrum were 
normal, a ~ 10 40 per cm 3 , and S ~ 10 14 fc. If there are 10' 9 atoms in the low- 
energy states, this entropy would be 10 -5 fc per atom, and this is to be considered 
a noim against which the superfluid entropy is to be compared. If in the model 
we now i educe w a millionfold to 10 4 °, we would reduce the entropy by the same 
factor compared with the normal spectrum. In the normal spectrum there 
would be a total of about 10 13 states with momentum less than p c (30 cm/sec), 
and in the anomalous spectrum of this model only about 10 7 states. This num¬ 
ber still leaves plenty of freedom for the superfluid, without any measurable 

entropy. We shall return to a more detailed discussion of this two-fluid model 
in the last chapter. 

8.8 Entropy and the Heisenberg uncertainty principle. The foregoing dis¬ 
cussion of the entropy of helium superfluid raises an interesting question regard¬ 
ing both Fermi-Dirac and Bose-Einstein statistics. Very frequently the indi¬ 
vidual energy levels are strictly nondegenerate, <o r = 1, so that in Eq. (2.223) 
and Eq. (2.231) the numbers of complexions C f .d. and C b .b. are both exactly 
unity, and the entropy S = fc In C is identically zero. Experimentally this is 

Z TO 0 n J: °5“y ; ve . forget this point, go over to the form given in Eqs. 
(2.243) and (2.244), having employed the Stirling approximation on the assump¬ 
tion that all the numbers involved are very large; and this gives the experimen- 
al y confirmed results. To put the theory into a form where the numbers and 
weights are actually large, we have to lump together a large number of energy 
levels co(e)de in a small energy range de, and consider the number of particles in 
each energy range as determining the distribution-in-energy. Then if n( ( )de is 
substituted for n h and «(«)de for coy in Eqs. (2.223) and (2.231), we are justified 

ln the f Stlr ing approxima ti°n and proceeding to the usual results. 

1 he question is: since the energy levels are really nondeeeneratp nno-hr roo 
not strictly to stay with the discrete analysis and find C = 1, S = 0? There is 
clearly an inconsistency here: the experimentally confirmed results are obvionslv 

Semmalhrou^h the HdlTb aPPearS t0 ° nly ° ne logical escape from this 

aiiemma, through the Heisenberg uncertainty relation. The life-time of anv 
one particle in any one of the nondegenerate energy states is finite sav A, Z 
most assemblies of interest At is of the order of a few microseconds’or lest Thts 
means ere is an uncertainty m the energy given by AeAl ~ 10~ 27 erg/sec If 
the discrete nondegenerate enerev snectrnm h., c i i • , . erg/sec - 

range given by this relation, we Se compTeTelt iusTfi H u" ™ 

interval A e is comparable with or less ln ri ^ ° ther hand the ener ^ 
ate energy levels of the spectrum we are imt iuttTfi d n0ndegener - 

approximation, and the entropy must be regarded as ^sltel^ero COntmU ° U8 
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To see how this works in practice, consider a gas of photons whose life-times 
are equal to n wave periods: At = n/v. Since E = hv, the uncertainty principle 
gives Av/v = 1/n. Equation (8.106) for the density of states allows us to find 
the number of states in this frequency range: for visible light in a box of 1 cm 
side we find for example with v = 10 15 per sec, 10 15 /n. Ordinarily the 

number of waves in a single coherent train is certainly less by many orders than 
10 15 ; hence coy» 1, and the uncertainty relation saves us from the dilemma. 
However, one could easily imagine a situation where this was not the case. For 
instance, if we made the box very small, perhaps 10~" 2 cm on a side, with perfectly 
reflecting walls, and if we imagined the coherent waves to number 10 9 in length, 
visible light would then have a Ae roughly equal to the spacing between the 
levels, and Eq. (8.106) would lead to c o(e)de^ 1. Therefore we should in this 
case stay with the discrete picture and write (7=1, and S = 0. The usual 
black-body radiation at a temperature of 1000 °K has entropy in such a small 
box of about 10 8 A;; this entropy must be considered a direct consequence of the 
uncertainty principle, because the life-time of coherent waves is much shorter 
than 10 9 wave periods and their energies are less sharply determined. 

Consider next an electron gas with Fermi-Dirac statistics in a normal con¬ 
ductor. The mean free path is of the order 10“ 7 cm, the mean speed correspond¬ 
ing for example to a Fermi energy of 1 ev giving a mean life-time of the order 
10“ 5 sec between collisions. The uncertainty in energy induced by this short 
life-time is of the order 10“ 12 erg. The number of states in this energy interval, 
given by Eq. (8.403) at energies near 1 ev, turns out to be no less than 10 34 per 
cm 3 . So the continuous approximation is very secure here. But in a supercon¬ 
ductor where currents can persist for days, one might guess a life-time greater 
than 1,000 sec, an energy of 0.01 ev, and take a volume as small as 10~ 5 cm thick 
and come out with only one energy state within the uncertainty range. Here 
the entropy would be absolutely zero, contrary to the results of the continuous 
approximation. 

Finally consider the superfluid film of liquid helium. It is found in practice 
that this film carries no entropy; in fact, a capillary that is narrow enough will 
pass superfluid only, and filter out entropy at the entrance. The critical diam¬ 
eter is of the order 10“ 5 cm; any wider capillary allows entropy and normal 
fluid to pass. For a Bose-Einstein model of this, in terms of § 8.7, we may con¬ 
sider the energy intervals between different states given by Eq. (1.303): Ae == 
h 2 /S 7 rmL 2 ~ 10 -23 erg. Therefore a time uncertainty not less than At ~ 10 
sec would narrow down the energy uncertainty to less than the above interval. 

In fact evidence from the high thermal conductivity in liquid helium indicates 
that the relaxation time for transitions between states is not less than 10 sec, 
so that we should regard (7=1, and S = 0. This picture also explains why 
wider capillaries cannot filter out the entropy; for the wider capillaries, L is 
larger and the energy intervals narrower, so it becomes possible for the uncer¬ 
tainty principle to blur the energy levels and so create entropy in the norma 

fashion inside the capillary. 
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EXERCISES AND PROBLEMS 

1. Prove the last steps in Eqs. (8.109) and (8.111). 

2. Derive Eq. (8.107) without assuming Eq. (3.511). 

3. Derive Eq. (8.205) from Eq. (8.204). 

4. Verify Eqs. (8.212) and (8.211). 

6. Check the developments quoted in Eqs. (8.328), (8.329), (8.330), and (8.331). 

6. Find the density-in-energy of a nondegenerate spectrum defined by 

E n = 7 £ (njkt/Wi 

y=1.2,3 

where n,- are positive integers, L, the linear dimensions of the enclosure, Ay standard 
lengths, and y, cj arbitrary constants not necessarily integers. (Hint: find the volume in 
n-space enclosed between an energy surface and the three planes n,- = 0.) 

[Answer: u(E) = (L 1 L 2 L 3 /X 1 \ 2 A 3 )r(i + ci)r(l + c 2 )r(l + c 3 )E c ~ l /T(c)y e , where 

c — Cl -+- C 2 + C 3 .J 

\ G : ven 1 Bose -Einstein gas of N systems having an energy spectrum like that de- 
S ivenb m previous P r °t>lera, show that the Zam&da-transition temperature T 0 is 

N = (LiL 2 L 3 /Ai\ 2 A 3 )r(l + Ci)r(l + c 2 )r(l + c 3 )(kT 0 /y) c Z 1/j* 

J 

8. Show that the heat capacity of the gas in the previous two problems, for T < T 0 is : 

c v = Nkc( 1 + c)(T/r 0 y z a/j e+i )/z am 

> i 

Show that a discontinuity in heat capacity occurs as T rises through T 0 : 

ac„ = -Nkc 2 z (i m/z a/j c ~') 

i i 

(Hint: Fmd d( M /kT)/ dT by differentiating the N,n equation and then let ti = 0 ) Discuss 
then the nature of the discontinuity for the special cases c = |3 6. ' discuss 

. , Reduce the number of dimensions in Problems 6, 7, and 8 to two, and find a SDec- 

tium that will produce a famfcda-transition and heat capacity discontinuity in the mono 
layer; compare with the ideal gas spectrum. y m tne mono ‘ 

10. Check the developments given in Eqs. (8.425), (8.426), and (8.427) 

<8 ' 430> “ <1 (8 ' 432, “ 0Utl “ d “ *»« “• Also £ E,. (8.433) (o 

12. Prove Eq. (8.434) for the pressure of an electron gas. 

13. From Eqs. (8.406) and (8.410) prove that = 1.01 kT 0 

elastic m°o“uU offend ° f ^ ^ ° f the Deb ^ m °des on the 

16. Verify Eqs. (8.503) and (8.505). 

2: cK £ S;;: gs»u w ®g>>. »«mh). 

19. Sketch isotherms of an ideal wLSt 9, (8 ‘ 531) ’ ( ?; 535 )- and (8.539). 
phase boundary is present corresDondimr g i“? T a ?’ F dla S ram - Show that a 

- constant. *££££* give „ by , he 

S Writedo^tkc'dSif Fermi - Di '“ 
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22. Show that Eq. (8.305) can be derived from Eq. (8.702) as described in the text. 

23. Derive Eqs. (8.708) and (8.709). 

24. Derive Eq. (8.713). 

25. Derive Eq. (8.715). 
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Chapter IX 


PHASE EQUILIBRIA AMONG QUANTUM 

DEGENERATE SYSTEMS 



9.1 Adsorption isotherm for mobile monolayer: Bose-Einstein gas. Physi¬ 
cal adsorption of a quantum degenerate gas is a particularly simple example in 
terms of which one may discuss the general problem of phase equilibria, and it 
is m itself of interest in the study of the properties of helium at very low tempera¬ 
tures. Before following the analysis of this section, the student is advised to 
review § 5.1, where the same problem was solved in classical statistics. 

• • ^ se ‘ Elnstein analog of Eq. (5.102) gives the total number of complex¬ 

ions m the distnbution-m-energy specified by the numbers n gr in the rth level 
of the parent gas, and n fJ in the jth level of the mobile two-dimensional film: 




( Ugr + 0) gr — 1 ) ! 
^gr K w gr 1)1 



( n fj + <*>// — 1 ) ! 

— 1)1 


(9.101) 


There are no other factors multiplying this, because the number of different 

ways m which the total number N of indistinguishable atoms can be divided into 
two parts N g and N/ is exactly unity. 

U nderthft rithm f t ° be maximized by varying the numbers n gr and n„ 
under the two restrictions that N and E are conserved: 


^ ~ 2^ n gr + 2^ Ufj 

r j 

E ~ 2 n gr*gr + 

r j 


(9.102) 

(9.103) 


The variation equations are therefore once again [compare Eq. (5.114)]: 

(d/dn er )(ln C - aN - pE) =0] 

(d/dit/j) (In C - a N - &E) = oJ (9.104) 


the n/s and the other^nly tW0 parts ’ one de Pending only on 

e a other only in the n/s, so the results follow in the same way as 
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before [compare Eq. (5.117)]: 


n er = co gr {exp (e gr - n)/kT -l) -1 
n fi = {exp ( €/j - - ft)/kT - l} -1 


(9.105) 


where as before we have written a = ~n/kT and /3 = 1/kT. The value of n 
is to be determined by summing both Eqs. (9.105) and equating the total num¬ 
ber to N in accord with Eq. (9.102). These equations are identical with those 
obtained for separate assemblies, but with the same n in both as a result of the 
mutual equilibrium between the two. We again adopt the integration approxi¬ 
mation, using the degeneracy weight factors Eq. (8.303) in the gas and Eq. 
(8.501) in the film: 


oo gr —> u g (e)de = 2irV (2m/h 2 ) A e A de 
cofj —> c of(e)de = 2wA (m/h 2 )de 

Let W be the energy of adsorption; then we picture the film as a two-dimen¬ 
sional gas trapped in a potential well of depth IF. The lowest energy of an 
atom in the film is —IF, and the highest energy is zero, if we take the lowest 
energy in the gas as zero. The integration approximations are then: 


(9.106) 




- p)/kT - \ )~ l de 


r w 

N f = I co/(e) {exp (e — n — W)/kT - 1 }^de 


(9.107) 

(9.108) 


As long as /z is negative and large compared with kT , as it is at low enough tem¬ 
peratures, we may substitute infinity for the upper limit TF on the integral in 
Eq. (9.108). The integrals are then identical with those already studied in the 
separate phases, Eqs. (8.304) and (8.502): 

N g = V{2irmkT/h 2 Y A £ (1 /j H )e" lkT (9.109) 

;=i 

N f = A{2irmkT/h 2 ) £ (1 /j)e?^+ W)lkT ( 9 . 110 ) 

3= 1 

If the temperature is not too low, /x + TF must be negative, and the series in 
Eq. (9.110) converges; hence the same results as obtained in § 8.3 and § 8.5 for 
the pressure remain valid here, and thus from Eq. (8.337), 

V = kT(2irmkT/h 2 y A £ (1 /j M )^ ,kT (9.Ill) 

y-i 

and from Eq. (8.519), 

n = kT(2irmkT/h 2 ) X) (\/f)e>^ +W) ' kT (9- 112 ) 

y=i 

while the parameter \i is found from Eqs. (9.109) and (9.110). 



PHASE EQUILIBRIA AMONG QUANTUM DEGENERATE SYSTEMS 187 


For all interesting examples, like helium near 4 °K, the quantity (2wmkT/h 2 ) 
is of the order 10 14 per cm 2 , so that as long as the series in Eq. (9.110) converges, 
the value of N//A is only some 10 -7 times that of N g /V; the number Nf is then 
entirely negligible compared with N g in the equation determining n, viz., N = 
N g + Nf. Indeed, we can write the equation simply as Eq. (9.109) with N re¬ 
placing N s . This coincides with the equation determining n in the absence of 
the film: Eq. (8.305). The result will then be the same as in §8.3, viz., Eq. 
(8.329). If we use this expression for n/kT in Eq. (9.110) we find N/ as a func¬ 
tion of T, and it is convenient to express this in the following form, making use 
of the definition of F 0 in Eq. (8.324): 


N/V/NgA = (2irmkT/h 2 )~^e wlkT [l + a(V 0 /V) + b(V 0 /V) 2 -1-| 

where 

a = 1.306e wlkT - 0.924 1 

b = 2.270e 2WlkT - 2A\2e wlkT + 0.393J 


(9.113) 

(9.114) 


In Eq. (9.113), N is essentially equal to N g , the assumption being that Nf is 
much less than N g . This gives the ratio of the number adsorbed to the density 
of the parent gas. If we wish instead to find the number adsorbed as a function 
of the pressure of the parent gas, or vice versa, this can be done if we use Eq 
(8.340) for the pressure of the gas, and eliminate (V 0 /V) between this and Eq. 
(9.113) by reversing the series. This is left as an exercise. 

Inspection shows, from Eq. (8.329), that at sufficiently large volumes the 
quantity n/kT is negative and even lower than -W/kT, so that the series in 
Eq. (9.110) does converge. But certainly, for any given T, there exists a volume 

appears to equal -W/kT, at least if it is found from Eq 
(8.329). If however, we put m = -Win Eq. (9.110), the series diverges, and 
we can no longer neglect Ay in finding m, as we did in using Eq. (8.329). This 
situation is mathematically identical with that appearing at the condensation 
of the Bose-Einstem gas into its lowest state, with the film now taking the role 
of the lowest state. Following the same line as in Eq. (8.309), we may now 


N = N f + V(2TrmkT/h 2 Y A ^ (l/j H )&* tlkT 

;=l 


(9.115) 


the equation determining At volumes F > Y„ we may still neglect N, as 
fe detoed“by SI>PTOaCh ' S V ‘ v * r)r '“J 1 . »/ becomes appreciable;V, 

N = VtfirmkT/h 2 )* £ (1 /jX)e-t w ' kT (9 . 116) 


;= l 


However, when V is less than V u M must approach -IF more and more closelv 
and can be written exactly equal to - IF in the series of Eq. (9.115) : Y ’ 

V < Vi: N = N/ + F {2-n-mkT/h 2 )' A ^ (l/j H )e~ JwlkT 

i -1 


(9.117) 
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This will result in demanding IV/ to be of the same order of magnitude as N, and 
can then, through Eq. (9.110), tell us just how close to —IT we have to make n. 
Of course the film cannot hold an indefinite number of atoms, and the condensa¬ 
tion into the film must stop when the film is filled up. This can be taken care of 
in the theory by allowing W to drop to zero when the population fills the film. 
This may be expected to happen when the density of atoms in the film per square 

centimeter reaches the order of magnitude of the surface density of atoms in the 
liquid phase. 

The pressuie of the parent gas, at which the density in the adsorbed film sud¬ 
denly begins to increase anomalously, is to be found from Eq. (9.111), with p 

= — W : 


V < V x : p = kT{2irmkT/h 2 y A £ (l/f A ) e - jwlkT 

j=i 


(9.118) 


a foimula which remains true as the condensation continues, because p remains 

almost equal to W below the transition point. For isothermal compression, 

this pressuie lemains constant, in close analogy with the first order phase change 
from vapor to liquid. 

The results of this section will be used later in the theory of multilayer adsorp¬ 
tion, and in the discussion of adsorption isotherms of helium at very low tem¬ 
peratures. The remarkable thing about these results is that the Bose-Einstein 
statistics predictions are very different from the classical statistics, even at 
temperatures that are actually much too high for quantum degeneracy to have 
any effect on a single phase assembly—the latter can occur only when p ap¬ 
proaches zero; the present effects occur when p approaches —IF, and this hap¬ 
pens at considerably higher temperatures. 

9.2 Adsorption isotherm for mobile monolayer: Fermi-Dirac gas. In study¬ 
ing the equilibrium between a Fermi-Dirac gas and a two-dimensional Fermi- 
Dirac film, we may proceed exactly as in the last section, writing out the Fermi- 
Dirac analog to Eq. (9.101), following through Eq. (9.102) to Eq. (9.104), and 
arriving finally at the Fermi-Dirac analog of Eq. (9.105), which reads: 


n gr = Mgr {ex p (e gr - p)/kT +1} 1 1 

n fo = <*>/;{ exp (€ fj - p)/kT + l}” 1 1 


(9.201) 


the value of p being determined by summing these equations and equating their 
total to N. Again these equations are identical with those for separate phases, 
but with the same free energy p in both. Formally this equation determining p 
may be found by using Eqs. (8.409) and (8.527): 

N = V{2irmkT/h 2 Y A £ 

j=i 

+ A(2irmkT/h 2 ) £ (-1 (9.202) 

j=i 


if we take the zero of energy at the lowest state of the atom in the parent gas 
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and the energy of adsorption as equal to W. If applied to electrons, a degeneracy 
spin factor of 2 appears in both sums. There are two difficulties with this equa¬ 
tion. In the first place, as mentioned in connection with Eq. (8.409), the series 
for N g is generally of no use for successive approximations because the terms get 
progressively larger. In the second place, the series for N f , derived from Eq. 
(8.527), includes all energies up to positive infinity in the film, whereas in the 
present problem, any atom with energy greater than zero would automatically 
be counted out of the film—it would be evaporated into the gas. This led to no 
trouble in the Bose-Einstein case, because ju was there always negative and be¬ 
low TT. Here this is not so. The film is essentially inside a potential well of 
depth W and contains no stable states of energy higher than the walls of the well. 
We must therefore follow through the determination of m from the beginning, 

starting from the following equation, which is rigorous as far as the integration 
approximation is valid: 


N = iirV(2m/h 2 ) % I {exp ( € - ^)/kT + l) _1 e H d € 

Jo 

r° 

+ 2A(2Trm/h 2 ) I {exp (e - n)/kT + lj-'de (9.203) 

J —W 

including electron spin weight 2. 

If we were interested in electrons, we would find that the absolute zero of 
temperature is a good approximation to ordinary temperatures, and we there¬ 
fore solve Eq. (9.203) in the limit of zero T. Later we wish to discuss the ad¬ 
sorption isotherms of helium isotope of mass 3, and the discussion of Eq. (9.203) 
at all temperatures will be undertaken. 

At the absolute zero, both integrands in Eq. (9.203) become step functions 
the factor {exp (e - rf/kT + 11 1 being unity when m > « and zero when 
« > M. However because the upper limit of the integral over the film states is 
set at zero, and because m is generally positive, the integrand here is unity for 
the whole range of the integration, and we find: 


0 : 


N = 2A(2wm/h 2 )W + Qr/3)F(8 m/h 2 )% 0 ^ 


(9.204) 


In this situation the film is filled to capacity, and the atoms in the gas are all 
sitting in all the lowest states in accordance with the Pauli exclusion principle 
The numerical value of the film term in Eq. (9.204) is exceedingly small, equiv¬ 
alent in order of magnitude only to the superficial density of atoms in the gas 
and so this term makes no essential difference to the value of Mo , which turns out 
to be given therefore by practically the same equation as if the gas were isolated 

““ * bse "‘; E »- Any Unit, temperature above zero h, he 

effect of evaporating atoms out of the film slightly, increasing the number in 

e gas compared with that in the film, and raising the upper limit of the occu- 

fustified ffi 1 !h*l g t 8 ' Th \ n u g ’f Ct ° f Nf in calculatin 8 mo is therefore a fortiori 
) ed in calculating M at higher temperatures. The value of M is therefore 
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determined by Eq. (8.426) from the gas phase alone, and this value of n has to 
be put into the expression for the film to find N/\ 

N f = 2A(2wm/h 2 ) f {exp (e — p )/kT + 1} -I c?€ (9.205) 

J-W 

with Eq. (8.426) for a l . Because e is always negative in this integral, and p is 
positive, we can expand the integrand by the binomial theorem and integrate 
term by term. The result is easily found: 

N f = 2A(2irmkT/h 2 ){W/kT + £ (-iy\l/j)e^ kT [l - e^ wlkT )} (9.206) 

j=i 

The pressure of the parent gas in equilibrium with the film having this popula¬ 
tion is given by the general relation (8.338), pV = 22?/3, and Eq. (8.427) for 
the energy, thus: 

V = f(A7EWl + (5 tt 2 /12)(A:T/mo) 2 - (tt 4 /1 (S)(kT/p 0 Y + • • •} (9.207) 

where, from Eq. (9.204) neglecting Nf we may use 

mo = (h 2 /8m) (3N / wV) ^ (9.208) 

These expansions are valid so long as mo is greater than kT ) and are good for 
electron theory. For helium isotopes, it turns out that even in the range of 
temperatures between 1° and 4.2 °K, /x is negative and the above results are of 
no use; the temperature has to be small compared with 1 °K before the absolute 

zero approximation method can be used. 

Proceeding next with the discussion of the situation of interest in applications 
to helium isotopes, we know from the general theory of Chapter III that at 
sufficiently high temperatures the Fermi-Dirac and Bose-Einstein statistics give 
the same results. We have just seen that the Bose-Einstein problem gave nega¬ 
tive values of m at high temperatures, while here in the Fermi-Dirac case m is 
positive at sufficiently low temperatures. Therefore there must exist a tem¬ 
perature, T\, at which m goes through zero in the Fermi-Dirac case. At suffi¬ 
ciently high temperatures, T > T\> the series in Eq. (9.202) becomes valid 
again; we can still neglect N/, and so use Eq. (9.209) to find: 

N = V(2TmkT/h 2 ) SA £ ( —l) y “ 1 (l /j H )e 3 ' fl,kT (9.209) 

i=i 

The temperature below which this becomes invalid is that at which it gives 

M °' N = F(2Trwfc7 , 1 /A 2 ) M £ ( 9 - 21 °) 
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Reversing the series (9.209) to find n as a function of N/V, we proceed in the 
same way as in the Bose-Einstein gas, following Eq. (8.323), to Eq. (8.329). 
We define Vi by the relation: 

N/Vi = 0.7650 (2Trmk T/h 2 ) ^ (9.211) 

and write 

Z = (W/7 1 )e' i/fcr /(0.7643) (9.212) 

and then find the following expansions: 

Z = (AT/F){1 + 0.2703(7i/U) + 0.03359(Fx/F) 2 

+ 0.002635(Fi/F) 3 H-j (9.213) 

n/kT = In (0.7643Fi/F) + 0.2703Fx/F 

- 0.00295(F!/F) 2 - 0.00546(Fi/F) 3 - (9.214) 

valid for F > V\ or T > T\. The high-temperature expression for the energy 
of the parent gas is the Fermi-Dirac analog of Eq. (8.317): 

E = (SkT/2)V(2wmkT/h 2 ) H E (-l) y-1 (l /f A )e i>ilkT (9.215) 

l 

and pF is two-thirds of this. Writing Eq. (9.213) or (9.214) in here for e > ‘ lkT , 
we find the equation of state for the Fermi-Dirac gas at high temperatures: 

pF = NkT{l + 0.1352F!/F - 0.00199(Fi/F) 2 + 0.00344(F!/F) 3 • • •} 

(9.216) 

To find the number of atoms in the film corresponding to this pressure in the 
parent gas, we have to use Eq. (9.214) in Eq. (9.205). Because m is now nega¬ 
tive and the expansion (9.206) invalid, we have instead to split the integral in 
Eq. (9.205) into two parts, from -IF to m, and from n to 0. In the lower part 
we may expand the integrand as a power series in and the upper part, 

as a power series in e '' ,l ~ t)lkT . The two series can then be integrated term by 
term over the appropriate ranges, and we find 

N f = A(2vmkT/h 2 )^(ix + W)/kT + Z (-1 ) / (l/j)[e* ,/ * r - e -^ +W)lkT }\ 

(9.217) 

We can now use Eq. (9.213) or (9.214) in this to obtain a series that converges 
rapidly enough as long as — W < /z < 0: 

N f /A = (2irm/c7 , /^|ln (0.7643FJ/F) + a(F/Fx) 3 + b(V/Vi) 2 + c(F/F a ) 

+ d + c'(F i/F) + b'(F i/F) 2 + a'(Fi/F) 3 + TF/fcrj (9.218) 
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where 

a = 0.7me- 3W,kT H- 

b = (-0.8560 - 0M50e- w,kT H- ) e ~ 2WlkT 

c = (1.308 + 0A§2be~ w lkT + 0.2b20e~ 2W ' kT +.. ^ e ~ wlkT 
d = (-0.3536 - 0A301e- w/kT - 0mi9e^ 2W,kT +.. .) e - wlkT 
c' = -0.4940 + 0.05l6e~ w/kT + 0.0255e~ 2W/kT 
V = 0.0825 - 0.0054e“ Tr/ * r 4- 

a' = -0.0222 (9.219) 

This expansion is valid for V x < V < V 2) where V 2 means the volume at which 
Eq. (9.215) would make n = — IF. If V > V 2 , the integrand of Eq. (9.205) can 
be expanded entirely in a power series in e (l *~ €),kT , and we find 

N f = A{2ivmkT/h 2 ) X (-lya/jV'^fl - e> wlkT ] (9.220) 

7 = 1 

Equations (9.213). and (9.214) are still valid, and we can use them to obtain an 
expansion like Eq. (9.218). However, it turns out that the condition of validity 
of this expansion is outside the range of interest in practical applications, so the 
development will not be given here. 

To emphasize the magnitude of the quantum degeneracy effect, and illustrate 
the use of Eq. (9.218) we may calculate the film density in equilibrium with satu¬ 
rated vapor of the helium isotopes of mass 3 and 4, using published data on the 
density of the vapor and heat of adsorption of He 4 on charcoal. The latter 
naturally can give only an order of magnitude for He 3 , but the results are never¬ 
theless of considerable interest. The table gives the calculations at two tem¬ 
peratures assuming N = 6.02 X 10 23 and m = 5.01 X 10“ 24 g. The last col¬ 
umn gives the values of N//A that one would expect on classical statistics, Eq. 
(5.206), computed from the formula: 

N//A = (N/V)(2TzmkT/h 2 )-' A e wlkT (9.221) 

and it is apparent that Fermi-Dirac statistics would be responsible for a reduc¬ 
tion of film densities by a factor of from fivefold to eightfold. 


ADSORPTION OF FERMI-DIRAC MONOLAYER, HE 3 


T °K 

Vi cm 3 

V cm 3 

n/kT 

W/kT 

Nf/A q.m. 

N//A class 

2.91 

161.1 

189.7 

-0.2083 

3.594 

81.2 X 10 13 

675 X 10 13 

2.69 

181.2 

271.8 

-0.4968 

3.075 

57.94 X 10 13 

294 X 10 13 


Adsorption measurements on He 3 have not yet been published, so no comparison 

with experiment can be presented here. 

9.3 Adsorption isotherms for isotope mixtures. The effects of quantum 
degeneracy are even more evident theoretically in the adsorption of isotopic 
mixtures, one component of which is Fermi-Dirac and the other Bose-Einstein. 
Let the subscript s denote the Bose-Einstein, and a the Fermi-Dirac, component. 
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The equilibrium numbers of Bose-Einstein particles in the gas and film phases 
respectively are 

N 8g = V(2Trm s kT/h 2 y A X (1 /j^)^ ,kT (9.301) 

y=i 

N sf = A(2irm 8 kT/h 2 ) X (l/j)e j ^+ W ' )lkT (9.302) 

;=i 

where p s is the free energy of this component, m s is the mass of the isotope and 
W 8 is the energy of adsorption. These equations are valid so long as V is greater 
than the value F 0 s at which p 5 = —W 8 . At smaller volumes than this, the 
number N 8 f as given by Eq. (9.302) diverges and adsorption becomes multi¬ 
layer, according to the picture to be developed later; see § 9.5. In general we 
may solve Eq. (9.301) for p s and use this solution in Eq. (9.302) to give the ad¬ 
sorption isotherm. If we define V\ 8 by the relation 

N 8g /V u = 2.612(27rm s /cT//i 2 )^ (9.303) 

the result can be expressed as a power series in V u /V and we find 

N, f /A = (2 irm s kT/h 2 ) £ a n (V u /V) n (9.304) 

n=l 

where the coefficients are 
a x = 2M2e w - lkT 

a 2 = — 2Al2e w,lkT + 3.41 l e 2W > lkT 

a 3 = 1.025e B7 . /i7 ’ - G.Z0le 2W ‘ lkT + 5M0e 3W - lkT 

a 4 = -0.2me W ‘ lkT + 5.588e 2W ‘ lkT - 16.46e 3Tr « /ir + 11.64e 4Ir - /lr 
etc. 

(9.305) 

The series converges theoretically if V > V 0s and in practice converges rapidly 
enough for computation if 

V » V u X 2M2e w ‘ lkr (9.306) 

To make cei tain that this condition is satisfied we may suppose that the Bose- 

Einstein component is present only in small concentrations relative to the 
Fermi-Dirac component: 

N 8 /N a « 1 (9.307) 

The interesting point to discuss is the relative concentration of the two isotopes 
in the mobile monolayer in equilibrium with a given relative concentration in 
the gas. Let p be the density of the mixture in the gas, in grams per cubic centi¬ 
meter, and x the relative concentration in the gas: 

z = N sg /N ag (9.308) 

Then we can express N 8g in terms of x, p and the masses of the isotopes, put this 
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expression into Eq. (9.303) and find 

2.612Fi*/U = [xp/(m a + xm 8 )](2Trm 8 kT/h 2 )~~ y2 (9.309) 

A similar calculation using Eq. (9.211) yields 

0.76507i a /V = [p/(m a + xm 8 )}{2Trm a kT /h 2 )~ y (9.310) 

Equation (9.309) used in Eq. (9.304) permits N 8f /A to be expressed in terms of 
the density p and the relative concentration x in the gas, while Eq. (9.310) used 
in Eq. (9.218) similarly permits the expression of N a f/A in terms of the same 
quantities p and x ; hence we can compute the ratio: 

V = N 8f /N af (9.311) 

in terms of x, p, T. 

In the absence of quantum degeneracy, Eq. (9.221) applies to both com¬ 
ponents, and if the energies of adsorption are the same, the number of adsorbed 
particles is proportional to the inverse square root of the isotope mass: 

2/ciass = x(m a /m 8 ) y2 (9.312) 

Comparison of this ratio with the results obtained from Eq. (9.311), using the 
same energy of adsorption, gives a quantitative estimate of the effects of quan¬ 
tum degeneracy alone on the adsorption. 

To illustrate this procedure we shall imagine a small percentage of He 4 added 
to saturated vapor He 3 and calculate the percentage of He 4 in a mobile film, 
assuming the same energy of adsorption for both isotopes, and confining our¬ 
selves to one temperature, 2.69 °K. From Eq. (9.303) we first evaluate V\ 8 per 
mole, finding F ls = 14.24 cm 3 . Then we find the volume V per mole from Eq. 
(9.306), beyond which our formulae become useful, to be 805 cm 3 per mole. The 
ratio between this and the volume per mole given in the Table for He 3 indicates 
that it is safe to use x = 10 per cent or less. We have in general from Eqs. 
(9.308), (9.303), and (9.212): V l8 /V la = 0.2927x, while V la is given in the 
Table. This permits direct calculation of the film density with respect to He 
from Eq. (9.304), with the following results: 

x = 10% N s f/A = 60.44 X 10 13 

x = 1% N'f/A = 4.125 X 10 13 

Comparing these with the values given in the foregoing Table we find the results 
displayed in the Table below. In other words, even though there may be only 
one-tenth as many He 4 atoms as He 3 in the vapor, there would be numerically 

RELATIVE CONCENTRATION OF HE ISOTOPES IN ADSORBED FILM 


T = 

2.69 °K, 

V a = 271.8 cm 3 

X 

Velass 

Vq.m. 

Vq.m./V clast 

0.1 

0.0866 

1.04 

12.0 

0.01 

0.00866 

0.05 

5.8 
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a greater proportion of He 4 than He 3 in a mobile monolayer in equilibrium with 
the mixture, if adsorption energies were the same for both isotopes. 

It is also easy to compute the volume U 0 s at which adsorption of He 4 may 
become multilayer (see § 9.7) and completely swamp the adsorption of He 3 . 
This turns out to be V 08 = 1912 cm 3 per mole at 2.69 °K, showing that a rela¬ 
tive concentration of only 271.8:1912 = 14 per cent is sufficient to produce an 
avalanche adsorption of He 4 from the mixture. 

Once again there are no data available in terms of which this theory can be 
tested as yet. Indeed, there is some doubt whether such data can be found. 
The only mobile film formed by adsorption from helium vapor is the film of 
superfluid below the Zawbda-temperature 2.19 °K, and it is not clear whether the 
above theory would apply qualitatively to the superfluid film. However, there 
are anomalies known to exist in the concentrations of the helium isotopes in the 
superfluid film that are qualitatively similar with those predicted above, and it 
seems reasonable to suppose that these anomalies are due to the kind of quan¬ 
tum degeneracy effects here elaborated. 

9.4 Localized monolayers and Bose-Einstein parent gas. Adsorption into 
localized fixed sites presents a simpler problem than adsorption into a mobile 
monolayer. We shall assume that the sites are such that to each one there is 
only one state of adsorption, that the sites are mutually distinguishable, and 
that each has place for only one adsorbed particle. These are the same assump¬ 
tions made in deducing the Langmuir isotherm in § 5.3; here we obtain the quan¬ 
tum degenerate form of Langmuir’s isotherm by using Bose-Einstein statistics 
in the parent gas. 

Because the atoms are indistinguishable from each other, there is only one 
way in which we may choose a given number N f of atoms to put into the film; 
once chosen, these atoms can be placed among X sites in 

X\/N f \(X — N/)\ (9.401) 

different ways, because the sites are not permutable. If we are also given that 

n gr atoms are in the rth energy level in the parent gas, the Bose-Einstein number 
of complexions for the gas is 

c* = II ( n er + oi g r - l)!/(n ir !(co gr - 1)!) (9.402) 

r 

The total number of complexions for the assembly is then the product: 

C = [X\/Nf\{X - Nf) !] Cg (9.403) 

and the statistical problem is to maximize the logarithm of this under the re- 
strictions that total number and total energy be conserved: 

0 = 8N = 2 & n gr + 8Nf (9.404) 

r 

0 = SE = Y, CrtTlgr - WbNf 


(9.405) 
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Here we have written W for the energy of adsorption relative to the lowest state 
in the gas. These restrictions are identical with Eq. (5.315) and Eq. (5.316), 
and the first factor in C is identical with that in Eq. (5.304); therefore the varia¬ 
tions of Nf yield the same result here as in Eq. (5.324): 

Nf = {X - Nf) exp Ox + W)/kT (9.406) 

The logarithm of the second factor in Eq. (9.403) is on the other hand identical 
with that in Eq. (9.101) for the isolated Bose-Einstein gas, and evidently leads 
through variations of n gT to the same result, Eq. (9.109): 

N g = F(2 xmkT/h 2 )* £ (1 /j^’ kT (9.407) 

y=i 

We can now eliminate m between the last two equations and find 

N g /V = (2 rmkT/h 2 )* £ - e)\e~ iwlkT (9.408) 

j'= l 

where 

6 = Nf/X (9.409) 

is the ratio of occupied sites to the total number of sites. This result is equiva¬ 
lent to the adsorption isotherm, because it relates 6 to the density of the parent 
gas, and from the equation of state for the gas, we could put it into the form of 
a relation between 6 and p. Indeed, from Eq. (9.111) the pressure of the gas is 

V = kT(2wmkT/h 2 ) H X (1//V w * r (9.410) 

j =i 

and we can eliminate /i between this and Eq. (9.406) to get 

p = kT(2irmkT/h 2 y A X (1//*W(1 ~ d)Ve~ jW/kT (9.411) 

y=i 

for the isothermal relation between pressure and fractional coverage. 

If 6 is much less than unity, or if the energy of adsorption is sufficiently great, 
this isotherm reduces to the classical Langmuir isotherm, Eqs. (5.327) and 
(5.328), because the series in Eq. (9.411) then converges so rapidly that we need 
to retain only the first term. But if the energy of adsorption is small, the frac¬ 
tional coverage given by Eq. (9.411) for a given pressure is less than that pre¬ 
dicted by the Langmuir isotherm. This difference increases as 6 increases, and 
while the Langmuir isotherm allows p to go to infinity and 6 to go to unity, there 
is some question whether this can occur in the quantum degenerate theory. In 
fact Eq. (9.411) formally predicts that an infinite pressure is required to produce 

a fractional coverage 6* where 

0*/(l - 6*) = e w/kT (9.412) 

so that no finite pressure could ever increase 6 beyond this value: 

<9 = 0*= 1/(1 + e ~ w,kT ) 


(9.413) 
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This limiting adsorption evidently coincides with the lambda -transition in the 
gas phase, because if we write the value (9.412) into Eq. (9.408) we get just the 
result N g /V = 2.612(27rmA;7 7 //i 2 )^, showing T = T 0 , or V = V 0 for the given T. 
Since no actual gas can be compressed far enough to show this transition without 
first becoming liquid or solid, the situation is quite hypothetical. 

It is a simple exercise to go through the foregoing argument in the Fermi- 
Dirac statistics, obtaining a formula like Eq. (9.411), but with the alternating 



- - - - - - 1 - 1 » * * « ■ 

0.5 1.0 

classical fractional coverage 0 class 


Fig. 9.41. Quantum corrections on Langmuir’s isotherm X 10 3 . 

signs. Whereas the pressure p required to produce a given value of 6 is greater 
for Bose-Einstein statistics than in classical statistics, it is less for Fermi-Dirac 
statistics than in classical statistics. It is of interest to find a quantitative esti¬ 
mate of these effects of quantum degeneracy. To do this the values of 6 on the 
three statistics produced by a given gas density N g /V were computed, assuming 
the energy of adsorption in all cases was 28.9 cal per mole at 3 °K to correspond 
with the observed energy of adsorption of He 4 on charcoal. A graph was drawn 

with the ratio (0 q . m . - 6 c[Bsa )/8 cUaa against 0 e i ass . The ratio is of the order 10 -3 , 
so the effects of degeneracy are indeed very small. ’ 

9.5 Sublimation of a Bose-Einstein gas from an Einstein crystal. Equi¬ 
librium between gas and solid crystal phase is evidently closely related with the 
equilibrium between gas and localized monolayer, the latter being essentially a 
two-dimensional solid crystal. In the present problem, the solid is three-dimen¬ 
sional, and each atom in the solid phase has a whole spectrum of energies - if we 

use the Einstein model for the crystal, the atoms are mutually distinguishable 
harmonic oscillators. 
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The number of complexions in the combined assembly equals the number of 
ways the total number N of indistinguishable atoms can be divided into two 
parts N e and N a —which is just one—multiplied by the Boltzmann number of 
complexions of N s oscillators and the Bose-Einstein number of complexions of 
N e atoms in the gas. With the by now familiar notation, we therefore have 
[compare Eqs. (2.213), (2.223)]: 

c = N a \ n Cg ( 9 . 501 ) 

r 

where n sr is the number of atomic oscillators in the rth oscillator level, and n gr 
the number of atoms in the rth gas level. Write W $ for the energy depth of the 
lowest state of an atom in the crystal relative to the lowest state in the gas; 
then the total energy of the assembly is 

E = ^2 egrKgr + ^2 nsr(e sr ~ W 8 ) (9.502) 

r r 

We have to maximize the logarithm of C by varying n gr and n ar under the re¬ 
strictions that N and E remain fixed, where 

N = N, + N g = E n 5r + Z n gr (9.503) 

r r 

If we compare these equations with those used in § 5.6 for the sublimation of a 
classical gas from an Einstein crystal, we see that the factor in C pertaining to 
the crystal remains the same, while that pertaining to the gas is the same as for 
a Bose-Einstein gas phase considered alone; the two phases are connected simply 
through the Lagrangian multipliers required for conservation of N and E. The 
free energy Lagrangian parameter is determined exactly as before in Eq. (5.608), 
i.e., by 

e -»' kT = Q s e w - lkT (9.504) 

where W 8 is present because the energy zero has been taken as the lowest energy 
state in the gas instead of that in the solid. The equations for the gas remain 
as for the separate phase, except that we now use Eq. (9.504) for its free energy: 

N e = V(2irmkT/h 2 ) Vl £ (1 (9-505) 

y=i 

and for the pressure of the gas: 

p = kT(2rmkT/h 2 ) H £ /Q, i )tT i " J * r (9-506) 

i=l 

For an Einstein crystal with characteristic frequency v the partition function 
Q„ referred to the same energy zero used above, is 

Qt= ( 1 _ e -h>lkT J -3 (9.507) 

—compare Eq. (4.803). In Eq. (9.505) the factor Q,e w ‘ lkT must become unity 
before a Bose-Einstein transition could occur in the gas phase, and inspection 
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of Eq. (9.507) shows that this can never happen, even theoretically. It there¬ 
fore follows that the availability of the solid crystal phase inhibits the occurrence 
of the condensation into the zero state of the Bose-Einstein gas. Physically this 
is because the atoms prefer to concentrate in the lowest available states, and 
these are now the solid states rather than the lowest state in the gas. 



Fig. 9.51. Comparison between sublimation pressures p of isotopes of Einstein crystal 
in B.E. and F.D. vapor; calculated from Eqs. (9.506) and (9.507) with hv/k = 25 W = 

25 cal/mole and m = atomic mass of H times atomic weight A. These constants cor¬ 
respond roughly to helium. 


It may be noticed that the sublimation pressure of the Bose-Einstein gas given 

by Eq. (9.506), is appreciably greater than that of the classical gas given by Eq 

(5.612), when in equilibrium with a given crystal at a given temperature In fact 

the classical expression is just the first term of the series appearing in the Bose^ 

Einstein expression. The difference is greatest when the factor (l/Q a )e~ w ' lkT 

is a maximum, and this is not at the lowest temperature. In fact the correction is 
evidently greatest when 


or 


hv/kT = In (1 + 3 hv/W,) 


(9.508) 

The effect vanishes both at very high and at very low temperatures. If for in- 

S 200 n »K W w! a fi + ° Ut 4 °° t Cal/mole and the Einstein temperature h v /k about 

mum^tn Z Y t at Wh5ch qUantum de generacy effect is maxi- 

K>Ter cent b Tt • Wt ’ ^ mCreaSe “ pressure due to the effect being about 
10 per cent. It is left as an exercise to show that a Fermi-Dirac gas in equi- 
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Fig. 9.52. Percentage difference between B.E. and F.D. sublimation pressures from 
an Einstein crystal; same constants as Figure 9.51. 

librium with an Einstein crystal will have a lower sublimation pressure than 
classical, and to estimate the order of magnitude of the difference. 

9.6 Saturated vapor and Bose-Einstein model liquid. We saw in § 8.6 that 
it is possible to set up a phenomenological theory of the liquid phase by treating 
the atoms as forming a gas trapped in a potential well whose depth is a constant. 
To consider the equilibrium between such a liquid model and its gas or vapor 
phase, we proceed just as in all the foregoing examples of phase equilibria: 
write down the product of the Bose-Einstein complexions in the two phases, 
maximize the logarithm of the product by varying the numbers in both sets of 
energy levels, under the two restrictions to conservation of total number and 
total energy, and arrive at the same expressions for the most probable popula¬ 
tions in gas and liquid as if the two phases were completely separate, but with 
the same free energy and temperature in each. Just as in Eq. (8.605), we find 

N g = V g (2irmkT/h 2 y A £ (1 /j H )e?» lkT (9.601) 

y=i 

N l = Vi(2TmkT/h 2 ) A £ (l/^)e^+ Tr * )/ * r (9.602) 

3=1 

where, as before W* = W + Nid\V/dN y W is the depth of the potential well 
in the liquid, and \i is the free energy determined by the total number N = N g 
_|_ Ni. Formally the above results determine the numbers in the two phases 
when we know W*, but in practice we do not know W* f so the theory is to be 
applied the other way round: from the observed density of the liquid we try to 

find W* and the density of the saturated vapor. 

Eq. (9.602) can be solved for (n + W*)/kT in the same way as Eq. (8.305) 

was solved for n/kT , giving the same solution, Eq. (8.328), in the form 
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e („+W)ikT _ 2 .612(p,/po){1 - 0.9235p// Po + 0.3926(p,/ Po ) 2 

-0.1027(p,/p 0 ) 3 +•••) (9.003) 

where 

Pi = Ni/Vi and p 0 = (2wmkT/h 2 ) i/2 23 1 /j** (9.604) 

3=1 

The pressure of the vapor is given again by Eq. (8.337), where now the factor 
e* lkT is to be found in terms of W*, etc., from Eq. (9.603). If we define T 0 by 
the relation 

Pl = (2tt mkTo/h 2 )* 23 1/j* (9.605) 

3=1 

so that 

pi/po = ( T 0 /T) H (9.606) 

we find from Eqs. (8.337) and (9.604) that 

Psat = P ikTe~ w ' lkT { 1 - a(T 0 /T)» + b{T 0 /Tf - c(T 0 /T) H + • • •) (9.007) 

where 


a = 0.9235 - 0AQl7e~ w ’ lkT 

b = 0.3920 - 0.952Se~ w ' lkT + 0A377 e - 2W ' lkT 

c = 0.1027 - 0.75Me~ w ' lkT + l.2l3e~ 2W ' lkT - 0.55G9e“ 3tr ’ /<:7 ’ 


valid for all T greater than To. 

In this result W* is a phenomenological parameter to be chosen rather arbi¬ 
trarily so as to give the best agreement with the known density of the liquid 
phase. To this end, consider first sufficiently high temperatures or low enough 
densities to allow the classical statistics to apply. In this limit, p is large and 

negative, and the series both in Eq. (9.601) and Eq. (9.002) reduce to their 
first terms; hence we can write, practically, 

Pi/p e = e w " lkT or W*/kT = In (p,/ Pf ), Pg = N g /V s (9.608) 

From the discussion of § 8.6 we know that the pressure of this liquid model de¬ 
pends on dW/dpi, and evidently the pressure as given by Eq. (8.607) should 
be the same as the vapor pressure given here in Eq. (9.607). Using the classical 
limit on both these equations leads to the following relation: 


(Pi - Pg )kT = piW/dpi 


Eliminating dW/dpi from between Eqs. (9.608) and (9.609) we find 


(y.ouy; 


T » T 0 : 


W/kT = In (p,/ Pt ) - (1 - p g / pi ) 


(9.610) 


The situation at very low temperatures comparable with or less than T n is 
essentially modified by the fact that the lambda-condensation occurs in the 
lquid model. From Eq. (9.608), it follows that W* must be positive for all 
actual examples where the gas density is certainly less than the liquid density 
Inspection then of Eq. (9.601) and Eq. (9.602) shows at once that, as M increases 
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from very large negative values towards zero with falling temperature, it will 
eventually reach the value — W* before it reaches zero. The series (9.602) then 
reaches its radius of convergence, and the liquid phase suffers its Zarahda-transi- 
tion at the temperature T 0 determined by Eq. (9.605). Below T 0 , the free en¬ 
ergy /z approaches more and more closely to — W*, and the number of atoms in 
the gas drops rapidly with decreasing T, according to the relation derived from 
Eq. (9.501), with \x = —W*: 

T < T 0 : Pg = (2t rmkT/h 2 Y A £ (l/j^)e^ kT (9.611) 

/=1 

The pressure of the vapor derived from Eq. (8.337) with the same /z is 
T < T 0 : p sat = kT(2ir7nkT/h 2 )^ £ {l/f A )e~ jw ' 1 kT (9.612) 

7 = 1 

The pressure on the liquid given by Eq. (8.607), with /z = —W*, is 
T < T 0 : Vi = p;/cT(l.341/2.612 )(T/Tq)^ - p t 2 (dW/dpi) (9.613) 

Equating these two pressures, we get an equation involving only IF,T, and pi: 

kT(T/To) y2 { 1.341 - X (1 /f A )e~ jw ' lkT } = 2.612 pidW/dpi (9.614) 

7 = 1 

Unfortunately there is no direct way of eliminating dW/dpi from between this 
equation and Eq. (9.611), which was how we derived Eq. (9.610) in the high- 
temperature case. If for example we were to assume that at sufficiently low 
temperatures we could take W* » kT y and so neglect all but the first term in 
the series of Eq. (9.614) and Eq. (9.611), we could work through the algebra to 
find a solution for W ; but in fact W turns out not to be much greater than kT ) 
thus violating the assumption made at the outset. Indeed, inspection of Eq. 
(9.614) shows that the left-hand side must approach zero with decreasing T; 
the only way the right-hand side can do the same is for the liquid to expand 
with decreasing temperature, its potential well becoming so shallow that pidW/dpi 
approaches zero as T —> 0. The liquid therefore must get “blown up” to anom¬ 
alously small densities and behave more like a gas. This sounds impossible, but 
liquid helium does in fact behave very much like a gas and has a density much 
less than normal liquids; in fact it needs a pressure of some 25 atm to compress 
liquid helium far enough to solidify even in the neighborhood of absolute zero 
temperature. The model merits a detailed numerical comparison with the data 
on liquid helium; if it is found inadequate, two obvious improvements are avail¬ 
able. First, the variable free volume parameter Vj may be adopted, as was done 
in the classical theory of § 7.6 in place of V of the present model; second, the 
pressure of the saturated vapor could be discussed in terms of the cluster theory 
to be developed in the next chapter, instead of as ideal Bose-Einstein gas. 

9.7 Multilayer adsorption of a Bose-Einstein gas. In § 9.1 we saw that in 
the equilibrium between a Bose-Einstein gas and a mobile monolayer, there 
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exists a critical density of the gas at which adsorption suddenly increases. At 
lower gas densities the adsorbed film is no more dense than one would expect 
from gaseous surface densities, while at slightly higher gas densities the film may 
have a density corresponding to liquid surface densities. To study this effect 
more closely, we note first that from Eq. (9.118) the increase in adsorption occurs 
at constant gas pressure, so long as W , the energy of adsorption, remains fixed. 
Also from Eq. (9.117) and Eq. (9.116) the number in the film, during the increase 
in adsorption, is a function of the volume of the gas: 


Nf = N(1 - V/Vi) 


(9.701) 


In other words an increase in adsorption Nf is associated with a decrease in vol¬ 
ume, — AT where 

A Nf/N = — AV/Vi (9.702) 

A tenfold increase in Nf would still be a very small fraction of N, so that ex¬ 
tremely small volume changes are involved. As the monolayer starts to fill up, 
two things must happen. First the energy of adsorption drops because of in¬ 
capacity to accept more particles into the monolayer, and second, the filled 
monolayer becomes itself a suitable surface on which further adsorption can 
occur. This last fact is independent of whether the adsorbed atoms attract other 
adsorbed atoms, and it arises simply because the van der Waals forces between 
the original adsorbing surface can act at considerable distances compared with 
the thickness of the single monolayer. If this were the only force acting, the 
energy of adsorption would fall off with an inverse cube law' with respect to the 

distance from a plane. We may represent the actual law' parametrically by the 
formula: 

W n - IF* = (W x - TFJ/n* (9.703) 

where W x is the energy of adsorption in the first monolayer, W n the energy of 
adsorption in the nth monolayer, and q a number winch would be 3 if the original 
adsorbing surface alone attracted the film. Because there is naturally a mutual 
attraction between adsorbed particles as well, w'e cannot expect that q = 3. 
In fact IF*, is evidently the energy of adsorption in a film of “infinite” thickness 
and contains no contribution from the original adsorbing surface. We may 
equate TF* to the energy of latent heat for evaporation from the liquid phase, 
because such a thick film would essentially be a thin layer of bulk liquid. 

Consider now the situation where the first monolayer is almost full. The 
pressure of the gas is given by Eq. (9.118) with W x written in place of W : 


V 2 < V < V x \ v = kT(2TrmkT/h 2 )K £ (l/j*)e- jW i lkT 

y=i 

where V x is defined by the analog of Eq. (9.116): 

N = V x {2TrmkT/h 2 Y A £ (l/j*)e~i w i' kT 

y=i 


(9.704) 


(9.705) 
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The meaning of V 2 will be explained in a moment. As V decreases below V h 
the population in the film fills rapidly and eventually JV begins to decrease, and 
by virtue of Eq. (9.704), this requires an increase in pressure p if we wish to con¬ 
tinue increasing the adsorption. As soon as W decreases to the value W 2 , given 
by Eq. (9.703), the pressure must have reached the value needed for a sudden 
increase in adsorption into the second monolayer on top of the first. Instead of 

further adsorption into the first monolayer, the second layer now begins to form 
with further compression of the gas: 


V 3 < V < V 2 : p = kT(2TrmkT/h 2 y A £ (1 /j*)e-* w * lkT 


where V 2 is defined by 


j =i 


N = Vo(2TrmkT/h 2 y A £ (l/y A ) e - jW * lkT 

3 = 1 


(9.706) 

(9.707) 


This step by step process may be continued indefinitely; as each layer fills up, 
the pressure in the gas must be increased to give additional adsorption, and this 
induces the sudden increase in adsorption in the next layer up. Formally this 
would seem to suggest a discontinuously jumping pressure, and the model is 
evidently too crude in this respect. The energy of adsorption should instead be 
regarded as a continuous function of population in the film, instead of a step 
function. We can write the general relation, replacing Eq. (9.706): 

p n = kT{2ivmkT/h 2 y A (1 /f A )e~ jw n' kT (9.708) 

3 = 1 


where by W n we mean the energy of adsorption into the nth layer when that 
layer first begins to form, and by p n the critical pressure of the gas needed to 
initiate this adsorption into the nth layer. This formula is true even when the 
energy of adsorption is a continuous function of population; it merely selects a 
discrete set of points on a continuous curve, corresponding to the onset of each 
layer. If for n we w r rite <», we get the saturated vapor pressure for the liquid 
phd/S6 # 

Poo = P *at = kT(2irmkT/h 2 ) H X (l/j H )e~ jW - lkT (9.709) 

3 = 1 

Taking the ratio between p n and p 3at from these last two equations, we have 

Vnf Psat = X n (-i;T)/X a (i;T) (9.710) 

where 

X„(hT) = X (Uj H )e-^ lkT (9.71D 

3=1 

This equation (9.710) is a relation between the relative pressure of the gas to the 
saturated vapor pressure and the number of layers in the film, and it is therefore 
nothing but the isotherm equation for adsorption in the multilayer film. If we 
use Eq. (9.703) with any assumed value of q to calculate W n and hence the series 
X n in Eq. (9.711), we can plot a graph of the isotherm when we know W M . 



PHASE EQUILIBRIA AMONG QUANTUM DEGENERATE SYSTEMS 205 


In applying this theory to a study of helium adsorption at low temperatures, 
two complications arise. In the first place, it is found that the first adsorbed 
layer is not mobile, but localized; it is only after the second or perhaps even the 
third layer is present that sufficient mobility exists to make the present model 
acceptable. In the second place, true mobility occurs only below the lambda - 
transition when the film is superfluid, and this again makes the model of the film 
as a two-dimensional gas of doubtful validity. However, if one uses the BET 
isotherm for the first part of the adsorption, and the present theory for the ad¬ 
sorption beyond the second layer, agreement is fairly good with q = 2. 



relative pressure p/p 


sat 


Fig. 9.71. IVTultilayer adsorption isotherms for helium i Curve 1! B.E.T. isotherm modi- 
fied to include anomalous packing in first layer; Curve 2: Bose-Einstein theory with mo¬ 
bility in second and higher layers; Curve 3: observed isotherm at about 2.4 °K. 


The adsorption isotherm derived in this way by treating the mobile film as 
an ideal gas is really in no bettei agreement with the data on helium adsorption 
than that derived from the BET theory (§ 5.5), which treats the adsorbed film 
as a solid phase. To decide between the two models it is necessary to consider 
their implications for adsorption of mixtures of the two isotopes He 3 and He 4 . 
On the BET theory the mixtures should behave normally, whereas on the ideal 
gas model, He 4 should swamp He 3 in the film, as was pointed out in § 9.3. When 
the superfluid film is formed by flow from bulk liquid, this swamping effect does 
apparently occur, but some significant experimental work completed recently 
at Chicago * on unsaturated films, both below and above the lambda- tempera¬ 
ture, formed by pure adsorption without mass flow from bulk liquid, gives a 
contrary result. The unsaturated film appears to be entirely normal in isotopic 
content at all temperatures. Clearly the behavior of the unsaturated film is 
the proper test of any adsorption theory, and the data appear to be completely 

* M. S. Inghram, E. Long, and L. Meyer, Phys. Rev., 97 (1955), p. 1453 . 
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consistent with the BET theory where the film is treated as a solid phase, even 
v hen the film is known to be superfluid! There are indeed good reasons for 
thinking of the superfluid as a solid having zero rigidity, none of the atoms pos¬ 
sessing any random motion characteristic of normal liquids and gases. This 
point will arise again in § 12.3. 


EXERCISES AND PROBLEMS 

1. Investigate the adsorption isotherm for an ideal Bose-Einstein gas adsorbed into a 
monolayer with an energy spectrum like that found in Problem 9 of Chapter VIII. 

2. Verify Eqs. (9.113) and (9.114); express Eq. (9.113) in terms of the pressure of the 
parent gas, as suggested in the text. 

3. Verify Eq. (9.206) in detail. 

4 . From Eq. (9.210) show that kT\ = 1.571 mo. 

6 . Check the developments given in Eqs. (9.214), (9.215), and (9.217). 

6. Check the coefficients found in Eqs. (9.218) and (9.219). 

7 . Discuss the equilibrium of a Fermi-Dirac gas between a set of three-dimensional 
states like those in Problem 6 of Chapter VIII, and a set of two-dimensional states of the 
same type at some arbitrary energy of adsorption. 

8. Check the coefficients in Eqs. (9.305) and (9.304). 

9 . Repeat Problem 1 above for a Fermi-Dirac gas, and for a mixture of Fermi-Dirac 
and Bose-Einstein components. 

10. Repeat the analysis of § 9.4 for a Fermi-Dirac gas. 

11 . Modify the analysis of § 9.4 for the case where the adsorbed particle occupies two 
adjacent sites. 

12. Study the sublimation of a Fermi-Dirac gas from an Einstein crystal. 

13 . Check the development given for Eq. (9.607). 

14 . In § 9.6 it has been assumed that the whole volume of the liquid is a “free volume’’; 
discuss the improvements possible if we use instead the variable free volume, like that 
introduced in § 7.6 and § 7.7. 

16 . Develop the theory of the saturated vapor of a Fermi-Dirac liquid. 

16 . Discuss the saturated vapor of a mixture of two isotopes like Pie 3 and He 4 , and 
develop formulae for the relative concentrations in the two phases, liquid and vapor. 

17 . Develop the formal modification of the multilayer adsorption theory of § 9.7 re¬ 
quired to include immobility in the first layer. 
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Chapter X 


DISSOCIATIVE EQUILIBRIUM AMONG 
QUANTUM DEGENERATE SYSTEMS 


10.1 Clustering phenomena in Bose-Einstein gas. In this section we give 
the Bose-Einstein analog of the problem worked out in § 6.4 for classical statis¬ 
tics. A Bose-Einstein gas whose molecules can form clusters under the action 
of their mutual van der Waals forces can, to the same approximation as that 
used in classical statistics, be treated as a mixture of a number of subassemblies, 
each subassembly consisting of clusters all of the same size forming an ideal gas. 
Each subassembly is subject to the Bose-Einstein statistics, and we count the 
number of complexions as follows: Because all the molecules are identical and 
indistinguishable, there is only one way in which the total number of molecules 
N can be split into N s clusters each containing s molecules, all values of s. The 
number of ways in which we can assign N s clusters, any one particular value of 

s, to their possible energy levels, n sr to the rth level, is given by the Bose-Einstein 
count, Eq. (2.223): 

G = n Gar + <o sr - l)!/(n sr !(co sr - 1)!) (10.101) 

r 

and the total number of complexions for the whole assembly corresponding to 
the distribution-in-energy specified by the set of numbers n sr , all s and r, is 
simply the product of Eq. (10.101) over all s-values. We then maximize the 
logarithm of this under the restrictions, total number and total energy conserved, 
the variables being n sr . This leads to the Bose-Einstein analog of Eq. (6.409): 

22 G In C, — sa 2 Sn, r — 22 6n» r (« sr — TF»)} = 0 (10.102) 

a r r 

where of course C, is now given by Eq. (10.101). Again we can treat the differ¬ 
ent s-values separately, and each subassembly yields its own distribution-in¬ 
energy of maximum probability, all subassemblies having the same free energy 

and temperature. Because the quantities C, are Bose-Einstein, the distributions 
are Bose-Einstein; hence we have in place of Eq. (6.410): 

n ar = w, r {exp («„ - W, - sn)/JcT - l) -1 
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(10.103) 
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This distribution is formally identical with that for a simple ideal Bose-Einstein 
gas, Eq. (8.301), except that IF, + sfi replaces fi. Treating the present problem 
by the same integration approximation as used in § 8.3, we find an equation 
analogous to Eq. (8.305) for each value of s: 


N $ = V{2irsmkT/h 2 )' A £ (i/jtiy^+wj/kT 

i=i 

and the equation determining n is given by writing this into 

N = £ sN. 


(10.104) 


(10.105) 


In deriving Eq. (10.104), we note that the mass of each cluster is sm, and the 
internal energy of the cluster of size s is written — IF,. 

For the partial pressure of each subassembly, we find the analog of Eq. (8.337) 
to be 

Vs = kT{2TrsmkT/h 2 Y A £ (1//V (,M+Tr * )/ * 7 ’ (10.106) 

/=i 

and the total pressure is the sum of these 

V = £ Vs (10.107) 


In § 7.4 we showed that in classical statistics clustering leads to an avalanche 
of clusters at the saturation pressure, and leads to an equation for the saturated 
vapor pressure: the pressure at which large clusters suddenly become the most prob¬ 
able. Here we shall see a similar result and obtain the equation for the saturated 
vapor pressure of a Bose-Einstein vapor. From Eq. (10.104), it is obvious that 
at sufficiently high T or large V the free energy n is lower than — W 8 /s for every 
$, and that if either V or T is decreased, \i must increase. The ratio of the total 
number of clusters to the number of unclustered particles is 


£vV s £ £ {s/j)^e^ +w ^ kT 

8=2 8=2 j =1 

N\ = I: (l/j)y*e j ^+ w > )lkT 

j =1 


(10.108) 


However, W\, the energy of a cluster of size one, is obviously zero, so the series 
in the denominator would remain finite until ju = 0. But the series in the nu¬ 
merator, all energies W 8 being positive, would diverge as soon as \i increased 
above — W 8 /s; that value of s that makes W s /s a maximum would control the 
situation. It therefore follows that as we compress the gas into a smaller and 
smaller volume, we shall eventually arrive at a volume where the series in the 
numerator of Eq. (10.108) tends to diverge, the denominator remaining strictly 
finite. This evidently can be interpreted as the onset of a clustering avalanche. 
To study this in detail we have to decide on the dependence of W 8 on s as was 
done in Eq. (6.420), but before doing this let us first discuss the probability of 

a fara&da-transition due to statistical degeneracy. 
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As the student may already have noticed, the situation we have just de¬ 
scribed as bringing on a clustering avalanche is precisely the same as that which 
brings on a degeneracy transition (at T 0 ) in the ideal Bose-Einstein gas, or at 
least an obvious analogy to it, viz., that the free energy /i shall be such that the 
series in Eq. (10.104) reaches its radius of convergence. If we try to compress 
the assembly further, the free energy cannot further increase, and particles are 
forced into the lowest state. Here, however, the lowest state is not the zeroth 
state of the unclustered gas, but the large clusters, or the liquid phase, so the 
degeneracy Zarabda-transition is really identical with the condensation into the 
liquid phase. We thus arrive at the interesting theorem that a Bose-Einstein 
gas in which van der Waals forces can cause clustering, cannot undergo the ideal 
ZamkZa-transition into the zeroth state, but must always condense first into its 
liquid phase. 

Proceeding again as in § 6.4, Eqs. (6.420) and (6.421), we assume that the 
energy W 8 has the simple relation to cluster size: 


W 8 = sW - Xs y > 


(10.109) 


Asymptotically, for large values of s, both W and A" are constant. Using this 
relation in Eq. (10.104), we see that the convergence of the series depends only 
on the value of the factor, 


e s(n+W)/kT 


( 10 . 110 ) 


The avalanche occurs when the double series involved in Eq. (10.105) and Eq. 
(10.104) reaches a radius of convergence. The ratio of the s + 1 term to the 
s-term for any particular ./-value when s » 1 is easily shown to be 


e j(n+W)lkT ( 10 . 111 ) 

Comparison with (10.110) shows that the radius of convergence of the $- and 
the j -series is the same, given by 


M = ~W (10.112) 

The large clusters coalesce to form the liquid phase, or the assembly undergoes 

the Zam&da-transition into the lowest (liquid) state, according to one’s arbitrary 

point of view; the two processes necessarily coincide. Putting this critical value 

of the free energy into Eqs. (10.106) and (10.107), we get the equation for the 
saturated vapor pressure: 


p s at = kT(2nmkT / h. 2 )** ]T £ (l/f A )s ,A e~ ]Xa% l kT 

s = l 1 = 1 


(10.113) 


This equation has been used to describe the observed saturated vapor pressure 

of liquid helium with fairly good results in spite of the crude nature of the theory. 
The method of procedure was as follows: 
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Note first that Eqs. (10.104) and (10.105) yield an equation for the numerical 
density of the saturated vapor: 

(N/F)sat = {2mnkT/h 2 Y A £ £ (10.114) 

8 =1 J = 1 

We then find the energy X as a function of T so as to make p 8 a t, given in Eq. 
(10.113), agree with the observed saturated vapor pressure curve; we then use 
this energy X in Eq. (10.114) and compare the predicted density with the known 



Fig. 10.11. Observed saturated vapor pressures of helium isotopes. 



Fig. 10.12. Cluster theory of helium vapor pressure. Curve X is the energy term in 
Eq. (10.113) needed to fit the observed data on vapor pressure, He 4 , and Curve W is the 

observed energy of vaporization. 
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Fig. 10.13. Cluster theory of helium vapor density He 4 . The theoretical curve (full 
line) is drawn from Eq. (10.114) using the X-values of Figure 10.12. The observed curve 
(broken line) is drawn from published data and virial coefficients. 

density of the saturated vapor. The energy X is presumably comparable with 
the surface tension in large clusters, but in small clusters it must be more nearly 
equal to the energy of vaporization. In the series of Eq. (10.113), the dominant 
terms are the first few, so that the value of X should compare rather with the 

energy of vaporization than the surface tension. These comparisons are shown 
in the accompanying figures. 

dhe chief weakness of this theory is its neglect of the finite size and internal 

structure of the clusters. In the classical theory given in § 6.4, the structure of 

the clusters was formally included through the internal partition function Q st -. 

Here the partition function method fails, and the correction must be made ab 

initio. Let the energy of a cluster be expressed as the sum of two terms, e sr + 

€ 8U) the kinetic energy of its center of mass plus internal energy (rotation); at 

the same time, the weight is expressed as the product co 8r o/ 5U . The distribution- 
in-energy is 

rism = co 8r co' 8U {exp (e 8r + e' 8U - sn)/kT - l} -1 (10.115) 

I he number of clusters of size s is then found by the double sum over all r and u . 
taking a particular value of u first, we treat this expression just as we did Eq. 
(10.103), to derive Eq. (10.104) and find 

Z n 9ru = V(2TsmkT/h 2 y A £ (10.116) 

r ;=i 

Summing over all internal states u then gives the total number N . If we write 

Q(s,j) = Z <»'sue~ j€ '~ lkT (10.117) 


we have 


N, = F(2t rsmkT/h 2 )‘ A £ (1 /j*)Q(s,j)e i "‘ ,kT 


(10.118) 
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Evidently Q(s,f) is identical with the internal partition function, except that 
T/j replaces T; it is thus a simple matter to express it in terms of the same 
physical parameters used in § 4.5. To develop the whole theory of the saturated 
vapor in terms of Q(s,j) y instead of the single energy TF S , would involve consider¬ 
ably moie difficult computational work, but the results might well repay the 
effort. 

10.2 Clustering phenomena in Femu-Dirac gas. Consider a Fermi-Dirac 
gas, e.g., helium isotope of mass 3, which can form clusters under the action of 
theii mutual van der Waals forces. A cluster that contains an even number of 
atoms, having even mass number, is a member of a subassembly obeying Bose- 
Einstein statistics; clusters containing an odd number of atoms would still obey 
Fermi-Dirac statistics. The analog of Eq. (10.101) is therefore 


s even: 


s odd: 


Cs — XI ( n sr + oj 8r — 1) !/(n 5r !(w sr — 1)!) 

r 

C s = IU r !/{(a, sr — w S r)!n S r!} 

r 


( 10 . 201 ) 


The reasoning is then the same as in the last section. Each subassembly can be 
treated separately, yielding its own most probable distribution-in-energy; even 
clusters have a Bose-Einstein distribution, and odd clusters, a Fermi-Dirac: 


^ even: n sr = co sr {exp (e 8r — W 8 — s^/kT - l} -1 ! 

« odd: n 8r = co 8r {exp (e sr — W 8 — sv)/kT + 1} —1 / 


( 10 . 202 ) 


Summing these over all energy levels, we again use the integration approxima¬ 
tion, obtaining Eq. (10.104) for the even clusters and an equation analogous 
with Eq. (8.409) for the odd clusters. It is not difficult to see that both forms 
are included with the proper alternations of sign in the following expression, for 
any parity of s: 


N 8 = V(2irsmkT/h 2 y A X (-lyV-VQ/jHtfto+wjikr (10.203) 

j =i 

The free energy /x is determined by writing this expression into the numerical 
sum of Eq. (10.105), which gives the density in terms of v . The partial pressure 
of the s-subassembly is easily shown to be: 

Vs = kT(2 tv smkT /h 2 ) ** X) (-l) a( >-" 1) ( l/j*) e i^+ w .'> ,kT (10.204) 

7 = 1 

If only odd values of s were counted in Eq. (10.203) there would be no de¬ 
generacy transition, any more than there is in an ideal Fermi-Dirac gas; but 
because even values of s are present, Eq. (10.203) becomes similar to Eq. (10.104), 
and a transition may occur. However, just as in the clustering Bose-Einstein 
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problem, the condensation into the liquid phase via a clustering avalanche always 
occurs first. To see this we look at Eqs. (10.105) and (10.203) again, reverse 
the order of the two sums, summing first over all s-values, and only afterwards 
over the values. Summing over s for any odd value of j gives a series without 
alternating signs. Such a series has a finite sum at its radius of convergence, 
but becomes discontinuously infinite beyond. This forces the free energy to 
remain at the value giving the radius of convergence and induces exactly the 
same kind of clustering avalanche as before. The fact that there are also present 
some s-series, with even values of j, that do not diverge, does not alter this; 
one diverging series is enough to make the total infinite. 



Fl ®-Cluster theor y of helium va P° r Pressure. Curve X is the energy term in 
li.q. (10.206) needed to fit the observed data on vapor pressure, He 3 , and Curve W is the 
observed energy of vaporization. 


Again assuming Eq. (10.109) for W s , the critical value of M is —W, and so the 
critical cluster concentrations are given by Eq. (10.203) with this value of the 
free energy. Then the density of the vapor is found from Eq. (10.105): 

(AT/F) eat = (2nmkT/h 2 ) H (10.205) 


The saturated vapor pressure is found similarly by putting the critical value 
ot n into Eq. (10.204) and summing over all cluster sizes: 

Psat = kT(2irmkT/h 2 )’ A £ £ (_i)*y-i) s « (1/ ^ )e -;x,H/* r (10 2 Q6) 


The saturated vapor pressure of pure He 3 has recently been measured, but not 
t e density of the saturated vapor. We may proceed as for He 4 in the previous 

nreZ’tf / ^ a “ ° f T fr ° m the ° bserVed P ressure « and P^ceed to 

figure^ the deDSlty ° f the Vap0r ' The resuIts are sho ' vn in the accompanying 
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Fig. 10.22. Cluster theory of helium vapor density, He 3 . Solid line: theoretical curve 
drawn from Eq. (10.205) using X-values of Figure 10.21. Broken line: experimental curve. 

10.3 Saturated vapor pressure of isotopic mixtures. In the foregoing two 
sections we have made use of the law of partial pressures, and it would seem 
timely at this point to indicate the general proof that this law holds in quantum 
degenerate gases. A direct proof on the lines given in § 6.2 for classical statistics 
is troublesome in quantum degenerate assemblies, because the partition function 
formalism is no longer valid. However, if we use the general theorems of thermo¬ 
dynamics, the law becomes almost obvious. Referring to the argument preced¬ 
ing Eq. (8.337) for the pressure of the Bose-Einstein gas, we may note that, 
from their definitions, energy E, free energy E, and entropy S are all necessarily 
extensive (or additive) quantities with respect to contributions from the various 
parts of the assembly, provided only that there are no interaction energies be¬ 
tween the parts concerned. It then follows that because pV = TS + F — E, 
the pressure p is also additive in the same sense—since all the parts are in one 
and the same volume V. The student can easily provide the proof that the 
same remarks apply equally well to the Fermi-Dirac assembly. 

Chemical equilibria in gaseous mixtures with quantum degeneracy are of no 
more than formal interest. This is because at low enough temperatures to make 
quantum degeneracy significant, no chemical reactions can in practice occur. 
Apart from this, the law of mass action cannot be stated in the simple manner 
of classical statistics, because the partition function formalism is not valid. The 
required formalism is extremely involved and we shall not discuss it here. One 
problem in gas mixtures, however, arises naturally from the work of the last two 
sections—that of the behavior of mixtures of isotopes in which clustering can 
occur. We shall discuss the saturated vapor pressure of such mixtures as a clus¬ 
tering avalanche problem. 

Any cluster has now to be specified by an ordered pair of numbers, say ( s,t ), m 
which the first number represents the number of He 4 atoms in the cluster, and 
the second number, that of He 3 atoms in it. We have subassemblies for each 
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type of cluster. Any cluster of an even number of He 3 atoms will belong to a 
Bose-Einstein subassembly; any cluster containing an odd number of He 3 atoms 
belongs to a Fermi-Dirac subassembly. The parity of the number of He 4 atoms 
in the cluster has no effect on the statistics. In maximizing the probability for 
an assembly of this kind, there are two independent numerical restrictions, one 
for each isotopic component, yielding two free energy parameters m .3 and M 4 
respectively. The mass of a cluster of type ($,/) is evidently (sAf 4 + Ll/ 3 ), and 
the free energy of the subassembly of clusters of this type is (s/jl 4 + t ju 3 ). Keep- 
ing these lemaiks in mind, the student will have little difficulty in generalizing 
Eq. (10.203) to fit the present problem, finding 

N(s.t) = V(2wkT/h 2 )^(sM 4 + tM z ) H X £ 

j =i 

(10.301) 

where W 8t means the energy of dissociation of the cluster of type ( 5,0 and 

iV(s,0 is the total number of such clusters. The two free energies M 4 and 

M3 are determined by equating the sum over all $ and over all t respectively to 
N 4 and N 3 : 

N * = L 2 s N(s,t); N 3 = ]T X) tN(s,t) (10.302) 

* 8 8 t 

where s and t may each start from zero. A clustering avalanche occurs if either 
of the free energies reaches its critical value, and the discussion of this possibil¬ 
ity follows the assumption analogous to Eq. (10.109): 



— sW 4 + tW 3 — X(s,t ) 


(10.303) 


where X(s,t) is a surface term roughly proportional to (s + t) 7/i The series in 
Eq. (10.302) diverges if either exceeds —W 4 or if M3 exceeds -W 3 , and either 
the one or the other of these two possibilities may be responsible for the avalanche 
accompanying the saturation of the vapor. Actual determination of the free 
energies from Eq. (10.302) presents practically insurmountable difficulties, and 
the best we can do is to restrict ourselves to several limiting cases—in particular 
w lere the concentration of one isotope is extremely small compared with the 


c areful examination of Eq. (10.301) will make it apparent that if, for example, 

.! <<C Ni l lk , 1S nec essary for M3 to be much more negative than If we con¬ 
sider an isothermal compression of the mixture, both free energies tend to in- 

crease towards zero as V decreases; but of course increases to its critical value 
- H 4 before M3 reaches its critical value - W 3 , provided only that N 3 is suffi¬ 
ciently small compared with N 4 . Any further decrease in volume cannot cause 
m 4 increase eyond its critical value, and it remains practically fixed. This 
emoves one variable and it becomes impossible to satisfy both Eqs (10 302) 
for smaller volumes simply by increasing M3 - Atoms then condense out of the 
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vapor into a liquid phase on further compression; however, without a definite 
theory of the liquid phase, it is not possible to say what proportion of each iso- 
tope goes into the liquid. If we are interested only in the condition of the satu¬ 
rated vapor, we do not need to discuss what happens beyond the initial onset of 
satuiation. The present theory is sufficient for this but is inadequate to discuss 
the lelative concentrations in the liquid phase in equilibrium with the vapor. 

Fiist let us suppose that N 3 is so small that the isotope behaves effectively 
like an ideal classical gas; this means that —/13 is so large that any term in a 
series containing a factor to the second or higher power can be neglected. 

Then setting n 4 = W 4 , Eqs. (10.302) reduce to the following first approxima¬ 

tion to the saturation densities: 

(N 4 /V)^ = (2irkT/h 2 y A { 22 s(sM 4 ) A 22 (i/jH)e-txe'0)/*r 

l 8 j= 1 

+ X s(sM 4 + M a ) H exp [m 3 + W 3 - X(s,l)]//fc7 , J (10.304) 

(N 3 /\Oeat = (2 TkT/h 2 )* X (sM 4 + M s )*ex p [yu 3 + w 3 - X(s,l))/kT 

8=0 

(10.305) 

This last equation determines ns in terms of N 3 at saturation, and we can use 
Eq. (10.305) to eliminate the factor exp (/z 3 + W 3 )/kT from the second part 
of Eq. (10.304), yielding a linear relation between (N 4 /V) and (N 3 /V) at satu¬ 
ration. Noting that the saturation density of the mixture is 


Psat = M 4 {NJV ) + Ms(N 3 /V) (10.306) 


A few simple algebraic steps transform the linear relation into: 


(. M 4 + xM 3 )(2TrM 4 kT/h 2 y A 22 ( s 5A /j iA )e- jX(8 ’ 0)lkT 

___ 

X s(sM 4 + Ma) H ex p {-X(s,l)/kT] 

l — X — --- 

22 ( sM 4 + M s )* exp [-X(s,l)/kT] 


(10.307) 


where x stands for the ratio N 3 /N 4 , and so is much less than unity in the present 

discussion in order for the formula to be valid. 

To find the saturated vapor pressure, it is fairly obvious how to generalize 
Eq. (10.204) for the partial pressure of clusters of type ( s,t ) and then to find the 
total pressure from the law of partial pressures: 


Psat = X) 22 P(V) 

8=0 t=0 


(10.308) 
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Under the same approximation that holds for Eqs. (10.304) and (10.305), this 
gives 


p 3 at = kT {2-wkT/ h 2 ) >/2 ■ 


Z (sM 4 )*( l/j H ) 


S,J 


e -jX(8,0)/kT 


+ Z (sM 4 + M 3 ) y exp [ms + w 3 - X(s,l)]/kT ■ 
8=0 


(10.310) 


Using Eq. (10.305) in the second part of this reduces it immediately to N 3 kT/V, 
while the first part is precisely the same as Eq. (10.113) for the pure Bose-Einstein 
gas, with X(s,0) substituted for Xs'\ So on this approximation the two com¬ 
ponents simply contribute independent partial pressures: 

N 3 « N 4= Psat = P4° + N 3 kT/V (10.311) 

where p 4 ° is an expression derived from Eq. (10.113), with a modified energy 
term. 

The coriesponding formulae for the case that N 4 <3C N% nre easily written 
down, and their detailed deduction is left as an exercise: 


Psat — 


(M 3 + yM 4 ) (2tM skT/h 2 ) ** 23 (^)(_i)<(H) r iX(o t o/ir 

a 

53 t(M 4 + tM 3 )* A exp [ — X(l,t)/kT] 

1 - 2/-^—__ 

23 (M 4 + tMsY A exp [-X(l,t)/kT) 

t 


(10.312) 


where y = NJN 3 and must be much less than unity for the formula to be valid. 
Equation (10.311) is replaced by 


N 4 « N 3 : 


Psat = P3° + N 4 kT/V 


where p 3 ° is the same as Eq. (10.206), with X( 0 ,l) replacing Xt y \ 

Second approximations can be obtained for Eqs. (10.307) and 
writing 

-^4 = 23 s N(s } 0) + 23 sN(s, 1) + 23 sN(s, 2 ) 


(10.313) 


(10.310) by 


8 


8 


and 


N 3 23 N( s ,l) + 2 23 ^( s ,2) (include $ = 0) 
8 8 

Peat = Z (P( s ,0) + p(s,l) -f- p(s,2)} 


(10.314) 


(10.315) 

a 

The development of this is tedious, and is omitted here. Details can be found 

out med in the literature quoted in subsequent paragraphs. The figures have 
been drawn from the second approximation. 

In applying these formulae to a discussion of the data, we have to find X(s,t) 

at leaTtnT mterpol * tlo “ formula between the two pure isotopes, restricted 
at least to being proportional to the number of particles in the surface of a clus- 
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ter of size s + t, and therefore to (s + t) % . However, it is to be noticed that 
W 3t , of which X(.s,t) is a part, is the energy required to dissociate the cluster 
and distribute its atoms in the vapor—not into empty space. In practice, 
therefore, the surface energy of a cluster of pure He 4 in a mixed vapor is not the 
same as the surface energy of such a cluster in pure He 4 vapor; in other words, 

X(s, 0 ) is not equal to X 4 S J , and X( 0 ,t) is not equal to X 3 1 ^. The interpolation 
formula that seems a priori most reasonable is 

X(s,t) = (* + 0*1(1 - OX 4 + CZ 3 ( (10.319) 

where 

C = Ns/(Ns + N 4 ) = x/{\ + x) 

This formula essentially assumes that on average the concentration of He 3 in 
the cluster surfaces is the same as in the vapor. Actually, Eq. (10.319) gave 
results * for the saturated vapor pressure much higher than those observed.f 
To obtain better agreement the following formula was employed: J 

X(s,t) = (s + t) V 3 {X 4 (l - C) n + X 3 C n \ (10.320) 

where n has some value chosen to give the best fit with the data. By using for 
X 4 the value of X in § 10.1 for He 4 , and for X 3 the value of A in § 10.2 for He 3 , 
we can construct X(s,t) for any desired value of n from Eq. (10.320) and hence 
find the theoretical saturated vapor pressure for the mixture, both at small G 
and small values of 1 — C. To fit the data exactly at C = 10 per cent, it was 
found necessary to choose n as a function of T : for the isotherm at 2 °K, n = 
0.79; T = 1.7 °K, n — 0.78; T — 1.55 °K, n = 0.77. The predicted pressures 
are quite sensitive to the value of n, n being fixed to within 0.5 per cent by the 
experimental data. By using Eq. (10.315) one can then obtain predictions for 
C = 95 per cent and rough ones for C = 90 per cent. The theoretical curves 
are shown in Figure 10.31 compared with smoothed experimental data. Experi¬ 
mental data are lacking between 78 and 100 per cent so that exact comparison 
at 95 per cent is not possible. However, it is quite obvious that the curves fitted 
at 10 per cent are too low at the higher concentrations. For the 2 °K isotherm, 
the deviation becomes significant at about 40 per cent; for the 1.7 °K isotherm, 
at about 65 per cent; and for the 1.55 °K isotherm, at about 80 per cent. These 
vapor concentrations can be translated roughly into liquid phase concentrations 
at the same pressures, and they turn out to be about 10 per cent at 2°, 24 per 
cent at 1.7°, and 30 per cent at 1 . 55 °. These are actually quite close to the 

lambda- transition points in the liquid mixtures. § 

Now the liquid phase does not enter our analysis as such—the saturation is 
an effect of clustering in the vapor. There does remain the possibility that small 

* R. A. Nelson and W. Band, Phys. Rev., 88 (1952), p. 1431. 
f H. S. Sommers, Jr., Phys. Rev., 88 (1952), p. 113. 

% W. Band and R. A. Nelson, Phys. Rev., 90 (1953), p. 744. 

§ Abraham, Weinstock, and Osborne, Phys. Rev., 76 (1949), p. 864; Daunt and Heer, Phys. 
Rev., 81 (1951), p. 447. 



DISSOCIATIVE EQUILIBRIUM 


219 


droplets or large clusters may on average exhibit an anomaly at or near the 
lambda -transition in the liquid. In our formula Eq. (10.320) with n < 1, the 
He 3 isotope does indeed play a reduced role in determining the surface energy 
of small clusters, compared with that in the linear formula Eq. (10.319). This 
may be interpreted as due to an average deficiency of He 3 in cluster surfaces, 
and may be related to the effects discussed in § 9.3. Above the lambda -points 
our formula Eq. (10.320) is apparently overcorrected: to obtain the observed 



Fig. 10.31. Cluster theory of vapor pressure of helium isotope mixtures 
theoretical curves; dotted lines, smoothed data. 


Full lines, 


curve, n would have to be nearer unity at smaller values of (1 — C). This means 

that He plays a greater part in determining the surface term above the lambda- 
transition than below. 


The transition in the droplets, if it exists, appears to be quite gradual; no 
breaks have been observed in the isotherms at the lambda-points. This might 
be explained as due to a dependence of a sudden transition in a cluster on the 
clus er size. On the other hand, the fact that the deviations appear to set in at 

arv to h P01 r 7 be l f ° rtu i itous - To decid * this question it would be neces- 

could not o e c an °^ e n Ved ‘ SO r therm ^ove 2.2 °K, where the lambda- transition 
could not occur at all Unfortunately cryogenic techniques for maintaining 

of tieTuneZid'hT Y f “ ° f helium rel ^ on the existence 

ItabZ^K n mamtainm u f unif0 ™ temperature, and isothermal 

data above 2.2 K are much more troublesome to obtain. 
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10.4 Nuclear reactions. It was mentioned in the last section that quantum 
degeneracy has no practical effect on chemical equilibria because chemical re¬ 
actions do not occur at the low temperatures where quantum effects become sig¬ 
nificant. We must qualify this statement, however, if we include nuclear re¬ 
actions. If we recall the criterion for validity of classical statistics in § 3.6 and 
write for N/V the numerical density of matter within a nucleus, we find that 
significant quantum effects are to be expected at all temperatures below about 

10 10 °K, which includes temperatures sufficient to permit thermonuclear re¬ 
actions. 

Nuclei containing more than 50 nucleons can be treated as assemblies of large 
numbers of systems, although we can hardly expect the statistical results to 
have as sharp a meaning as they do for macroscopic assemblies containing many 
billions of atoms. The major difficulty encountered in applying statistics to 
such nuclear assemblies is that so little is yet known of the internal energy states 
of the nuclei. Nevertheless the statistical consequences of various models of 
nuclear structure are used to check the models in question, and there is no doubt 
that the statistical method will be increasingly employed in the future, as nuclear 
structure becomes better known. We shall not discuss this aspect of statistical 
mechanics further, but refer the interested student to other sources in the lit¬ 
erature. 

According to astronomical evidence, there exist stars, called white dwarfs, 
that have densities comparable to nuclear matter, and which are apparently 
quantum degenerate assemblies of nucleons—protons and neutrons—they are 
supernuclei. If their temperatures are lower than 10 10 °K, the nucleons must 
all be in their lowest energy states, and so far as the kinetic energy of the nucleons 
is concerned, the white dwarfs are “dead.” However, the supernucleus is un¬ 
stable with respect to transmutations of neutrons into electron and proton plus 
neutrino, and it decays just like any other radioactive nucleus, emitting frag¬ 
ments that have high enough energy to escape from the star’s gravitational field. 
Recent speculations about the origin of the elements as we now know them have 
suggested that the nuclei familiar in elementary chemistry are remnants of the 
fission and decay of one or more such supernuclei. This picture accounts quali¬ 
tatively for the observed relative abundances of the heavier elements, but it 
fails to account for those of the lighter elements from about atomic weight 80 
down. In fact the abundance of H is about 10 9 times too great to be understood 
in this way. 

The abundance of the lighter elements up to about atomic weight 60 have 
been explained tentatively in terms of an equilibrium theory. Considering all 
nuclei as composed only of protons and neutrons, and neglecting electrons around 
the nuclei and all electrical forces, the relative probability of a cluster (nucleus) 
of z protons and n neutrons should be proportional to the Boltzmann factor e 
where W is the energy of binding in the nucleus, — W(z>ri). The mathematical 
theory is identical with that given in § 6.3 in connection with ordinary chemical 
reactions in gases; the physical interpretation is different. The most probable 
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number of clusters containing z protons and n neutrons is given by an obvious 
generalization of Eq. (6.319): 

N(z,n) = V{2wm(z,n)kT/h 2 } H exp (z Mp + + W z , n )/kT (10.401) 

where Tn(z,ri) is the mass of the nucleus, and /i p and p n are the free energies per 
proton and per neutron respectively. By adjusting the three unknowns, n p , 
Hn, and T, a good fit can be secured for the relative abundances N(z,n) in terms 
of the known binding energies W(z,n) up to atomic weights about 60, with kT ~ 
1 mev, fx p = —11.6, n n = —7.6 mev. 

These two very different pictures regarding the origin of the heavier elements 
on the one hand and the lighter elements on the other may possibly be recon¬ 
ciled in one broader picture in the following way. We start with a primordial 
neutron-i ich fluid of greater than nuclear densities, and at even higher tempera¬ 
ture than 10 K, exploding and cooling until it separates into two phases: a 
nuclear liquid phase and a nuclear gaseous phase, or saturated vapor. The 
terms liquid and vapor are here the analogs of the same terms used ordi¬ 
narily, but the forces responsible for the condensation and phase separation 
are nuclear forces of extremely short range compared with the van der Waals 
forces. An ordinary solid would be counted as a nuclear gas according to this 
terminology. After cooling and separation into the two phases, the tempera¬ 
ture of the assembly is supposed to be still high enough to permit thermo¬ 
nuclear reactions. Going over from ordinary temperatures, densities, and van 
der Waals forces, to these high temperatures, densities, and nuclear forces, we 
see that the clustering approximation to the saturated vapor carries over also 
and that the statistical problem of calculating the relative abundances of small 
nuclear clusters is mathematically identical with that of finding the relative 
abundances of clusters in the saturated vapor; we do not need to know anything 
about the nature of nuclear forces beyond the simple fact that they are of short 
range and sufficient to form stable clusters. The small nuclear clusters are of 
course nothing but the chemical elements, or rather their nuclei. 

Before such a calculation can have any meaning we must be sure that the 
atmosphere or nuclear vapor would be held around the liquid core by gravita¬ 
tion even though the temperature is as high as required to permit nuclear 
eactions. There is a minimum mass below which the supernucleus could not 
exist in two separate but contiguous phases: the condensed phase or core must 
be at least massive enough to hold, by its gravitational attraction, an atmosphere 

TnrWrl Th ? ^ PTeSSUre corr esponding to the required temperature, 
orrtri he k T tlC „ ener f P er nucle °n in the atmosphere will have to be of the 

ta«on« Hr ?»! ! le< ; tr0n V ° ltS> and before this can be held in the gravi- 
ential at S ^ T*’ ^ ^ mUSt produce a gravitational po- 

density p at its surface is 10.7 X 10 ~ s p^M^ ervAr a qq ,,J ; , \ 

P 0 g/cm , the minimum mass M turns out to be of the same order of 
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magnitude as the white dwarfs, 10 34 g; the supernucleus is possibly 2,000 km in 
radius. 

To handle the statistical problem, the atmosphere is treated as a mixture of 
ideal gases the paitides of which are composed of the nuclear clusters between 
which dissociative equilibrium exists. Each nuclear species or cluster type forms 
a subassembly. There exist only neutrons and protons in the mixture, and each 
cluster type is specified by an ordered pair of numbers, (n,z), of which the first 
represents the number of neutrons, and the second the number of protons in 
the cluster. The masses of the neutron and proton can be taken as equal, so 
that the mass of the cluster is (n + z)m, where m is the proton mass. If the 
free energies are written /i n and \± z respectively, the free energy of the cluster of 
type (n,z) is n\i n + z/jl z . Evidently the reasoning proceeds exactly as in the 
previous section, except that all clusters with an odd number, n + z are Fermi- 
Dirac and result in alternating signs: 

N(n,z) = V{2irmkT/h 2 y A (n + z) H X £(-l) (B+ * )0 - l \\/j^n^.+w ntt )ikT 

y=i 

(10.402) 

The free energies are determined then by the expressions: 

N n = ^2 nN{n y z ); N z = ^zN(n,z ) (10.403) 

z,n n,z 


for the total numbers of neutrons and protons, assuming that these numbers 
are fixed, and ignoring the occurrence of pair formation by neutron decay. 

The clustering avalanche sets in when one of the free energies causes the cor¬ 
responding series to reach its radius of convergence, and the relative abundances 
of the clusters are found from Eq. (10.401) with the critical value of the free 
energy. Suppose the assembly is neutron-rich; then it is the free energy im 
that controls the saturation, and which must be equated to its critical value; 
the other, \i z , is determined by the second of Eqs. (10.403), or rather, we can 
eliminate \i z from between Eqs. (10.403) and (10.402). This leads to an equa¬ 
tion for the relative abundances of the clusters as a function of the ratio N Z /N n , 
like the derivation of Eq. (10.307) from Eqs. (10.305) and (10.304). As an 
example of the order of magnitude of the resulting abundances, we may assume 
that N Z /N n has such a value that both free energies reach their critical values 
simultaneously. Let 

W„, z = (n + z)W - X(n,z) (10.404) 

and put the free energies equal to their critical values: 

= -W (10.405) 

The total number of clusters of type ( n,z ) in the vapor at saturation is then 
N(n,z) = V(2*mkT/h 2 y A (n + z) y * 52 (-l) (n+ * ni - 1) (l/j H )e- iX(n '* ),kT 

-=i 


(10.406) 
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The energies are the nonlinear terms in the muss defects of the nuclei 

and so are approximately known. The exponent in this equation in practice is 
so large that all the ./-series can be dropped after the first terms, and quantum 
degeneracy be completely neglected. We then have the classical formula: 


N(n,z) = V(2rmkT/h 2 ) H (n + 


(10.407) 


Compaiing this with Eq. (10.401) of the original equilibrium theory, we note 
that the latter equation contained three arbitrary (unknown) parameters, 
whereas Eq. (10.407) has only one, viz., T. The quantities X{n,z) are the non¬ 
linear terms in the binding energies (mass defects) and are not known as exactly 
as the total binding energies; they are in fact somewhat hypothetical because 
derived from a smoothed mass-defect curve versus atomic weight. The observed 
abundances are well enough represented by Eq. (10.407) with JcT ~ 5 mev up 
to atomic weight about 80 mass units. Such a temperature is adequate to permit 
thermonuclear reactions and so maintain equilibrium concentrations in the 
atmosphere during its formation. When the universe cools below where the 
nuclei have enough kinetic energy for these reactions, the distribution gets 
rozen in, hence one would expect the observed distribution to correspond to 
the lowest temperature permitting thermonuclear reactions. 

The main advantage of this modified equilibrium theory over the simpler 

equilibrium theory is that it includes the heavy nuclei in the same picture as 

eventual fission products of the liquid phase core. Of course the whole concept 

of an equilibrium situation persisting during the origin of the elements in the 
universe is highly questionable. 

Returning for a moment to the general problem of nuclear theory, it must be 
emphasized that the quantum statistical method so far developed in this text is 
inadequate on two major counts. First, nuclear problems usually involve high 
energies where relativistic corrections are important. This affects both the quasi- 
classical expression for energy in terms of momentum, e.g., Eq (4 216) and 
because the quantum mechanics employed (Chapter I) is so far completely non- 
relativistic, drastic revision is necessary. Second, nuclear processes include trans- 

“ ° f mat . ter mto radiation, and nuclear assemblies in general necessarily 

mit ^ r. U T nS an r P ° t0nS ’ With n ° Very Strict enervation of the total 

like Eas (2 301^ TlT T SySfce “' This com P llca tes the accessory restrictions, 

vieM the : ™ P arameters associated with these restrictions 

y ®. d , ^ statistical definitions of the chemical potential and the temperature 

which therefore need careful revision when we are dealing with such thermonu¬ 
clear assemblies. Under the agreed limitations of the present text these verv 
interesting questions will not be discussed further. ’ y 
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the condensation of the vapor into a condensed film taking place gradually as T approaches 
zero. 

2 . Develop the clustering theory for a Bose-Einstein gas with the energy spectrum of 
Problem 9, Chapter VIII. Is the condensation sudden in this case? 

3. With a view towards the eventual development of the cluster theory in terms of 
Eq. (10.118), calculate Q(s,j ) at 2 °K for helium (a) for $ = 2 , and (b) for large values of 

s, assuming interatomic distances of 3 X 10 ~ 8 cm and that the large clusters are spherical. 

4. Check Eq. (10.204) for the pressure. 

6 . Carry through the same arguments as in § 10.2 for a monolayer. 

6 . Check Eqs. (10.307) and (10.312). 

7* Eind the ratio V 3 /V 4 such that the free energies /jls and /14 arrive at their critical 
values TF 3 and W\ simultaneously, from Eq. (10.302). Find the corresponding 
density and saturated vapor pressure. 

8 . If relativistic mechanics are used, Eq. (3.204) for the density of states becomes 
co(e) = 8 tt(L/ h)\e 2 /c 2 — m 2 c 2 )*e/c 2 , where c is the velocity of light, m the rest mass, 
e the energy, including the rest energy me 2 . The expression under the square root is the 
relativistic momentum (squared). Use this in the Bose-Einstein expression, Eq. (3.511), 
and obtain the relativistic modification of Eq. (8.304), noting that the energy starts from 

me 2 instead of zero. Discuss the possibility of a Zam&da-transition in the relativistic 
Bose-Einstein gas. 
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Chapter XI 


QUANTUM DEGENERATE ASSEMBLIES 

OF DEPENDENT SYSTEMS 


11.1 The Slater-sum. The last three chapters have covered many quantum 
degenerate problems where one may assume the systems to be independent, 
and now we turn to quantum degenerate assemblies in which the systems inter¬ 
act. This calls for a generalization of the method of the assembly partition 
function that was introduced in Chapter VII. In § 7.5 we used a quasi-classical 
method to evaluate the assembly partition function for an imperfect gas and this 
naturally left the results inapplicable to quantum degenerate assemblies The 
general method of the assembly partition function and the basic concepts of 
the Gibbs ensemble are however equally valid whether the assemblies are quan- 
um degenerate or not. It is only the evaluation of the assembly partition func- 
ion that has to be generalized to include quantum corrections. Throughout 
the whole discussion of §7.1 there is no assumption regarding the absence of 
quantum degeneracy until the results of the assembly partition function method 
are compared with those of the ordinary partition function method in the classi¬ 
cal gas. specifically Eq. (7.121), where the classical complexion count was used 
In particular, the thermodynamic relation Eq. (7.114), 

A = —kT In Q 

" y Valid) aS is the defi nition of the assembly partition function, Eq. 

Q = Z % exp (- Ej/kT) (11.101) 

p evaluate Q for quantum d « e and we 

Let u nt n = 1, 2, • • • represent the entire spectrum of energy eigenfunctions 

° n ''(“mi?t' E : ? env,ll,e of the « h 

.„ d by a, the numbel . of eigenfunctions VmSZ £Slisli^vlt 

E * = En ’ n ~ = jl > j *’ • • • •?«-• ( 11 . 102 ) 
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Moreover if we write dr for the 3A r -dimensional volume element in the configura¬ 
tion space of the assembly, we know that 



(11.103) 


because of the orthonormality of the eigenfunctions. Therefore, if we sum over 
all the eigenfunctions we find, comparing with Eq. (11.101): 

I 

== Q (11.104) 



We next note that E n is a constant, and the factor preceding this integral can 
be included in the integrand: 


Q = — Z f f u n e~ E " ,kT u n dT (11.105) 

The functions u n are eigenfunctions of the Hamiltonian operator for the whole 
assembly, so we may write the Schrodinger equation 

Hu n = E n u n (11.106) 

Indeed an}^ function of the operator II can operate on the eigenfunctions of H> 

yielding the same kind of result, in particular, 

e ~H ,kT Un = e~ EnlkT u n (11.107) 

where the operator e~ HlhT is defined in terms of H by the ordinary exponential 
series: 

e - H/kT = 1 - H/kT + ±(H/kT) 2 + • • * (11.108) 

Thus we can write instead of Eq. (11.105), the operational equation: 

Q = — £ ( (u n e~ H,kr u n dT (11.109) 

N\ n J J 

This, however, is exactly the sum over all the diagonal elements of the matrix 
representation of the operator (11.108), namely the matrix: 


\\e- H ' kT \\ n . m = f • • • f u n e~ HliT u m dr (11.110) 

This sum, the spur of the matrix, is invariant for all linear transformations in 
the function space of which the u’s are base vectors. Thus we have in general. 


where v n , n = 1 , 2, • 



( 11 . 111 ) 


• is any closed orthonormal set of functions in the same 
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configuration space as the u’ s, and not necessarily eigenfunctions of the operator 
H. Because we are free to choose any member of the family of closed ortho¬ 
normal sets of functions for the z/s, Eq. (11.111) is a much more powerful theorem 
than Eq. (11.102) from which we started. This form of the assembly partition 
function is known as the Slater-sum of the assembly. 

The importance of the Slater-sum lies in the fact that we often do not know the 
exact eigenfunctions for the assembly, so that we could not set up the assembly 
partition function in its ordinary form. Even though we might be able to find 
the degeneracy numbers from group-theoretical considerations, we do not usually 
know the eigenvalues if we do not know the eigenfunctions. However, we can 
ah\a}s set up the operator H } and we can always choose some arbitrary set of 
orthonormal functions v n , and so at least formally set up the assembly partition 
function as a Slater-sum. 

Before using this method to study assemblies of interacting systems, we show 
that when applied to ideal quantum degenerate gases it gives the same results 
as before in § 8.3 and § 8.4. To do this we can choose the actual exact eigen¬ 
functions for the ideal gas as outlined in Eqs. (1.436) and (1.438): 

“(P>r) = N\~' A V~' AN £ (±l) p exp {(2 wi/h) £ (p r r PJ )} (11.112) 

p i =l 

On the left side of this equation, we regard u as a function of all the momentum 
vectors of the assembly of particles represented by p, and all the position vec¬ 
tors represented by r. The momenta p take the place of the subscript n in Eq. 

(11.111) . If the gas is confined to a box of side L, the momenta have discrete 
allowed values: 

Py = hnj/L (11.113) 

where n y is a vector having integer components. Thus the sum over n in Eq. 

(11.111) is translated into a sum over allowed momenta, or over the vectors 

n }■ 0° tlle ri ght-hand side of Eq. (11.112), we have written a sum over all per¬ 
mutations P, and the symbol (±l) p assumes the upper sign if we are dealing 
with symmetrical eigenfunctions, or Bose-Einstein statistics, and the lower sign 
i with Fermi-Dirac statistics. In the latter case it signifies an alternating sign 
positive for even permutations P and negative for odd permutations P. In the 
Bose-Einstein statistics it is always positive and can be dropped The Hamil¬ 
tonian operator is derived from the classical Hamiltonian in the usual way the 
classical form being ’ 

H = IP//2 m (11.114) 

j 

However because we have chosen the actual eigenfunctions of the assembly we 
8 ° t k ^ t0 , Eq ‘ ( 11,105 ) t0 find th e assembly partition function, instead of 
reFdfced e by Perat '° na ° f Slater * sum in Ec b (U-Hl). Of course E n is then 

•E’(P) = 2 p//2 m 


(11.115) 
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The sum over all the energy levels can be written as an integral over all the 
momenta if we use the weight factor already found in Eqs. (3.204) and (8.303), 
expressed in terms of momentum instead of energy. It is easy to see that 

w(p)dp = 4 irVh~ 3 p 2 dp (11.116) 

Then we can form the assembly partition function Q and fin d 

N'.h™Q = (±D P+P 'f - f ex p {-(2 ri/h) £ PrTpj} 

N N 

XexpfZ -pj 2 /2mkT J exp {(2wi/h) £ p r r PV } n lirpfdpj n drj (11.117) 

> =1 J=i j j 

The index j in this expression indicates which particle the terms refer to, and 
Pj refers to another particle obtained from the jth particle by the permutation 
P. In evaluating this expression we find the following elementary integral over 
the momenta which goes through at once if we change to Cartesian co-ordinates: 
47r p 2 dp —> dp x dp v dp z for each particle. 


/ /*» N N 

■ I exp | (2wi/h) Z (p r [r PV - r Pj ]) - X) Pj 2 /2mkT\ 

J-CO j — l i = l 


n dpjzdpjydpjz 

J 


N 

= (2-rrmkT) 3NI2 exp [ -(2 T 2 mkT/h 2 ) X) (r pj - r P ,j) 2 } (11.118) 

7=1 


Therefore we may write Eq. (11.117) as follows: 

N' 2 Q = Z) Z) {±\) p+p '(2wmkT/h 2 ) 3NI2 

P P' 

X f-fex p { — (2iz 2 mkT/h 2 ) Z (r pj ~ ip-j) 2 } n dr, (11.119) 

J J i=i i 

From this it follows that 




(±l) p (27rmkT /h 2 ) 3N 12 



N 

exp { -{2^mkT/h 2 2 ( T J ~ r ^) 2 ) n dr J 

7=1 7 


( 11 . 120 ) 


To see this we must note that the parity of the double permutation P' followed 
by the reciprocal of P is the same as the parity of P plus the parity of P'; then 
we write P in place of P'P~ l and j in place of Pj in Eq. (11.119), and note 
that one of the sums merely multiplies the result by N\ as the total number of 
permutations, thanks to the symmetry of the integral with respect to the par¬ 
ticles. 
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In the last integral over configuration space, the sum in the exponent, viz., 

Z fa ~ i>y ) 2 

J=1 

breaks up into loops in some arbitrary pattern depending on the permutation 
P, each loop being self-contained and not connected with any other loop, e.g., 

( r i “ **2 ) 2 + (1*2 ~ r 3) 2 4 -b (r«_i — r s ) 2 + (r 5 — iq ) 2 

The integral thus breaks up into a product of smaller integrals, each over the 
volume elements of the s particles in the loop. Each permutation determines a 
loop pattern, specified, say by the number m 8 of loops each containing s particles. 
The numbers m 8 necessarily satisfy the relation: 

= N (11.121) 

8 

because all the N particles are present in the exponent. Summing over all the 
permutations P in Eq. (11.120) means summing over all ways in which loops 
can be formed, or over all sets of numbers m 8 that satisfy Eq. (11.121), and all 

ways in which the particles can be arranged in each set of numbers m 8 . For 
the integral over any one loop, we write: 

— J* • • • j* exp { — (2tt mkT/h 2 ) (r 12 2 4" r 23 2 4~ * • • 4" r 5l 2 ) } dr\ • • • dr 8 


where 


( 11 . 122 ) 


1*12 — r 2 , etc. • • • 

Note that the value of this integral over the co-ordinate space is independent of 
which particles are involved, and depends only on the number s. We evaluate 
this integral later. The integral occurs in Eq. (11.120) as a factor m a times for 
the corresponding permutation P. The number of permutations yielding'the 

given set of numbers m s is easily shown to be Wl/ljj m a \s m -\ . The factor s m . 

occurs here instead of s! m * because only the cyclic permutations are allowed in 
a loop. Collecting together all the above information, we can rewrite Eq. (11.121) 


Q = ( 2 TmkT/h 2 ) 3NI2 (±1) P II (l/m 8 !)(B 3 /s) 

{m a J AT 


(11.123) 


where the sign is positive for Bose-Einstein statistics, but for Fermi-Dirac sta- 

is odd TK Slgn 18 whenever the Permutation P producing the set m. 

odd. The summation sign means over all sets m s satisfying Eq. (11.121) 

bv !n ^ t mt u l0 ° P , COnta ‘ ning an odd number of Particles could be generated 
y , . en number of steps, so that if we were to write a factor ( —l) 3-1 for 

each loop of size s, the whole product would automatically give the proper sign 
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for the permutation among all N particles in the Fermi-Dirac case. It is also 
to be noted that when s = 1 in the above expressions, a “loop” of one particle 
occurs whenever Pj = j, and the exponent vanishes; the loop integral then re¬ 
duces simply to the total volume for that one particle i 

B i = V (11.124) 

Incidentally, as will be shown shortly, every B s contains a factor V, so it is 
convenient to introduce the following notation: 

Vb s = BJs (11.125) 

In terms of this notation Eq. (11.123) becomes 

Q = (2TmkT/h 2 ) 3NI2 Z H{l/m^{Vb a {±\y- 1 \ m . (11.126) 

|m a )iV S = 1 

There are two ways in which we can now proceed. The more rigorous way is 
to form the generating function of some real variable X : 


F(X) = exp 


Z Vb s (±\y~ l {2irmkT/h 2 )^X 


5 = 1 


(11.127) 


and we note that Q is the coefficient of X N in the expansion of F(X ) as a power 
series in X. We then go over into the complex Z plane, of which X is the real 
axis, and evaluate the coefficient by the theorem of residues. The student is 
referred to other works for further details of this method. Instead we shall 
follow a less rigorous and mathematically simpler method that gives the same 
results. Looking at Eq. (11.126) as a series over all sets [m 8 }, we note that there 
must exist some particular set {m 9 \ that contributes the maximum term to the 
sum. It can be proved that if we take the logarithm of the series, the logarithm 
of its maximum term gives a first approximation to the result; and this approxi¬ 
mation is the more precise, the larger N. The theorem may be stated in the form: 

lim #—><»: In Q = (3N/2) In ( 2wmJcT/h 2 ) 

+ Z In {Vb^iy- 1 } — In fh 8 !] (11.128) 

8 = 1 


where fh 8 is the most probable, or maximizing, value of m 8 . This maximizing 
value fn 8 is to be found by making variations in m 8 and equating to zero the 
resulting variations of In Q; the variations 8m 8 are subject to the condition 
Eq. (11.121), so that we need one Lagrangian parameter, say 7 . Multiplying 
Eq. ( 11 . 121 ) by 7 , subtracting from Eq. (11.128), and taking the variations and 
equating to zero, we find, after making free use of the Stirling approximation on 
the factorials: 

5m*[ln {F 6 8 (zhl) s-1 } — In m 8 — 57 ] = 0 
which solves to yield 

fh 8 


= (±1 y- l Vb 8 e^ 


(11.129) 
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Putting this into Eq. ( 11 . 121 ) gives the equation determining 7 : 

N = X (11.130) 

s 

Writing In m s \ = m a In m, - m, on the right side of Eq. (11.128) and using Eq. 
(11.129), we find the logarithm terms cancel and get simply: 

In Q = (3W/2) In (2wmkT/h 2 ) + X (±1)—‘Vb.e-* + Ny (11.131) 

8 

Applying to this the theorem of Eq. ( 11 . 101 ) and using the thermodynamic 
relation Eq. (7.116), we find the pressure: 

V = kT (±1 ) 3 - l b 8 e- 8y (11.132) 

8 = 1 

To compare these results with those obtained previously, viz., Eq. (8.303) and 
Eq. (8.337) for Bose-Einstein and Eq. (8.409) for Fermi-Dirac statistics, we have 
finally to evaluate the integrals B„ of Eq. ( 11 . 122 ) or b s of Eq. (11.125). 



Fig. 11 . 11 . Illustrating evaluation of the loop integral B, in Eq. (11.133). 

To do this, first draw a polygon with s corners numbered 1 , 2 , • • • s. Com¬ 
plete the triangle 1 , m, m + 1 and choose some point p on the side joining the 
comers 1 and m + 1 . Then 


, r i m — r 2 i P + r 2 Pm — 2ri p r pm cos ( Z 1 pm) 

and 

2 2 2 

r m,m+ 1 = r p, m +i + r pm + 2 r Pt m+ir pm cos ( Z 1 pm) 

Multiply the first of these by the ratio a m = r p , m+l /r lp and add the result to 
tne second equation to eliminate the angle: 

m,m -fl (1 “h &m) r pm “t“ 4" ^rn) 


a mT 2 lm + T 2 
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Apply tills equation successively starting from m — 2: 

r 12 4 " t 2 2z = 2 r 2 p2 -f- §r 2 j3 

and with the point p on the line joining the corners 1 and 3, midway between 
them. Again with m = 3: 

Pis + r 2 34 = §r 2 p3 + ir 2 , 4 

and the point p on the line joining the corners 1 and 4, such that a 4 = A By 

choosing the points p successively in the appropriate places, we can set up a 
series of equations of which the typical one is 

r 2 i n /(n - 1 ) + r 2 n , n+1 = nr 2 pn /(n - 1 ) + r 2 1>n+ ,/n 

Adding all these equations together for the values of n = 2 up to s — 1, we find 

r 2 i2 + r 2 23 +-f r 2 ,_ li8 = 2 r 2 p2 -) -+ ( s - 1 )r 2 Pl ,_ 1 /(s - 2) + r 2 u /(s - 1) 

If to both sides of this equation we add r 2 i s , we get the expression appearing in 
the integrand of B s on the left, which is therefore expressed, on the right, with 
separated variables. The origin of co-ordinates can be transferred to the cor¬ 
responding point p for each integration, and we then find B s to be a product 
of elementary integrals (Pierce’s Tables # 494 ) : 

Bs = 4x n f-f exp { -nr n 2 /[(n - l)g 2 ]\r n 2 dr n dT i = Fj/ 3 (,,- 1 ) /s ’ 4 (11.133) 

n= 2 “ J 

where 

g = (2mnkT/h 2 )-* 

Dividing this by sU, we have from Eq. (11.125): 

b 8 = { 7 3 (s “ 1 ) s“ 5 ^ (11.134) 

If these integrals are put into Eq. (11.130), we can solve this equation for the 
parameter 7 . However, we do not actually need to carry out this solution; for 
if we compare the equation with Eq. (8.305), which determined the free energy, 
we see that the two become identical if we write 

(T* = g~ 3 e +li/kT (11.135) 

so the solution we obtained before for /z will give 7 . Putting this transformation 
from 7 to m into Eq. (11.132), we find that this equation reduces exactly to the 
equation of state (8.337) we found before. This completes the verification of 
the new formalism as it applies to the simplest case of an ideal quantum degen¬ 
erate gas. It also demonstrates effectively that it is pointless to use a high- 
power formalism to solve a low-grade problem. We have done it here because 
the solution gives some insight into how the new formalism works, before we 
come to apply it to new problems that are insoluble by the earlier methods. 
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11.2 Quantum degenerate imperfect gas: theory of Kahn and Uhlenbeck. 

In setting up the quantum mechanical generalization of § 7.5 and § 7.4 on im¬ 
perfect gases, we use the Slater-sum Eq. (11.111) and the operational form of 
Hamiltonian Eq. (7.303): 

H = - £ h 2 Vj 2 /2m + U( q) (11.201) 

j 

This permits the Slater-sum to be written in the formi 


Q=-/"J. G(q)e- u ^> kT ndq 


( 11 . 202 ) 


where Udq is intended to indicate the volume elements of all particles, and 

G(q) = J. ■ .Ju( p,q) exp • £ h% z / 2 mkT^ u(p,q)V N h~ 3N ndp (11.203) 

The factor (V/h 3 ) N takes care of the number of eigenstates per unit cell in 
momentum space when the eigenfunctions are normalized in the volume V as 

in Eq (11.116). The function G(q) is a function of all the co-ordinates of all 
the N particles. 

During the integration over 3 N co-ordinate space, the particles form all con¬ 
ceivable cluster patterns. In any particular cluster pattern the energy breaks 
up into additive contributions, one from each cluster, and because interaction 
between particles is assumed short range, there is no interaction term between 
different clusters. Therefore the Hamiltonian corresponding to any cluster pat¬ 
era also splits into clusters between which no interaction occurs. Similarly 
the corresponding variables in the Schrodinger equation will separate and the 
corresponding eigenfunctions separate into congruent clusters. Because of this 
the function G(q) splits into separate factors, one for each cluster. Thus in 

WonWb mt - g £r Eq ‘ (1L2 ° 2) ’ any clusterin S of th e variables that 
factorizes the term e u ™' kT automatically factorizes the term G(q) in the same 

dus er pattern, and the integrand of Q therefore behaves in the same way as it 

did n the classical Mayer theory of Chapter VII. Note specially that in reach- 

ing this conclusion no assumption has been implied as to the pairdoy-pair nature 

e interaction forces; the result is therefore more general than the equivalent 

clustering in the Mayer theory of Chapter VII. Because of the factor G(q) the 

contribution from each cluster has to be re-evaluated, and we need a more general 

formalism than m § 7.5. We introduce the following functions: 


/(?i) 

/(?i,<? 2 ) = g°[G(q ll q 2 )e 
/(5i)92,93) = 9 0 {G(qi,q 2 ,q 3 )e- 


= o 3 G(g D 


Uiq '- 9 * )lkT - G( qi )G(q 2 )\ 
Mq - q '- q > )lkT + 2 G( qi )G(q 2 )G(q 3 ) 
— X) G{q x )G(q 2 ) g 3 )e“ u( «2'9p/ A7 ’J 


(11.204) 
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The sum in the last expression is over the three cyclic permutations of the sub¬ 
scripts. The ^-factors normalize the/’s to unity as in the classical theory. Sub¬ 
scripts indicate particles. The functions are to be defined for all particles, all 
pairs, all triplets, etc., the above being typical examples only. 

These /-functions have the important property that they become zero if the 

particles indicated by their subscripts do not form a close cluster. Thus if q x 

and 02 are too far apart to be counted as a clustered pair, the function f(qi,q 2 ) 

vanishes because the function G(q u q 2 ) factorizes into G{q l )G{q 2 ), as discussed 

above, and the interaction energy u(qi,q 2 ) vanishes. Similarly, if the third 

particle is too far from either the first or second to give any interaction energy, 

the function f(q u q 2 ,q 3 ) vanishes identically, because the G’s all factorize with 
respect to the third particle. 

Equations (11.204) can be reversed to read 


G(<h) = 0 3 /(0i) 

G(qi/l 2 )e u< -ii-i 2 )lkT = g °{f(q l ,q 2 ) f(qi)f(q 2 )} 

G{q l ,q 2 ,q z )e-*^-W*'>l kT = g~» {f{q u q 2> q 3 ) + £ f( qi )f(q 2 ,q 3 ) 

, +/(3i)/(?2)/(g 3 )} 

etc. 


(11.205) 


In carrying out the integration of Eq. (11.202), there will be some definite region 
of co-ordinate space corresponding to each cluster pattern, and the integrand 
factorizes into this pattern; each factor in the integrand has the form of one of 
the expressions on the left side of the series of equations, Eq. (11.205). If we 
substitute the right sides of Eq. (11.205) for these factors in the integrand, the 
latter becomes the sum of a large number of /-products. Because of the cluster 
property of the /-functions, the integral over any one of these products splits 
into separate integrals over each factor in the product, and these integrals do 
not depend on which particles appear in the subscripts, only on how many. 
Moreover, because of the short range character of the interactions within each 
cluster, the integral over any one /-factor is proportional to V, and otherwise 
depends only on the number of particles in the factor. The general product 
contains m\ factors like /(qq), m 2 factors like /(7 i,< 7 2 ), and in general m n factors 
with n particles. On integrating out the product, all these similar factors give 
identical integrals, so we may write the integral of an/-factor in which n particles 
are present in the form: 


/••• §f(qu---q n) n n dq = n\Vb\ (11.206) 

where U n dq indicates the volume elements of all n particles. The product ob¬ 
tained from some one cluster pattern specified by the set of numbers m n is 

XI { n ! Vb * n } (11.207) 


n 
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The number of identical cluster patterns formed by permuting the particles 
among themselves is 


iV!/(II m„!(n!) m ») (11.208) 

n 

so that the total value of Q is found by summing the product of the last two 
expressions over all sets of numbers tn n i 


q = zn ( 1 /m n !) { Vb* n J m ng ~ 3 N 

{wJV n 


(11.209) 


The sum over the sets m n is restricted by the condit 

N = ^2, nm n 


ion 


n 


( 11 . 210 ) 


fo,™ 7 n rin £ th uY eSUlt : vith , Eqs - (7 512) and ( 7 - 52 °). we notice the exact 
o mal identity between the classical potential partition function Q(q)/N\ and 

e quantum mechanical Qg 3N . The most important difference is that in the 

q antum mechanical formalism the momentum integrations, corrected for by 

the normalization factor g , occur in the integrals b*, whereas in the classical 

formalism the momentum integrations were carried out before factorization and 

are absent from the b s. The most probable cluster numbers are evidently given 
by the analog of Eq. (7.517), which reads S 




r u 


where 7 is the Lagrangian multiplier determined by Eq. ( 11 . 210 ) in the form: 


N = £ nVb\e-”y ( 11 . 212 ) 

maw be S 0 u lved ’ we Can USe the resultin g values of m n in Eq 

the'thim / nd tHe ° ganthm of the assembly partition function, and hence 
the thermodynamic properties of the assembly 

calces,dt 7 al 7^7 With the ClaSSica ' the ° ry Permits us t0 take over the classi- 
cal results and merely reinterpret the coefficients i 

before and we find first that the analog of Eq. (7 526) is ^ GXaCt y as 


(11.213) 


(1/AO In (g 3N Q) = In (Vb*i/N) + 1 + (6* 2 /h*i 2 )(A7F) 

+ (b* 3 /b* j 3 - 26* 2 2 /6*i 4 ) (N/V) 2 + 

£££ ^S) Eq if < " he 2, Il ,hat /*‘,- *■ ^ ffJB*), ZZL 

With the dimensions of the enclosure d “" P f ed 

and Sr The result is^ ^ ^ ° f ^ aSSembly from Eqs.TlT 101 ) 


pV/NkT = 1 - b* 2 (N/V) - ( 2 ( 1*3 - 46V)(AT/F) 2 


(11.214) 
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Note that the full effects of quantum degeneracy are formally included in this 

result: quantum degeneracy of binary collisions affects all the virial coefficients 

from the second up, degeneracy of triple collisions affects all the virials from the 
third up, etc. 

Before applying this result to calculate the effects of quantum degeneracy on 
the virial coefficients, it is again worthwhile to check that when applied to an 
ideal gas it yields identical results with those already obtained by the more 
elementary methods. In setting up the Slater-sum for an ideal gas, we know 
the eigenfunctions exactly, so we do not need to use the operational form Eq. 
(11.111), but can use the form Eq. (11.105) directly. To calculate b* x we first 
choose the eigenfunction for a single particle: 

«(P,Q) = V~ H exp (ip-q/ft) (11.215) 

and evaluate the integral (7(q) from Eq. (11.203) for one particle: 

G( q) = h ~ 3 J ''' J exp { - ip ■ q/h - p 2 /2mkT + ip-q/h}dp x dp 2 dp 2 

= h~ 3 f ■ ■ • fe~ p2l2mkT dpidp 2 dp 3 = {2irrnkT / h 2 )^ (11.216) 


From Eqs. (11.206) and (11.205), the value of Vb *i is the volume integral of 
(j(q)<7 3 , and because (?(q) as given here is independent of position, this yields 

= g 3 (27rmkT/h 2 y A = 1 (11.217) 


Evidently the interaction energy does not enter this calculation anyway, so that 
this result is true also for the imperfect gas. 

To calculate b* 2 for the ideal gas, we choose eigenfunctions for a pair of par¬ 
ticles: 

^(pi,P 2 ,qi,q 2 ) = (l/V2*){e i(p '- q i+ p * q > )IA =b ^ ( «vq*+iv<ii>/*} (11.218) 

where the positive sign applies to the Bose-Einstein statistics and symmetrical 
eigenfunctions, and the negative sign gives antisymmetry; compare Eqs. (1.421) 
and (1.422). Writing r = q x — q 2 , it is easy to show that the square modulus 
of these eigenfunctions is: 


( uu) 8 = (2/F 2 ) cos 2 {tt(p! - p 2 )*rA)J 
(uu) a = (2/F 2 ) sin 2 {tt(pi - P 2 )*rAU 


(11.219) 


To find G(qi,q 2 ), we have to evaluate the integrals: 

G(qi,q 2 ) = 2h~ 6 J ■ ■ J {tt( Pi - p 2 ) ■r/h}e- (p S +p ** )l2mkT dp 1 dp 2 (11.220) 
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over 6-dimensional momentum space. The easiest way to do this is to transform 
to new momentum variables defined by 


P 2 = (Pl - P 2 ) 2 , P 2 = (P! + P2 ) 


( 11 . 221 ) 


The Jacobian of this transformation is 8, so the new 6-dimensional element is 
(4:rp dp)(4wP dP)/8, and the integration is straightforward. The result is 

GiQuIz) — (2irmkT/h 2 ) 3 j 1 ± exp ( —4ir 2 mkTr 2 /h 2 )} (11.222) 

where the positive sign corresponds to the cosine in Eq. (11.220) and sym¬ 
metric eigenfunctions, and the negative sign to the sine in Eq. (11.220) and 

mlir 6 ? eigenfunctions. Applying this result to the second of Eqs. 
(11.204) with zero interaction energy, u(q u q 2 ) = 0, we find, from Eq. (11.216): 

K 9 .UQ 2 ) = =b exp ( — 4:Tr 2 mkTr 2 /h 2 ) (U 223) 

fo U or<W iS int ° ( ! L206) t0 find h * 2 ’ We must inte g r ate over 6-dimensional 
co-oi ornate space to get 



J/(?i)? 2 )dr 1 dT 2 = zb | V{rmkT/h 2 ) 


(11.224) 


so that we find finally that 


b* 2 = ±iV(t rmlcT/h 2 ) 

It may easily be verified that this is equal to 

b* 2 = ±0A62(V/N)(T o /Ty A 


(11.225) 


(11.226) 

of™.(V 8 'Jf “ d b f. ^ } a m >’ » ‘he second term on the right ot Eq 

previously. The evaluation of the third term is more tedi™,® v! i • , G d 
Eo” (H 'fof'l,' Cmi ‘ bo be sho '™ 10 coincide with the correspondh^tem to 

^ddenUy^not^conven^enTwhefappli^ 11 !©* 1 thefdeafgas^bufit d^oes™ 6,1 * 10 !/ 3 

=3*1 iZZSfr MS SL-SSff 

pV/NkT - 1 + B/V + C/V 2 4 („, 301) 

stnll^U 225) that“ev«forf n i' ° thW - e ‘ c - We «l«ady 

aero, but Lithe vie, dee “ e "> te B » “* 


Bid = =F (A/16) (mnkT/fi 2 )-* 


(11.302) 
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the sign depending on the statistics. Interaction forces between atoms may 
alter the value of B, and we now proceed to compute this effect: 

B = B' + B id (11.303) 

It is evident from Eq. (11.214), remembering Eqs. (11.217) and (11.206), that 

B = -%(N/V)(h 2 /2irmkT) z f---f {G( ?1 , ?2 ) e -“<W/«’ _ G{q l )G{q 2 )\dT l d T2 

(11.304) 

The second part of this can be integrated at once, and we find 

B = %NV - %(N/V)(h 2 /2wmkT) 3 f ■ ■ f G(q u q 2 )e- u(q ‘-9 2 ->l kT d Tl dT 2 (11.305) 

The corresponding expression for the ideal gas is identical with this but has 

== 0, and G 0 (qi,q 2 ) written in place of G(qi,q 2 ), defined in the same way 
as G(qi,q 2 ) except in terms of the free-particle eigenfunctions u 0 (qi,q 2 ) in Eq. 
(11.203). Therefore we have 


B' = -h(N/V)(h 2 /2irmkT) 3 f J { G( qi ,q 2 )e~ u ^ )lkT - G 0 (q u q2)}dndT 2 

(11.306) 

Because these calculations involve a single pair of particles only, they are closely 
similar to those met with in the quantum mechanical theory of collisions,* and 
we find the method of partial waves familiar in the latter problem most ap¬ 
propriate here. 

The integrals in Eq. (11.306) are essentially of the same form as those in 
Eq. (11.111), with the momentum integral implied in G(q\,q 2 ), replacing the sum 
over states in Eq. (11.111). It turns out to be easier to evaluate Eq. (11.306) 
if we go back to the earlier form Eq. (11.102), instead of Eq. (11.111), and write 
in place of Eq. (11.306): 

B' = /V)(h 2 /2mnkT) z 2\ { £ e~ B » lkT - £ e~ E " lkT ] (11.307) 

f n n ’ 

where the factor 2! is to take care of the degeneracy due to the identity of the 
two particles, there being on this account two states with each energy eigen¬ 
value; the integer n is to be given a different value for each of the eigenstates 
of one of the particles, with respect to the other. The eigenvalues for interacting 
particles are E ni and E n ° are those for noninteracting ones. 

Expressing the co-ordinates of the pair in terms of their center of mass, the 
energy separates into kinetic energy of the center of mass motion, and energy 

* Quantum Mechanics, L. I. SchifT, McGraw-Hill, 1949; Chapter V. 
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of relative motion. Summing over all states of the center of mass motion yields 
the classical factor for a body of mass 2m: 


V(4*mkT/h 2 )* (11.308) 

The energy of relative motion possesses the eigenvalues of the angular momentum 
equations in a spherically symmetrical field: 

(a) no force field: 

- (h 2 /m)d 2 (ru 0 nl )/dr 2 + \h 2 l{l + \)/mr 2 }(ru° nl ) = E° nl (ru° nl ) (11.309) 

(b) central field U(r ): 

~(n 2 /m)d 2 (ru nl )/dr 2 + U(r)(ru nl ) + \h 2 l{l + \)/mr 2 \(ru nl ) = E nl {ru n i) 

(11.310) 

Therefore^ ^ e ' genfunctions ’ either Unl or for each value of (is 21 + 1. 

B’ = -N(h 2 /imkT)* Z (21 + 1) f Z e ~ E »d kT - Z e~ E \d kT 1 ( 11 . 311 ) 

1 ' n n J 

To distinguish between Bose-Einstein and Fermi-Dirac statistics one has to in- 

° n r ii elg r tl0n , S tHat are s y mmetHcal or antisymmetrical respectively 
between the two particles. This means summing only over even values of l 

or only over odd values respectively. The detailed calculations for helium at 

low temperatures based on this method may be found in the literature- agree- 

ent between computed and observed coefficients is satisfactory when* the 
Lennard-Jones potential function is used for U(r). 

As a much simpler example illustrating the method, we consider here a model 
gas of impenetrable spheres in which the potential function has the form: 

U( r ) = 0, r > «r; «7(r)-co, r < , (11 . 3 12) 

o' 

r > v: ru n ,(r) = A^hbr)'.! l+ ^(kr) + B t (k){^kr)^J_ t ^ {kr) (1L313) 

raUo^f A TT m f. hy = Enl and 80 de P ends ^th on n and l The 

ratio of A t to B t is determined by the condition: 


r < a: 


ru n i(r ) = 0 


(11.314) 


The eigenfunctions of the field free case qho'i , .. 

of the Bessel functions h„t k1„ !f’ ( , 309) are also llnear combinations 

become infinite at the origin, the arbitrary constants B^have^vanSf dentS 


where 


ru ni(?) ^K^o)(2^o r )^/-f-^(A:or) 

fi 2 k 0 2 /2m = E° nl 


(11.315) 
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Asymptotically at large radius the field free functions become 

r a: ru°„i(r ) = A t (k 0 ) sin (k 0 r — fZx) 

while the other functions become 


(11.316) 


r~S> a: 
where 


rum(r) = (A? + B?)* sin [hr - \hr + Vl (k)} (11.317) 


tan rji(k) = (-1 ) l Bi/Ai = (-1 ) l+ 1 {Ji +H (ka)/J^ H (ka)} (11.318) 

To use these functions in Eq. (11.311), we note that the sum over n in that equa¬ 
tion may be transformed into an integration over k. To effect this transforma¬ 
tion, we first enclose the field concentrically in a sphere of radius R and demand 
that Ru(R) = 0. This has the effect of forcing a discrete spectrum on the 
fc-values, with a one-to-one correspondence between the k - and the n-values. 
We find that the transformation from n to k is independent of R, so that we can 
then let R approach infinity, thus allowing the /c-spectrum to become continuous 
and its sums become integrals that can be evaluated in closed form. The pro¬ 
visional boundary condition: 

Ru(R) = 0 (11.319) 

applied to Eqs. (11.316) and (11.317) yields 


and 


k 0 R — = TlTT 

kR — \hr + rji(k) = rnr 


so that in the two fields, 


(11.320) 


and 


An = (R/Tr)Ak 0 

An = ( R/ir)Ak -f- (1 /tt) (drj 1 /dk) Ak 


(11.321) 


To use these in Eq. (11.311), we note that 


and 


£ e -EjkT C e -MlmkT{ dk + (1 /R)(dm/dk)dk] (11.322) 

n Jo 

_ 00 

'£e- E0 ni /kT -> (R/ Tr) f e-* 2k o' lmkT dk 0 (11.323) 

n Jo 


The first integral of Eq. (11.322) is identical with Eq. (11.323), so that there 
remains only 

00 

B' = — N(h 2 /irmkT) ^(I/ir) £ ( 2l + *) f e~* tk * lmkT (dvi/dk)dk (11.324) 

l Jo 

The details of this integration can be found in the literature, and if the entire 
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Z-sum is included, it leads to the quantum mechanical evaluation of the virial 
coefficient in Boltzmann statistics: 

•3 Bolts = B c i ass = (2irNa 3 /3) {3fi 2 /ma 2 kT + 4 


1 (11.325) 


(11.326) 


- -V-( mc 2 kT/h 2 ) + Xpgg.fa^kT/h 2 ) 2 - 

It is convenient to use the dimensionless quantities, 

T * = kT/ S, V* = V/ (2irNtr 3 /3), L* = h/[<j(mZ) V2 ] 

' * 

where 8 is an arbitrary energy later identified with the minimum enerev of 
interaction between two particles. In terms of these we find 

Bolts = (F/F*){(3/4 t : 2 )L* 2 /T* + | 

— 22w 2 T*/L* 2 -f- (38427t 4 /15)7’* 2 /L* 4 J (11.327) 

In the Bose-Einstein case we sum over only even /-values and find 

B'b.jl. = (F/F*){(3/2 w 2 )L* 2 /T* - Utt 2 T*/L* 2 + ... J (11 328) 

and with the antisymmetrical case, summed only over odd /-values, we have 


B ' f.d. = (F/F*) {9 + (768iTr 4 /15)T* 2 /L* 4 -| _ j 


Combined with Eq. (11.302) in the form: 


(11.329) 


= =F(F/F*)(3/32 


(11.330) 
~ fOT eith “ * 

7**"* bU ‘ the "Shtwoight 
through L>, increasing adth decreasing mas's ^ deP “ d 

reason to bS ^ is 

?®!> should be due entirely to the qua^mT^' 7^7^ ^ ~ 
m this is the first one in Eq. (11.328), so that ° n ‘ The domina nt term 

B(He) - B(D,) - (1/V)(K/F>)|I.> W - i*S(D,)j/r* (n. 331) 

MreJisKc enough')“ a'propmctmn ; Vhi ' h ‘ hiS formi,, “ » b »sed is 

ever, a similar result has been worked oiThTteras ntX™''” 1 -* 1 **“' H °‘ V ' 
cussed briefly in § 7.4, and a good check has been obtained ^”’ 1 ^ 

Mason and W. E. Rice, J. Chem. Phys., 22 (1954), p. 522 . 


I 
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It is of some theoietical interest to consider the effect of the second virial co¬ 
efficient on the Zam6da-transition temperature in a Bose-Einstein gas, particu- 
larly v hen the foices are repulsive. The transition occurs when the series of 
Eq. (11.212) reaches its radius of convergence,* in the absence of interatomic 
forces, this series is the same as Eq. (11.130) and Eq. (8.305). The radius of 

con\ eigence for Eq. (11.212) occurs when y = 0, so the equation determining 
the transition temperature T 0 is now 

N/V = 'Zjb* j (2TrmkT 0 /h 2 ) 3j ' 12 (11.332) 

# 

j 

From equation (11.217) the first term in this series is the same as for an ideal 
gas, because it is calculated from the eigenfunctions for an isolated particle 
in each case. The second term can be expressed in terms of the second virial 
coefficient through Eq. (11.214): 

6* 2 = -B/N or 6* 2 = -(£ id + B')/N (11.333) 

The term B i d leads to the same as the second term in an ideal gas, Eq. (8.305), 
and the B' term is an added correction due to interatomic forces. We could 
proceed to higher corrections from the third virial, etc., but shall include here 
only that due to the second virial. Evidently the series so corrected reads: 


N/V = (2wmkTo/h 2 )X £ 1 /j* - 2 B'/Ng 3 + • • • 


(11.334) 


Using Eqs. (11.326) and (11.328), we can show that this becomes 

N/V = (2TTmkT 0 /h 2 y /2 { 2.612 + correction) (11.335) 

where the correction term is 

-4(2ttT* 0 ) h /L* + (887r 2 /3) (2ttT* 0 )^/L* 5 (11.336) 

T* o = kT 0 /&. 

The numerical values of the parameters 8 and a obtained from the equation 
of state for helium are approximately 

8 = 14 X 10“ 16 erg, <r = 2.6 X 10~ 8 cm 

From these and Eq. (11.326), we find T* — T/ 10, L* = 2.6. Using these values 
in Eq. (11.336), we find the correction term as a function of T 0y and then if we 
substitute the density of liquid helium for N/V f we can solve the equation for 
the corrected Zam6da-transition temperature Tq. The result turns out to be very 
nearly 2.1 °K, which is to be compared with the observed lambda-transition in 
liquid helium at 2.19 °K. The student may recall from the discussion of § 8.3 
that the uncorrected (ideal gas) calculation of the lambda-temperature gave a 
result 3.14 °K, and that various devices have been employed (see § 8.6) in at- 
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Fig. 11.31. Second virial coefficients for impenetrable r -j 

Bose-Einstein and Fermi-Dirac theories of linniH • f mod ^ llc l uld comparing 

taken as 2 X 10- cm for either isotope P6S ‘ RadiuS ° f s P heie is 


tempts to lower this towards the observed value. The present method seems to 

1 ? ] he ™° St suc ^ ss > and 18 moreover perhaps the most logical. 

11.4 The von Neumann matrix method. This is on , 

Turning back to § 7.1, we can reinterpret Eq. (7.110) as indicating that 

Pi = (1/Q)e E i' lT (11.401) 

is the normalized probability that the assembly is in any one of the n „t.t 
that have the energy E,. The normalization is such that the total™ k iff 

> - so that the su L r is diffetnt ev )v :r Umbered 

differ or not, £ -e £ p „ and „, e Z.Z e ' SenS ‘-* ,e - orgies 

3 r 

Z Pr = (1/Q) Z e-^T = (1/Q) 23 Q . e -E ilk T = l (n 402) 

3 

from the definition Eq. (7.108) of the assembly partition function O Alt 
lively, we may use Eq s. <T. 100) and (7.115, to rewrite E q m dO^n ti 


p r = e <-A-E r )!kT 


(11.403) 


rpi . . , 

thaUhis pioTaSyTs defined in fJ.lTS.rf 
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Let u r be the rth member of a closed orthonormal family of assembly eigen¬ 
functions, the family that gives the eigenvalues E r of the Hamiltonian for the 
assembly. Let v k be a possible wave function describing the quantum state of 
the fcth assembly in the ensemble, k = 1, 2, • • • N. Each such v k can be ex¬ 
panded as a linear sum of the eigenfunctions: 


v k = Yl dr k U r (11.404) 

r 

compare with Eq. (1.243). If all N functions Vk are given, we can obtain the 
probability of finding an assembly in the rth eigenstate. The total probability 
of finding the fcth assembly in some state is 


J V k V k dr =J X drkUr a 3k u„dT 


^ > QrkQ'rk ^ > | &rk | 



(11.405) 


This is interpreted as the sum of probabilities \a r k\ 2 of finding the /cth assembly 
in the various eigenstates, r. 

Now the essential problem of quantum statistics is that we do not know the 
exact state Vk for the /cth assembly under observation, so we have to accept all 
those states Vk not inconsistent with our information and set up the ensemble 
so as to give equal probability to finding an assembly in the ensemble in any 
of these Vk states. This means that the probability Eq. (11.405) is the same 
throughout the ensemble, i.e., for every value of /c, and so we can normalize to 
unity: 

^2\^rk\ 2 — 1> all k in the ensemble (11.406) 

r 

Now we have interpreted \a r k\ 2 as the probability of finding the kth assembly 
in the rth eigenstate; and we can in consequence write 

p r = (1/AO Skrfcl 2 (11.407) 

k 

for the mean probability of finding some assembly of the ensemble in the rth 
state. The normalization of this can be checked by summing over r and using 
Eq. (11.406) to show that T! p r = L 

r 

We now make the fundamental generalization of the theory: from the matrix 
formulation of quantum mechanics briefly outlined in § 1.6, we are familiar with 
the idea that any physical observable may be represented by a matrix, and that, 
when the representation is such that the matrix is diagonal, the possible measured 
values of the observable appear as the diagonal matrix elements. We now assert 
that the probability of finding an assembly in the rth eigenstate is a physical 
observable, and therefore ought to be the diagonal element of a matrix. Looking 
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at Eq. (11.407) from this point of view, we notice that indeed this would be the 
diagonal element of the matrix p, whose elements are in general: 

Pmn = (1/AO Hld mk a nk (11.408) 

k 

Only when it is reduced to a diagonal form by a suitable representation will 
its diagonal elements give correctly the observable probabilities, but the sum 
o\ er the diagonal elements is invariant, the same in all representations : 

trace p = (1/AO X X a rk a rk = X Pr = e AlkT Q (11.410) 

k r r 

This makes direct connection with the Slater-sum through Eq. (11.111). The 
matrix p is evidently given by the elements, 

Pmn = — e A/kT J-,u m e-»' kT u n dr (11.411) 

where H is the Hamiltonian operator for the assembly. 

The von Neumann density matrix p permits us to apply the quantum mechani¬ 
cal equations of motion, Eq. (1.606), to the ensemble: 


imp/at = Hp — P H 


U 1.41ZJ 


and to study the changes in the ensemble in the course of time. We can now 
state several important theorems as a result of this equation of motion An 
ensemble is in equilibrium if d P /dt = 0, and therefore if P and H commute. Any 
constant of the motion of the ensemble commutes with H and with p. The 
average in the ensemble of any observable represented by a matrix F is given 

trace ( P F) = (F) (11.413) 

In ?. n equilibrium ensemble, any representation that diagonalizes p also diag¬ 
onalizes H simultaneously; we interpret this physically to mean that we can 
measure simultaneously the energy of an assembly in a steady state along with 
etermmmg th e probability that it remains in this state. In a nonequilibrium 
ensemUe, p does not commute with II, and it is impossible to measure the energy 

t m a St l y f f 6 sl A multaneous l y with determining the probabil¬ 

ity that it remains in this state. Any function F defined in the ensemble has a 

matrix that commutes with p. The mean rate of change of such a function du e 
to changes in the ensemble is given by 


trace (pF) = (dF/dt) 


(11.414) 


This is the basis of a quantum mechanical proof of the ergodic hypothesis and 
also leads to a study of a very wide field of nonequilibrium problem^ 
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EXERCISES AND PROBLEMS 

1. Check the integrals in Eq. (11.118). 

2. Provide the missing steps between Eqs. (11.128) and (11.129). 

3. Develop the Slater-sum method for the two-dimensional ideal quantum degenerate 
gas and show that the analog of Eq. (11.132) agrees with Eq. (8.519). 

4. Show that the function f(q\,q 2 ,qs) defined in Eq. (11.204) vanishes identically if any 
one of the three particles is outside the field of the other two. 

6. Verify Eq. (11.205). 

6. Check the development in Eq. (11.213). 

7. Prove Eqs. (11.222), (11.225), and (11.226). 

8. Prove Eq. (11.335). 

9. Consider a nonideal Bose-Einstein gas of hard spheres whose radii are 2 X 10~ 8 cm. 
Find T at which B b . e. vanishes, and find B f .d. at this temperature for the same hard 
spheres; compare with R c iass. 
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Chapter XII 


THE GRAND PARTITION FUNCTION 

AND ITS APPLICATIONS 


12.1 Formalism of the grand partition function. The method of the grand 
partition function was developed originally to handle assemblies containing two 
or more phases, composed of several different molecular species or components 
m which the molecules are interacting. In our previous discussions of assem¬ 
blies of interacting systems we set up an assembly partition function, and calcu¬ 
lated averages over an ensemble of assemblies composed of a single phase and 
containing but one component. Here we need a more general formalism and 
proceed at once to set up the appropriate symbolism. 

Let one sample assembly contain n u n 2 , ■■■ molecules of species n in the first, 
second, • • • phases respectively, and m u m 2 , ■ • • molecules of species m in the 
first, second, • • • phases, and so on through all species. Let our sample assembly 
contain a total energy E x in the first phase, E 2 in the second phase, etc. We note 
particularly that these energies are not assigned to individual molecules, but 
belong to the phases as a whole. The phases may exchange energy and mole¬ 
cules, but do not influence each other’s possible energy spectra. The state of 
thesample assembly is specified by two sets of numbers (a) the set of populations 

p 1 ’ n2> )’ m — ( m u * 2 i ''')> etc.; and (b) the set of energies E = 

7 1 ’ The statistical problem is to determine the most probable state 

of the assembly as so specified, in terms of a suitable ensemble. 

The grand ensemble of Gibbs, designed to handle this situation, contains a 
nxed number, X, of complete assemblies, each assembly being a “copy” of the 
assembly under study, in the sense that it contains the same species and same 

.f c'uv eS ’ a f d haS the Same geometrical characteristics. The assemblies in 
the Gibbs grand ensemble are provided with means by which they can exchange 

molecules and heat, but cannot influence each other in any other way At anv 

ZS t K he + ? nse ™ bl " may c ° ntain a numb er N E , n , m of assemblies in the state 

everv set F ^ ^ ^ If these numbers N e,n, m are written down for 

every set E every set n every set m, etc. in the ensemble, the set of numbers 

nunCr ' ^ SP Y c l distribution -in-ensemble of the assemblies. The 

number of complexions of the ensemble with the given distribution is equal 
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to the Boltzmann count, because all the assemblies are distinct and distinguish- 
able: 

p = ^nnn {i N ^/N Enm i (12.101) 

E n m 

where Sl En m is the number of quantum states of an assembly specified by E, n, 
and m. It is assumed that the ensemble in the course of time will take on every 
possible complexion with equal probability—the ergodic hypothesis, and that 
therefore the most probable distribution numbers N Enm are found by maximizing 
the logarithm of C. After finding the most probable distribution, we calculate 
the average properties of the assemblies in terms of the most probable ensemble, 
exactly as we did in § 7.1 for the single-phase, one-component assembly. The 
student may find the present formalism confusing at the start; it may repay one’s 
effort to rewrite the whole of this section in terms of a single phase single com¬ 
ponent assembly; and we shall in fact apply the results to this simple example 
later. 

In maximizing In C, there are three kinds of restriction imposed. The total 
number of assemblies remains fixed: 

EZZ N Enm = X (12.102) 

E n. in 

The total energy in the ensemble is conserved: 

Z Z Z (#1 + E 2 + ■ ■ -)N Enm = XE (12.103) 

E n m 

The total number of each species of molecule is fixed in the ensemble: 

Z Z Z ("1 + n 2 + • • • )N Enm = XN (12.104) 

E n m 

and 

Z Z Z (m + m 2 + ■ ■ ■ )N E nm = XM (12.105) 

E n m 

and so forth through all the species represented. Making virtual variations 
8 NEnm, using Lagrangian multipliers a, \/kT , — v/kT , — \i/kT , etc., on the re¬ 
strictions, Eqs. (12.102) through (12.105), respectively, and subtracting from 
the variations of In C and equating to zero, one obtains the most probable dis¬ 
tribution in the ensemble analogous with Eq. (7.104): 

N E nm = Xn E nme~ a exp [- {E X + E 2 H- v(n\ + n 2 H-) 

— + 7Tl2 “b * ’ (12.106) 

Summing over all E, n, and m, and using Eq. (12.102) on the left, we find 

1 = e~ a X 12 2 Q Enm exp [— (Ej — vrij — nmj)/kT] (12.107) 

E n m j 

At this point it is convenient to note that, because the phases do not influence 
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each other, the number of quantum states can be factorized into parts 
assigned to each phase separately: 

Q Enm = II (12.108) 

j 

Eq. (12.107) can now be written in the form of a product over all the phases: 

e“ = Q = II Q; (12.109) 

J 

Here Q is the grand partition function for the assembly, and Q; is the grand 
partition function for the jth phase: 

Q i = E E E exp [- \Ej - vrij - nnij}/kT] (12.110) 

bj rij mj ' 


Q, = ZE ) 


71 i VI i 


( 12 . 111 ) 


Here Q(ny,m ; ) is the assembly partition function for the jth phase in which the 
populations are n h m, • • • as defined in Eq. (7.108). Note that here the sub¬ 
script j refers to the phase, not to an energy level; in the present notation we sum 
over all energies without indicating the discrete levels. 

We now define the mean entropy per assembly in the ensemble as S, where 


XS = k In C 


Also the mean energy of the jth phase is defined as E h where 


( 12 . 112 ) 


XE J “ E E E EjN Etim 

E n in 


(12.113) 


The mean population in the jth phase of the species n is n h where 


Xfij = X: L rijN 

E n m 


Enm 


(12.114) 


and of the species m, it is mj, where 


Xm ) = E EE TtljNEn 


m 


Enm 


(12.115) 


I ri mir/ Xplidtly 1 th v l0garit h m ° f C from Ec '- (1 2 -101), making use of 
find !npl° C n of^Tm) de “' “ d “ Sing the “ b ° Ve definitl °" S ’ « 

^ = ^ L U n Q; + {Ej — vrij — nfhj)/kT ) (12.116) 

the entropy being thus the sum of contributions from each phase. 

he interpretation of T as the absolute temperature follows roughly the same 
as from Eq. <7.. 12) (7.114). That of the parameteiTSd a fiZ 
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from the definition of the partial chemical potentials vt of any phase, viz. Ea. 
(3.145), in the form: ’ 

v i = ~T(dSj/dn } )v,B (12.117) 

Noting that the term In Q ; - in Eq. (12.116) is not a function of fij, we see at once 
that 

vj = v, all j; ix, = fi, all j (12.118) 

This result is the familiar thermodynamic condition for equilibrium between two 

or more phases; that the free energy dF/dN per particle shall be the same in all 
the phases. 

To supplement the list of mean values in the ensemble, Eqs. (12.113)—(12.115), 
we may consider any function of the energy and populations, F(E,n,m), and 
define its average over the ensemble by 

XF(E,n,m ) = X X X F{E,n,m)N E nm (12.119) 

E n m 

In most of what follows we shall not be concerned with the relation between 
different phases, and shall therefore drop the phase-indicating subscript. It is 
to be understood that all our equations apply to any one phase, there being simi¬ 
lar equations valid for every phase in the assembly. We then write out the en¬ 
tropy of Eq. (12.116) in the form: 

S = k In Q + E/T - nv/T - fhn/T (12.120) 

while Eq. (12.106) becomes 

N Enm /X = (1/Q)fi^„ m exp {- (E - nv — mn)/kT} (12.121) 

The definitions of mean values of E> n, and m in Eqs. (12.113)—(12.115) then 
yield the following results: 

E — nv — rhfi = (1/Q) E E E “ rnfi)^ E nme~ (E ~ nv ~ mfi)lkT 

E n m 

or 

E = nv + mu + kT 2 d (In Q)/dT (12.122) 

n/kT = (1/Q) XXX (n/kT)n Enm e-< B - n> ’- m » )lkT = d(In Q)/dv (12.123) 

E n m 

and similarly 

m/kT = d(ln Q)/dn (12.124) 

The generalization of Eq. (7.118) is therefore 

E/kT = Td In Q/dT + vd In Q/dv + nd In Q/dfx (12.125) 

Returning to the general equation (12.119), we may rewrite it in terms of a 
single phase, and suppose that F is a generalized force corresponding to some 
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generalized co-ordinate x through the relation: 

F = -dE/dx (12.120) 

The mean value of this, according to Eq. (12.119) and (12.121), is 

F = — (1/Q) 2 2 2 (dF/dx)Q E nm exp { — (E — nv — mti)/kT\ 

E n m 


or F = kTd In Q/dx (12.127) 

If in particular we are interested in the pressure, F — > p, and x — > V, we have 
for the mean pressure of an assembly in the ensemble: 


V = kTd In Q/dV (12.128) 

Alternatively the Helmholtz free energy may be found from the thermody¬ 
namic definition A = E - TS, and using Eq. (12.116) for a single phase, we 
have 

A = —kT In Q + vn + a ifh (12.129) 

Then from the thermodynamic relation Eq. (3.144), pV = vn + /im - A we 
derive 1 


pV = kT In Q (12.130) 

This result is not in fact inconsistent with Eq. (12.128) because In Q is neces¬ 
sarily proportional to V. 

Explicitly [see Eq. (12.110)] the grand partition function for a single phase is 


Q = 2 2 2 ^En m e~ (E ~ ru '~ m, ‘ )lkT 

E n m 


(12.131) 


and the theorem of Eq. (12.130) can be expressed in the form 


exp ( pV/kT ) = 222fW- (£ -"'‘ )/Ar (12.132) 

E n m 

As a corollary, the general relation Eq. (12.119) can be written in the form 

F = exp (- pV/kT ) 2 2 2 F(E,n,m)SlEnme~ {E ~ nv ~ mii)lkT (12.133) 

E n in 

This may be regarded as the principal theorem of the grand partition function 
method, although for many applications Eq. (12.130) is most useful 

12.2 Quantum mechanical virial coefficients. In this section we obtain the 
equation of state of a nonideal gas in terms of the grand partition function, and 
show how the results are applicable to quantum degenerate gases * For this 
purpose we condense the notation of § 12.1 to a single phase and single species, 

absolute* activity & Y Partltl ° n function of n denies, and write for the 

z = e vSkT 

* J. E. Kilpatrick, J. Chem. Phya., 21 (1953), p. 274. 


( 12 . 201 ) 
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Equation (12.111) becomes 

Q - £ QnZ n (12.202) 

and Eq. (12.130) is 

pV = kT In 2D Qn 2 n (12.203) 

n 

We wish to express this directly in the form of a power series in z, thus: 

p = kT £ bjz 3 ' (12.204) 

J 

To do this we compare coefficients between the last two series: 

In £ QnZ n = £ VbjZ 3 (12.205) 

n j 

and find, term by term: 

Vh = Qx, Vb 2 = Q 2 - iQ x 2 
Vbs = Q3 “ ^(Q2Qi + Q1Q2) + Qi 3 /3 

etc. 

We can also express the density as a power series in z. Thus, Eq. (12.123) 
becomes 

n = zd In Q/dz (12.207) 

and using this in Eq. (12.205), we have 

n/V = ZjV' (12.208) 

j 

To eliminate z between Eqs. (12.204) and (12.208), we invert the last series: 

2 = £ C r {n/V) r (12.209) 

r 

where 

c 1 = l/&i, c 2 = —2b 2 /bi S 

c 3 = (8 b 2 2 - SbM/h 5 (12.210) 

etc. 

Using this in Eq. (12.204) yields 

V /kT = (n/V) - b 2 (n/V) 2 /bi 2 - (2Mi - 45 2 2 )(n/F) 3 /^i 4 * * * (12.211) 

By using complex variable theory, these coefficients can be extended indefinitely, 
and Kilpatrick obtained a general expression for the nth coefficient. We shall 
consider here only the second virial, given by comparing Eq. (12.211) with the 
usual virial form of Eq. (11.301): 

B = btfi/by (12.212) 

and with Eq. (12.206), which expresses the b’s in terms of the partition functions. 


( 12 . 206 ) 
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The partition function of an assembly of one single particle, Qi, depends on 
its spin only through the nuclear spin degeneracy, as discussed in § 1.5. From 
Eq. (4.302) we have for a particle of spin s: 

Qi(s) = (2s + \)V/g 3 (12.213) 

recalling that g = (2wmkT/h 3 ) The partition function Q 2 of an assembly 
of two particles depends on the spins of the nuclei, according to the discussion 
of § 1.5 in the following way. Consider first Bose-Einstein statistics. In this 
case the eigenstates that are symmetrical with respect to interchange between 
the two particles have a weight (s + l)(2s + 1) equal to the number of sym¬ 
metrical spin states of the pair, and the eigenstates that are antisymmetrical 
with respect to interchange between the two particles have a weight s(2s + 1) 
equal to the number of antisymmetrical spin states of the pair. Thus we may 
write for the sum over all states in the Bose-Einstein case: 

Q 2 (s)b.e. = (s + l)(2s + 1)Q 2 (0) b .e. + s(2s + 1)Q 2 (0) f .d. (12.214) 

where Q 2 (0) are the sums over symmetrical (B.E.) or antisymmetrical (F.D.) 
states disregarding spin altogether. Consider next the Fermi-Dirac case. Here 
the combinations of nuclear spin states and eigenstates is reversed, and one finds 

Q 2 (s)f.d. = (s + l)(2s + 1)Q 2 (0) f . d . + s(2s + 1)Q 2 (0) b .e. (12.215) 

Using these results in Eqs. (12.206) and (12.212), it is not difficult to see that 
the second virial coefficients are 


B(s) b .e. = {(s + l)/(2s + 1) }B(0) b .e. + (s/ (2s + 1))B(0) f .d.1 

= {(s + 1)/(2s + 1)|B(0)f.d. + { s/ (2s + 1))B(0) b . e .J ^ 12-216 ^ 

where B{ 0) are the second virial coefficients calculated for zero spin: 

B ( 0) = 9 6 (n/V)(Q 2 - iQ! 2 ) (12 .2i 7 ) 

with the partition functions derived from symmetrical eigenstates for the B.E 
and antisymmetrical eigenstates for the F.D., ignoring spin. These are just 
what we calculated in § 11.3, where spin was indeed ignored. 

For example, in an ideal gas we may use Eq. (11.302), and find 


B(s) b .e. = -£(s)f.d. = ~ng 3 /{(2s+ 1)2 H \ (12.218) 

This can also be derived from Eq. (12.217) without resorting to Eq. (11.302). 
n actual gases, the Bose-Einstein statistics is generally associated with spin 

gas°of S n7 * the Fermi ' Dil ,T s , tatistics - with « = i Thus for an ideal 

gas 01 pure He isotope, one would take 


He 4 : 


^(O)b.e. = —ng 3 2 


—n 


while for an ideal gas of pure He 3 isotope, one would take 


(12.219) 


He 3 : 


B(j)f.d. = ng 3 2 


(12.220) 
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This quantum mechanical discussion of the virial coefficients leads to revision 
of some of the calculations that we carried out previously, in particular Eq. 
(9.216), the equation of state of a Fermi-Dirac gas. This equation was ob¬ 
tained ignoiing the symmetry of the spin states. If we compare the second 
virial coefficient in Eq. (9.216) for the Fermi-Dirac gas with that in Eq. (8.339) 
for the Bose-Einstein gas, using Eqs. (8.324) and (9.211) for the comparison 
between V 0 and V lf we find they are just equal and opposite. According to 
Eqs. (12.220) and (12.219), the second virial for the Fermi-Dirac gas ought to be 
one-half that given in Eq. (9.216). The corrections for the higher virials are 
more complicated, and should be investigated individually. 

12.3 Theory of the liquid phase. In § 7.6 we studied approximate theories 
of the liquid phase, in particular, the cell or cage model on the one hand, and the 
free volume model on the other. The cage model is solid-like, and most accept¬ 
able near the freezing point,* the free volume model is gas-like, and most useful 
near the boiling point. Other models have been proposed which attempt to 
combine the advantages of both solid-like and gas-like models. An early one of 
this mixed type was proposed by F. London * to explain the behavior of liquid 
helium, as already mentioned briefly in § 8.6. In this model the liquid is supposed 
to populate a lattice that has twice as many lattice points as atoms, the atoms 
spending half their lives on the lattice points in solid-like states and the rest of 
the time in gas-like states of motion between the lattice points. Walter and 
Eyring f developed a similar idea, assuming that the molecules of the liquid are 
divided into two subphases, one solid-like and the other gas-like, with a con¬ 
tinual exchange of molecules between the two subphases. The fraction of mole¬ 
cules in the solid-like states was taken arbitrarily to equal v s /v, where v 8 is the 
observed volume per molecule in the solid phase, and v, the observed volume per 
molecule in the liquid. The theory was applied successfully to argon, nitrogen, 
and benzene. 

The method of the grand partition function permits a significant improvement 
in these “double-life” models; instead of assigning an arbitrary fraction of the 
population to the solid-like states, the more general theory allows us to deter¬ 
mine the statistical equilibrium distribution of populations between the two 
subphases as a function of temperature, in terms of an energy parameter of the 
model. The general procedure is to set up the grand partition function for an 
assembly containing the two subphases, and use Eq. (12.123) for the population 
of each subphase. 

The partition function for an atom in the gas-like states is given by Eq. 
(4.302): 

Q g = V g (27rmkT/h 2 y A (12.301) 

where V g is the free volume accessible to the gas-like states. The classical 
assembly partition function for n g particles in these states is 

* F. London, J. Phys. Chem., 43 (1939), p. 49. 

f J. Walter and H. Eyring, J. Chem. Phys., 9 (1941), p. 393. 
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Q(”«) = Q g ”‘/n g \ (12.302) 

where the factor l/n g \ corrects for indistinguishability of the particles. The 
grand partition function for the gas subphase then follows from Eq. (12.111): 

Qg = 23 Q{n g )e >,n ‘ ,kT = exp {e^^V^rmkT/h 2 )*) (12.303) 


The average population of these states is then given by Eq. (12.123): 

n g = e t ‘ lkT V g {2irmkT/h 2 y A (12.304) 

The solid-like states may be treated in terms of an Einstein crystal; see § 4.8. 
The partition function for an atom in an Einstein crystal, Eq. (4.803), is: 


Q x = e ~ e ° lkT {l — e ~ hw ' kT }~ 3 


(12.305) 


where « 0 is the energy of the lowest solid-like state with respect to the lowest 
gas-like state in the liquid. The assembly partition function for n x atoms in 
such states is simply Q x "*, because the lattice points are to be treated as dis¬ 
tinguishable. Therefore the grand partition function for this subphase is 


Q x = Z Q x n ’e l ‘ n ‘ ,kT = 1/(1 - e» lkT Q x ) 

n x 


(12.306) 


The average population of these states given by Eq. (12.123) is 

n x = Q x /(e^ lkT - Q x ) (12.307) 

which can be written instead in the form: 


e -»' kr = Qx(1 + i/* x) 

Then because in practice ii x » 1, we may neglect the last term here and write 

e' l ' kT =? VQx (12.308) 

The grand partition function of the whole liquid is of course 

Q = Q * Q s (12.309) 

From Eq. (12.122) the energy of the liquid is 


E = (n g + n x )n + kT 2 d In Q/dT 

= \n g kT + n x {e 0 + 3hw/(e hw,kT — 1)} (12.310) 

The heat capacity is obtained by taking the temperature derivative: 

C v = §n g A; + 3n x k(hw/kT) 2 e hw,kT /(e hw,kT — l) 2 

+ (dfi g /dT) [SkT/2 — €q — 3 hw/{e hw ^ kT — i)J (12.311) 

simpler models discussed in § 7.6 and § 7.7, a full test of the model 
equires a discussion of phase equilibrium, i.e, at the freezing and boiling points. 
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For the boiling point we set up the grand partition function for the vapor phase, 
regarded as an ideal classical gas; by analogy with Eq. (12.303), this is 

Q v = exp {e ( »~ W)lkT V v (2TmkT/h 2 ) H } (12.312) 

where TV is the energy of an atom at rest in the vapor with respect to the lowest 

gas-like state in the liquid. The vapor pressure of the liquid is given by Eq. 
(12.130): 

Psat = kT^mkT/h 2 ) Y 2 e^ W)lkT (12.313) 

The energy W is related to the latent heat of evaporation as follows. If a num¬ 
ber A n v of atoms is taken over into the vapor phase, the increase in energy is 
found from Eq. (12.310): 

A E = (3kT/2 + W)An v + (3kT/2)An g + {e 0 + 3hw/(e hw/kr - l))An* 

(12.314) 

where A n v -f- A n x + A n g = 0. Since the ratio n x /n g is a function only of tem¬ 
perature, it stays constant during the transfer of atoms to the vapor, so we have 

An x /An g = n x /n g = $ (12.315) 

and so 

AE/An v = 3kT/2 + W - (3kT/2)/(l + 0) - (e 0 + 3 hw/(e hw/kT - 1)W(1 +P) 

The latent heat per atom is L = AE/An v + pAV/An Vf where AF is the change 
in volume occupied by the number An v , due to its transfer from liquid to vapor: 

L = pAV +W + [3kT/2 - e 0 - 3hw/(e hw,kr - 1)}0/(1 + /?) (12.316) 

For the freezing point we set up the grand partition function for the solid 
phase, again using the Einstein model; by analogy with Eq. (12.307), this is 

0 8 = 1/(1 - e» lkT Q 8 ) (12.317) 

where 

q s = e - u * lkT {l - e hvlkT }“ 3 (12.318) 

Here U 8 is the energy of the lowest state in the solid phase with respect to the 
lowest state in the gas-like states in the liquid, and v is the Einstein character¬ 
istic frequency of the solid. The energy involved in the freezing process, neglect¬ 
ing the work done by external pressure during the small volume changes involved, 

is 

AE — {€ 0 + 3hw/(e hwlkT - l)}An x + (3kT/2)An g 

+ {U 8 + 3hv/(e hv ' kT - 1)}An, (12.319) 

where 

A n x + A n g + An, = 0 
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The latent heat of fusion per atom is then H m = —AE/An s , or 

H m = -U»- 3 hv/(e hvlkT - 1) + (SkT/2)/(l - 0) 

+ + 3hw/(e hwlkT - 1)}/3/(l - 0) (12.320) 

In applying this theory one may assume that the numerical density nJV t of 
atoms in the gas-like states is equal to the observed density of the liquid. One 
would be quite justified in questioning this identification, and taking a different 
value for the numerical density, specially in the light of the free volume model 
of § 7.6. As a first attack, however, we shall accept it. Also, the further sim¬ 
plifying assumption will be made that the characteristic Einstein frequency of 
the solid-like states of the liquid is the same as in the actual solid phase, and 

this is such that hw/k is about three-fourths of the Debye characteristic tem¬ 
perature, do. 

Substituting the numerical density nJV g in Eq. (12.304), we can calculate 
This value of m is used in Eq. (12.308) and Eq. (12.305) to find f 0 . The value of 
M is also used in Eq. (12.313) for the vapor pressure, and by comparison with 
the observed vapor pressure, we can calculate IE. These values of < 0 and W 
are then used in Eq. (12.316) for the latent heat, and from the observed values 
of L we can find the ratio 0 between the populations of the solid-like and gas- 
like states in the liquid. A similar program can be worked out for the freezing 
point. To check the theory, the values of to and 0 are used in Eq. (12.311) for 
the heat capacity and the result is compared with observation. 

This program has been carried through only for argon.* The ratio 0 = n x /n e 
for this liquid was found to have a value nearly unity at the boiling point, 87.4 °K 
under atmospheric pressure, and to fall steadily with increasing temperature to 
zero at about 145 °K under 40 atm, beyond which temperature the pure free- 
volume model would be appropriate. The heat capacity was calculated at the 
normal boiling point to be 7.80 X 10~ 10 erg/atom deg, compared with the ex¬ 
perimental value 7.31 X 10 16 erg/atom deg. This agreement is thus far satis- 

actory, but more extensive checks on other liquids are needed to establish the 
theory. 

One important advantage of this double-life picture is that the above grand 
partition function method is capable of immediate generalization to quantum 
liquids like helium. The grand partition function for a Debye crystal can be 
used for the solid-like states, and the grand partition function for a quantum 

degenerate gas (either Bose-Einstein or Fermi-Dirac) for the gas-like states, 
he grand partition function for a Debye crystal is 

Q * = Z Q(n x )e^ lkT (12.321) 

where Q (n x ) is the particular form of Q in Eq. (7.206) when N = n x . The 

R. A. Nelson, Thesis, State College of Washington, 1952. 
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grand partition function for the quantum degenerate gas is 

= 2 (12.322) 

n g 

where Q(n e ) is the same as the Q of Eq. (11.126), with N = n g . It would also 
be possible to include gas imperfections in the gas-like states, by using Eq. 



Fig. 12.31. Ratio of populations, solid-like and gas-like in liquid helium. 



Fig. 12.32. Heat capacity of He 4 . Theoretical curve, experimental points. 

(11.209) instead of Eq. (11.126). This program for a theory of liquid helium 
has just been completed * both for He 4 and for He 3 , and is currently being ex¬ 
tended to mixtures of the two isotopes. Figure 12.31 shows the ratio of the 
mean populations in the solid-like and the gas-like states for the two liquids, 
and Figures 12.32 and 12.33 show the heat-capacity curves derived from the 

* Rudra Pal Singh, Thesis, State College of Washington, 1955. 
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model^ compared with the experimental data. Evidently the lambda -type curve 
of He aiises from the apparent discontinuity in the population curve of Figure 
12.31; the anomalous heat capacity is the heat required to dissolve the solid-like 
states with increasing temperature, and the analog with an order-disorder transi¬ 
tion is significant. If one adds the population of the solid-like states to that of 
the zeroth state of the Bose-Einstein gas-like states, the total matches quite 
closely the concentration of superfluid in liquid helium. Recalling that the 
population of the zeroth state in a Bose-Einstein gas represents condensation in 
momentum space, this population has no random motion and may more appro- 



Fig. 12.33. Heat capacity of He 3 . Theoretical curve, experimental points. 


pnately be pictured as a solid phase than a gas or liquid. It is therefore not un¬ 
reasonable to associate the solid-like states of the present model together with 
the zeroth-state of the gas-like states and to identify these with the superfluid 
12.4 Co-operative effects. It is not easy to give a completely satisfactory 
definition ° what physicists have come to mean by the term “co-operative 

• lu ' ,' Y one example has yet been discussed in this text; viz., the Langmuir 

isotherm when critical adsorption occurs, § 5.4. In this theory the energy of an 

When th at ° m f °J ed to de P end Hnearly ° n the nuraber of atoms adsorbed. 

sorM atom becomes so greatly modified that an avalanche sets i“ Thfe t™, 
of avalanche is a typical co-operative effect. YP 

The definition we shall adopt here for convenience is as follows: if the energy 
per particle in one or more of the eigenstates depends slightly on the distributio^ 
m-energy as a whole, then the assembly is called a co-operative asfembly and 
e anomalous behavior of such an assembly, compared to the behavior expected 

kbdon„ 3 tTe, of “r r p r iv t te ™' is c “ im ,he 

“ W ° U,d -Possible to seTup'/heel^! 

individual particles in the assembly. From this point of view the 
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“anomalous” behavior of an imperfect gas compared with the behavior of an 
ideal gas is not a co-operative effect. Examples of well-known phenomena that 
are usually classed as co-operative are: order-disorder transitions in binary 
alloys, ferromagnetism and the heat anomaly at the Curie point, the specific 
heat anomaly at the superconducting transition in metals, etc. These examples 
will be discussed in more detail in Chapter XIV. 

A reinterpretation of the method of the grand partition function provides a 
natural technique for handling the general theory of co-operative effects. One 
in fact has only to regard each energy level of a single system as a “phase” in 

the grand ensemble, and nothing in the discussion of § 12.1 is changed by such 
a re-interpretation. 

Let the energy of the jth level, replacing “phase,” be written 

Ej = 71 j ( e j + y$[n)) (12.401) 

where nj is the number of systems in the jth level, ej the energy per system at 
zero occupancy, and ijj the co-operative term depending on the whole distribu¬ 
tion, i.e., on the set of numbers rij. It is assumed that ijj vanishes when the 
density approaches zero, but otherwise its dependency on populations is as yet 
unspecified. 

The grand partition function is evidently 

Q = X fyn} exp {V/i — 2 n j( € j + yj{n})\/kT (12.402) 

(»} j 

No explicit summation over energies is required because the one expression in 
Eq. (12.401) takes care of all the possible energies when we sum over the sets 
of occupation numbers rij in setting up the grand partition function. The num¬ 
ber £2 {n ) depends on the kind of assembly partition function we start with. If 

it is classical, tyn) = JJ w/Vn^-!, if it is quantum degenerate, the corresponding 

; 

weights for the Bose-Einstein or Fermi-Dirac statistics must be used. 

The thermodynamic behavior of the assembly depends only on In Q, so we 
have to evaluate the logarithm of the sum over all sets of numbers [rij J in Eq. 
(12.402). Most of the terms in this sum are large—they contain the number of 
complexions in an assembly—and once again it can be shown that the logarithm 
of the sum of very large terms is approximately equal to the logarithm of the 
largest term, and further that those values of n ; -, that mark the largest term in 
In Q, are the most probable values of rij in the ensemble. We shall confirm these 
statements by an example, rather than attempt a general proof. 

Consider a classical ideal gas with no co-operative term. The factor in the 
grand partition function corresponding to the jth level is 

Qj = X (l/wyOfwy exp (m — ej)/kT} n i (12.403) 

n i 

The value of rij that marks the maximum term in this sum is such that changing 
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n j by unity makes a negligible difference in the term: 

(1 ! n i !) {uj exp (/x — €j)/kT} n j > l/(ny=fcl)!{«y exp (n — €j)/kT\^ n i ±l) 
which yields the two alternatives: 

n i ^ “j exp (n - €j )/kT < ny + 1 (12.404) 

In the limit when n } is large, this result is the familiar classical distribution i e 
the known most probable numbers n y . This confirms the second part of the the¬ 
orem in question. To confirm the first part of the theorem, we may write In Q, 
equal to the logarithm of the maximum term as now located, so that 

In Qj = In [ (l/n y !)[« y exp ( M - tj )/kT ] n >>} (12.405) 

and hence verify immediately that Eq. (12.123), for the mean number in the 
ensemble applied to Eq. (12.405), results at once in n, = „ y ; the mean is equal 
to the number locating the maximum term and is given accurately by the ap- 
p oximate form, Eq. (12.405), for the logarithm of the grand partition function. 

e urning now to the co-operative case, we can write In Q in Eq. (12 402) 
equal to the logarithm of its maximum term. First notice that N = 2 ny and 

= II ^ (nj), so that Q = JJ Q h where 1 

3 j 

Qj = 2 0(»y) exp [njQi - ej - y f {n\)/kT] (12.406) 

Writing 0(n y ) = (n y + « y - l)!/» y !(,o y - 1)! for the Bose-Einstein, and n(» y ) 
u }•/(<*] n i) -nj. for the Fermi-Dirac case, and setting In Q,- equal to a single 

S” “ “V™ ^ (I2 ' 4 ° 6) ' We treat this *“» i" way L we dt 

Eq. (12.403) to derive Eq. (12.404) and come out with: 


Uj = Q)j\ 


exp [(e y - m + yj\n\ +2 n{yjj[n))/kT\ =F 1 j 


—i 


(12.407) 

rwZt. r bable ValU , e ° f ?• Here the term ►«(»! “ the increase in 

. r mcrease of Uj by unity - The u PP er sign is for Bose-Einstein 

“n emateTn'o S “ iSticS ' Wi * h ,hese “'•'“ion numbers we 

Ldn equate In Q to its maximum term: 

kT In Q = kT In 0{n} + Nn — 2 »y(«y + yj{n}) (12.408) 

al = 2 »i(«y + 2 /y{n)) - fcTln fifnj 


(12.409) 
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As a simple and amusing example, we take a classical gas with co-operative 
energy given, suppose, by 

Ej = nj(ej — aN/V + blcTN/V) (12.410) 

Here the co-operative term is such that, for all values, 

yj{n} = (-a + bkT)N/V and y Si \n) = {-a + bkT)/V (12.411) 
From this we have £ nnj^n) = &•{»} and the distribution becomes 

l 

n j = o>j exp { -€y + n + 2 (a - bkT)N/V}/kT (12.412) 

Summing this over all j and equating the result to N, yields the free energy: 

M = -2 (a - bkT)N/V + kT In (N/V) - § kT In (: 2irmkT/h 2 ) (12.413) 

Using this and the classical expression for it is not difficult to evaluate 

Eq. (12.408) for the grand partition function: 

In Q = N — (o - bkT)N 2 /VkT (12.414) 

Then from the theorem pV = kT In Q, we find the equation of state: 

pV = NkT(l - aN/VkT + bN/V) 

which is essentially equivalent to the familiar van der Waals equation: 

(p + aN 2 /V 2 )(V - bN ) = NkT (12.415) 

provided the co-operative terms are small. The equation of state when quantum 
degeneracy is not neglected can also be found, but this is left as an exercise. The 
above examples serve to illustrate that the method of the co-operative assembly 
is a very useful device when either we do not know what interactions are at play, 
or do not wish to go into the complicated details required to handle them exactly. 

12.6 The von Neumann matrix for the grand ensemble. Restrict Eq. (12.121) 
to one constituent, and rewrite it in the form: 

p(E,n) = Neu/X^eu = (l/Q)e^~ E)lkr (12.501) 

We can interpret p(E,n) as the probability of finding the assembly in one of the 
states specified by E and n. Then from Eq. (12.129), we have 

p(E,n) = e u - E) ' kT (12.502) 

formally identical with Eq. (11.411). This would go through in the same way 
as in § 11.4 to the matrix form of Eq. (11.411). However, a very significant 
generalization is usually made in Eq. (12.501) before the transition to Eq. 
(12.502). We note that Uj f the number of particles of an assembly in the ^th 
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phase, is a physical observable, and according to quantum mechanics, may be 
represented by a Hermitian matrix and its corresponding operator. To set up 
suitable operators, we need a “space” for them to operate in and functions in 
this space for them to operate on. For the familiar operators in the Schrbdinger- 
Heisenberg quantum mechanics, the space is the classical phase space of Hamil- 
oman dynamics; for the spin matrices and operators, the space is abstract spinor 
space. For the operators representing populations, in our present problem it 
turns out that the appropriate space is the set of integers (corresponding to the 
possible populations of the phases), and the numbed of “dimensions’’ in the 
space is equal to the number of phases in the assembly under study. 

e distribution of an assembly among its phases is completely specified bv 
a set of integers »,, and we can in principle write down functions J {»}, depend- 

such a dZ S h t° f mt6gerS t0 / ePreSent any com P lexion of assembly that has 

ZdD T^r t° n T"? epha f S ; We n0W define two set s of operators Cj 
„ pair for each phase, by the following operational relations: 


i, 


• • 


"i, 


• • • 


) (nj + l) h <t>(n u • • • 71/ + 1, • • •) (12.503) 

Dj<t>(n i, •••«/, • • •) = nj y2 (j)(ni, • ■ • n, — 1, • • •) (12.504) 

The operators C, are “creation” operators; they have the effect of changing the 

from one with a population in the,th phase to one with a p„p„ la ! 

n 3 ’ a the ° thei P hases remaining fixed in population. The operators 

unity' ° n operators reducing the population of the jth phase by 

first of destruction, followed by creation, leads to operation, 


CjDj<t>{n} = 7i/0 {n} 


(12.505) 


?i Ch ZZ RS that , the functions are the eigenfunctions of the operator 
1 ^ eigenvalues equal to the population of the ?th phase Thi* io * f 

what we are seeking-opera,cm represent the populous ^ " WS ‘ 

of tW I-* reP ? S f ntatl0n of the cre ation and destruction operators in terms 

describe LTl 8 6 0 LeM»fSd d |nVbT “ al ° g ° US !° ' he st “ d,rd proccdure 

, 8 • • ijet \n\ and \n } be two in general different spt<; nf 

en the component matrix element corresponding to these two sets is * ’ 




f 


• • 


n i, 


)<f>(n’ 1 , ■ ■ ■ n’j + 1 , .. .)d T ( 12 . 506 ) 


d“ 'vESZsszzsz ixtn, “r 4 

With respect to these integration variables, the integral in Eq. (12.506) vSei 
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unless tti — n'i, • • • rij — n'j + 1, • • •; therefore, the component is 


~ ( n 'j + 1 )^, if rij = n'j + 1 , all others equal 


(Ci){n} [n'\ 


= 0 otherwise 


Similarly, it can be seen that 


(Pj)[n) { n '} 


= ft 


/ H 
j ) 


if rij = n'j — 1, all others equal 


= 0 otherwise 


(12.507) 


(12.508) 


The product matrix, Nj = CjDj, can easily be worked out and shown to have 
only diagonal elements that are not zero: 


CJV» {n , (n ^} = (CjDj) {n} {n' } = nfi{n)[ri) (12.509) 

where 5{ft} {ft'} is an obvious generalization of the Kronecker defta-symbol. The 
eigenvalues of the operator Nj are the possible populations of the jth phase, as 
already pointed out. 

It is easy to prove from the operational definitions, Eqs. (12.503) and (12.504), 
that the matrices C and D satisfy the following commutation rules: 

DjCi - CiDj = 8ij (12.510) 

These relations are analogous to the commutation relations obeyed by the con¬ 
jugate dynamical variables P and Q of Eq. (1.608), and suggest that D and C 
can likewise be used as conjugate variables. This is in fact how the creation and 
destruction operators are first introduced in the theory of quantized wave fields. 
It is worth emphasizing that C and D are not Hermitian; they cannot be 
diagonalized in any representation, and therefore do not represent physical 
observables with measurable eigenvalues. The analogy with P and Q is therefore 
somewhat feeble. 

A simple example will give this very abstract symbolism more particular 
content. Let the assembly possess two phases only, so there are only two op¬ 
erators C, and two operators D, and only two members in the set {ft}. If there 
are N particles in the assembly, there are %N(N +1) sets {ft} when zero is 
included as a possible value for each Uj y and the matrices C and D therefore 
have \N(N + 1) rows and columns each. We map out the top left-hand cor¬ 
ner of the matrix C\ in the following diagram. The columns are labeled (along 
the top) by the sets (pairs) { n }, and the rows are labeled (down the left side) 
by the pairs {ft'}. This map is constructed in agreement with Eq. (12.507). 

It can be condensed into the simple form: 

0 10 0 

Cl = 0 0 2 V2 0 ••• (12.511) 

0 0 0 ••• 

where each zero stands for a (N + 1) X (N +1) null matrix, and each nonzero 
item stands for the (AT + 1) X (N + 1) unit matrix times the number n . 
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Map of top left corner of the creation matrix C, in a two-phase assembly: 


f«l 

In') 

I 

00 

01 

02 
• • • 

10 

II 

12 
• • • 

20 

21 

22 
• • • 


00 01 02 


0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

0 


• • • 10 

11 

12 ... 

20 

21 

22 * * 

... 1 

0 

o ... 

0 

0 

0 • • • 

... o 

1 

0 ... 

0 

0 

0 ... 

... o 

0 

1 ... 

0 

0 

0 ... 

... o 

0 

0 ... 

2 'a 

0 

0 ... 

... o 

0 

0 ... 

0 

2^ 

0 ... 

... o 

0 

0 ... 

0 

0 

2 * ... 

... o 

0 

0 ... 

0 

0 

o ... 

... o 

0 

0 ... 

0 

0 

o ... 

... o 

0 

0 ... 

0 

0 

o ... 


30 31 32 


0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


• • 


0 

0 

0 

0 

0 

0 


• • 


• • • 


• • 


3 H 0 0 •• 

0 3* 0 •• 

0 0 3 h •• 


T he matrix C 2 is the transpose of the matrix C u while D l = C 2 and D 2 = C, 
The double operator C\D 2 is equivalent to a transfer of one particle from the 

IT P /T mt0 the firSt Phase ’ and transfers a particle from the first 
p ase mto the second phase; we should therefore expect 

Z) 1 + C i D 2 = 0 (12.512) 

and in fact this is easily verified. 

quantized waw ^Tl^ the relatlon between this formalism and that used in 

semble in K W6 haVe to reinter P re t the notation of the grand en- 

energy T* ^ ™ “ § 124 ' replacin S the word “phase” by 

with a new physical contend ® matI ? em ^ lc ^ statements remain true, but 
function in IK? T The function <*>{«} can be interpreted as the wave 
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DTral he t B t°T EinSt f ’ 1 f atiStiCS anyValues are p - 
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the 1 ermi-Dirac case, and nondegenerate energy levels where «=n t 
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D 'Mn u 0yn/fy(m, 


1 ~ • • 
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• • 
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(12.513) 
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where 0j is positive unity if the sum over the populations to the left of n y is even, 
and negative unity if this sum is odd: 

/—i 

Oj = (-1 ) m i, m,j = Yj n< (12.514) 

1=1 

Remembering that Uj can be either zero or unity (this will actually be proved 
a consequence of the definitions of C' and D' in a moment), we note that Eq. 
(12.513) makes D' remove a particle if one is present, but D' equals zero if 
there is no particle present—because of the numerical factor Uj V \ Also C* adds 
(or creates) a particle if there is none present initially, but it is equal to zero 
(by the factor 1 — ny) if there is already one present. From Eq. (12.513) we 
also have the following properties: 


C'iC'j + C'jC'i = 0, D'iD'j + D'jD'i = 0, any i and j, 


D'iC'j + C'jD'i = 5 


(12.515) 


ij 


These are called the “anticommutation” rules in contrast to the commutation 
rules obeyed by the Bose-Einstein operators, Eq. (12.510). The product C'jD'j 
is the population matrix for the jth state: 



(12.516) 


where I is the unit matrix. The eigenvalues of Nj are indeed the possible popu¬ 
lations of the j th state. We can now check that these numbers cannot be 
other than either zero or unity. Thus we have Nj 2 = C'jD'jC'jD'j = 

C'y( 1 — C'jD'j)D'j = C'jD'j, because C'jC'j = 0 from the first of Eqs. (12.515). 
Therefore 

Nj 2 = Nj (12.517) 


Now put Eq. (12.516) into this and find n 2 = ny of which the only solutions 
are ny = 0,1, as desired for the Fermi-Dirac statistics. 

Again let us illustrate by means of a system with only two states. There are 
then only four possible populations or sets {n}, viz., 0,0, both empty, 0,1, the 
first empty and second filled, 1,0, the first filled and second empty, 1,1, both 
states filled. The matrices for C' and D' are thus 4X4 matrices and can be 
written down without much trouble. The same kind of procedure as we fol¬ 
lowed in Eq. (12.506) yields the following matrices for C\ and C' 2 . The col¬ 
umns correspond respectively to the sets, 00; 01; 10; and 11, while the rows, to 
the same sets in order reading down: 


0 0 10 
, _ 0 0 0 1 
0 1 0 0 0 0 
0 0 0 0 


0 1 0 
0 0 0 
C 2 - 0 0 0 
0 0 0 



(12.518) 


Also we find D\ is the same as the transpose of C' 1 , while D' 2 is the transpose 
of C' 2 . The product matrix C\D' 2 is a transfer from the second state to the 
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first, provided one particle is initially in the second state; it has the matrix 
form: 


C\D' 2 = 


0 0 
0 0 
0 0 
0 0 


0 0 
-1 0 
0 0 
0 0 


(12.519) 


The only nonzero element in this matrix is the one that connects the state of 

occupancy 1,0 with the state 0,1. It is easy to check that these 4X4 matrices 

satisfy the anticommutation rules, Eq. (12.515). 

These creation and destruction operators, and others related to them, have 
ecome powerful tools in handling nuclear problems and in the theory of quan- 
zed wave fields. We have introduced them here from a point of view some- 
hat unlike that usually adopted in the literature of quantum mechanics. 

rules r of n Eas° (12 wnt commutation and anticommutation 

for either the R p- T* ( ^ } are considered basic, and held responsible 
ther the Bose-Einstein or Fermi-Dirac character of the systems. Here we 

lave proceeded naturally from the opposite point of view; we regarded the 

the nnlTl S ' Ven ’ ^ therefore have derive d the commutational character of 

tie inTi h tW Per f° rS i Hav ' ngnow made clear wh ere our statistical methods 

with the h h i ° f , nuclear P h y sics - we shall leave this subject and continue 

^th the main line of our course. 
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7. Prove Eq. (12.407). 

8. Check Eq. (12.414). 

,he modifi - 

11. Verify Eq. (12.509). ’ 
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12. Prove Eqs. (12.510), (12.512), and (12.515). 

13. Show that Eqs. (12.518) satisfy Eq. (12.515). 

14. Write out in detail the generalization of the Neumann matrix for p(E,n) in the 
grand ensemble replacing Eq. (11.411) when the number operators are used. 
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Chapter XIII 


GENERAL THEORY OF THE LIQUID PHASE 


13.1 The condensation process. In § 7.5 we discussed the Mayer theory of 
the higher virial coefficients of an imperfect gas, and in § 6.4 we studied the 
dissociative cluster theory of the same problem. The dissociative theory leads 
naturally to a condensation process in which the large clusters suddenly become 
most probable, being then identified with the liquid phase. Mathematically, 
this occurred when the series in Eq. (6.422) reached its radius of convergence: 

(N - Nii/Nx = e wlkT Z Asz 8 - 1 (13.101) 

8=2 


being the ratio of the number of atoms involved in clusters to those not involved 

in clusters. The Mayer theory is formally quite similar. The series in Eq 
(7.522), 

N = V (13.102) 


s=1 


can be interpreted as a sum over clusters, N = ^2 sN s , where N, = Vb a Q\ and 

8 

can be written in the form: 


(N - Nx)/Nx = V Z 

8=2 


8 


(13.103) 


If this series, like Eq. (13.101), ceases to converge, the developments given 
following Eq. (7.522) become invalid, the density becomes a discontinuous 
function of pressure, and the assembly condenses into a smaller volume. The 
details of this condensation are determined by how the integrals b 8 depend on $ 
asymptotically at large values of s. The same kind of situation occurs in the 
quantum mechanical theory of Kahn and Uhlenbeck, outlined in § 11.2. 

Above some temperature T c the series fails to diverge at any finite density, 
and T c is interpreted as the critical temperature above which there is no phase 
separation. Considerable controversy exists in the literature concerning this 
point, and we shall outline briefly what the situation now appears to be with¬ 
out going too far into the history of the discussion. 
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We note first that, since the assembly contains a finite number of particles, 
the series in Eq. (7.522) is in fact not infinite, but is nothing worse than a very 
long polynomial in 0, the highest power being 0 N . It is therefore strictly in¬ 
correct to speak of its divergence; to have a diverging series we would have to 
have an infinite number of particles. This suggests the use of the method of 
the grand ensemble of § 12.2. Here the grand partition function Q is a sum 
over all possible populations: 

M 

Q = T, QnZ n (13.104) 

n= 1 

We have inserted an upper limit to the sum here, because in practice the vol¬ 
ume of the assembly is finite and there must exist a maximum number of parti¬ 
cles that can be crowded in.* However, in going over to the series expansion 
of Eq. (12.205), it is in principle necessary to include an infinite number of 
terms: 

n = £ jVbjZ 3 ' (13.105) 

* 


This series is infinite, j does not have any physical meaning like the number of 
particles, and its radius of convergence can be properly discussed. To do so, 
however, requires that we go over into a complex plane for the variable z. 

Alternatively, from Eq. (12.207), we may write 

n = (z/Q)(dQ/dz) (13.106) 

so that the divergence of Eq. (13.105) is equivalent to a zero of Q. Now Q is a 
polynomial in z, as Eq. (13.104) shows, and may indeed have zeroes; but since 
the coefficients in the polynomial are all positive—they are ordinary partition 
functions—these zeroes cannot be positive real, but must in general be complex. 
In other words the infinities of the series of Eq. (13.105) occur at complex values 
of z ; there are no infinities for real values of z , and therefore condensation can¬ 
not occur at all. However, if we now allow V to increase indefinitely, the 
maximum possible number M of particles in the assembly also increases in¬ 
definitely, and the order of the polynomial Q increases without limit. The 
zeroes of Q must obviously move about in some way in the complex plane as 
M and V increase, and it is in fact possible for one or more of these zeroes to 
approach the real axis indefinitely closely as V approaches infinity. In this 
case, in the limit V —> <*>, a singularity arrives on the real axis and a condensa¬ 
tion will occur; the density becomes a discontinuous function at this point. Of 
course Q is a function of temperature, so the behavior of the zeroes of Q with 
increasing V depends on temperature. It is possible that a critical temperature 
T c exists such that above this temperature the zero no longer approaches the 
real axis with increasing V. In this case Tc is the critical temperature above 


* C. N. Yang and T. D. Lee, Phys. Rev., 87 (1952), pp. 404, 410. 
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which no phase separation can occur. The logarithm of Q is analytic except 
at the zeroes of Q, so that there is no obstacle to going around the singularity 
in In Q in the 2 -plane from one phase to the other. 

Taking a somewhat less abstract point of view, we may say that if V is very 
large, but not actually infinite, i.e., large enough to contain a very great num¬ 
ber of atoms, the singularity in the 2-plane may be very close to the real axis, 
although not exactly on it. Then In Q is analytic all along the real axis, and 
the density is a continuous function. However, on the real axis in the immedi¬ 
ate neighborhood of the nearby singularity, In Q may have a very sharp maxi¬ 
mum and the series suddenly have a very large sum, the density increasing very 
rapidly. If the sharpness and suddenness of these changes increase with in¬ 
creasing 7, we can identify the situation with a physical phase change: they 
may be so sharp and so sudden that, within the possible precision of physical 
measurements, they might just as well be discontinuous. This practical equiv¬ 
alence between very sudden and discontinuous is a concept that becomes very 
familiar in statistical mechanics; we have already discussed it once in connec¬ 
tion with the lambda -transition in a Bose-Einstein gas, § 8.3. 

So far we have merely indicated possibilities regarding the existence of phase 
transitions. To show that they actually must occur, given the usually ac¬ 
cepted laws of interaction between atoms, is something quite different. Mayer’s 
study showed that a discontinuity occurs with the pair interaction known to 
be valid in imperfect gases, but he arrived at what turned out to be some con¬ 
troversial conclusions regarding the critical temperature. From his work on 
the asymptotic forms of the 6’s it appears that a finite temperature range is 
required to go from the case where a discontinuous phase change can occur to 
the case where one does not occur, and that, in the intermediate transition 
range, a density difference can exist without a surface tension between the two 
parts of one and the same enclosure. This view has been challenged by other 
writers, and alternative explanations have been offered for the experimental 
data that give apparent support to Mayer’s theory. It is indeed quite possible 
for example, on the approximate cluster theory of condensation, for gravita¬ 
tional sedimentation of the larger clusters, present just below the critical tem¬ 
perature, to settle down and blur the meniscus even while a density difference 
exists. Actually the mathematically necessary conditions for the existence of 
a critical temperature in terms of the complex-plane picture have not yet been 
thoroughly investigated. It is quite conceivable that the motion of the singu¬ 
larity of In Q in the complex plane, with increasing V, does not have a definite 
limiting goal, but that the singularity may oscillate indefinitely with finite 
amplitude about some limiting position. Mayer’s transition region could cor¬ 
respond to some such mathematical peculiarity: below the region the singu¬ 
larity definitely approaches the real axis; in the region it oscillates without a 
final goal; and above the region its goal is definitely off the real axis. Some of 
the limiting processes used by Mayer in his work have been criticized; other 
workers have investigated simpler models that can be solved exactly and found 
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that no transition region exists. A final answer must wait for a more general 
theory of the motion of the singularities of In Q in the complex plane. 

13.2 Mayer's generalization of the grand partition function theorem. We 
have just seen in the last section that for any real assembly with a finite vol¬ 
ume, the discontinuity between the gaseous and the condensed phase is “physi¬ 
cal, rather than mathematical,* the logarithm of the grand partition function 
is in fact a continuous function throughout the condensation process, except 
for the purely hypothetical case where V goes to infinity along with the maxi¬ 
mum possible number of particles. Large changes in density occur in the real 
assembly during condensation, also the changes in pressure are so small that 
they are practically unmeasureable; mathematically, the density is a continu¬ 
ous function of the pressure. For this reason we may with confidence proceed 
in principle to apply the same functional form for In Q in the condensed phase 
that we have used in studying the imperfect gas and build up an exact theory 
of the liquid phase. The mathematical difficulties obstructing such a program 
have been appreciably reduced by a generalization of the grand partition func¬ 
tion theorem due to J. E. Mayer, and we proceed to give a somewhat simplified 
version of this development. 

We shall first set up the grand partition function Eq. (12.131) in terms of 
the quasi-classical picture and the classical phase space, restricting ourselves 
to a single constituent and single phase. The weights become densities in 
phase space and the sums become integrals thus: 


&En 

E 



IT dq II dp(l/n\h 3n ) 


(13.201) 


and the energy is assumed to have the form: 

E = total kinetic energy plus ZJ n { q) (13.202) 

where t/ n (q) is the total interaction energy among the n particles of the assem¬ 
bly. The integration over the momenta implied in the summation for Q goes 
through in the same way as in Eq. (4.217) for every particle, and we find 



Q = X) (1/tt!) (2'jrMkT/h 2 ) 3n,2 e nti,kT J • .f e ~ u ^ kT n dq (13.203) 

where M is the mass of the particles. It is convenient to introduce the abbrevia¬ 
tion: 

Z = (2tt MkT/h 2 )^ ,kT (13.204) 

in terms of which Eq. (13.203) becomes 



= H (Z n /n !) J■ ■ .f e - V " MlkT n dq 


(13.205) 
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From Eq. (12.130) we then can write the grand partition function theorem as 

exp ( pV/kT) = X) (2”/n!) f f 'e~ u » wlkT n dq (13.20G) 

The variable Z is a function of the partial potential fi and is known as the 
fugacity of the assembly. In an ideal gas, it is simply the numerical density 
ATT, as is evident from a comparison between Eq. (13.204) and the partition 
function of a classical gas; see Eqs. (4.101) and (4.202). We can also prove 
this directly by letting f7„(q) approach zero in Eq. (13.206), when the integra¬ 
tion yields just V n and we find exp ( pV/kT ) = V n /ri\ = exp (ZV), so 

n 

that Z = p/kT = N/V. If the gas has quantum degeneracy, this result fails, 
and it is necessary to remove both the imperfections and the anomalies due to 
quantum effects on the statistics before Z approaches N/V. This may be 
secured by simply asking that N/V approach zero. 

lim N/V —» 0: Z = N/V (13.207) 

It is necessary to translate Eq. (12.121) into a form suitable for the generali¬ 
zations we are about to study. The ratio N E „/X is the probability in the en¬ 
semble that an assembly may have energy E and population n. The energy is 
specified by position in the classical phase space, and the probability is propor¬ 
tional to the extension in phase space around the position of interest. We 
separate kinetic from potential energy and in general will be interested only 
in the probabilities of given potential energies, so that all kinetic energies will 
be associated with every potential energy. The expression N En is then to be 
integrated over all kinetic energies to give the probability of any potential 
energy. Using Eq. (13.201) in Eq. (12.121) and integrating only over the mo¬ 
menta, we obtain the probability that an assembly have n particles at the 
specified positions q(n) per unit extension in co-ordinate space: 

Pjg(n)} = (1/Q )(Z n /n\)e~ u " (q)lkT (13.210) 

= exp ( — pV/kT)(Z n /n\)e~ v ^ q)lkT (13.211) 

Note that this probability refers to having a specified particle at each of the n 

positions; if we were to be less specific and allow permutations of the particles 
the probability would be multiplied by n! 

We now find the probability in the ensemble that n particles have the con- 
hguration q(n), regardless of whether the n particles form a whole assembly or 
w ether they form part of a larger assembly having altogether n + m particles. 

his is found by writing down the probability that the n + m particles have a 
con guration that includes q(n) and integrating over all possible configurations 

of the other m particles: J■ ■ ■ Jp{q(n + m)} U dq-(m + n)\/m\n\- where the 

factorials represent the number of ways the n + m particles can be subdivided 
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into two parts n and m. The total probability of the configuration q(n) is then 
found by adding expressions like this for every value of m: 

£ I • • ‘ I F{g(n + m )\II dq-(n + m)\/m\n\ (13.212) 

ra=0 ** J 

If this expression is multiplied by n! we have the probability in the ensemble of 
finding n unspecified particles at the positions q(n). The distribution function 
F{Z,q(n)} is defined as the ratio of this probability divided by (. N/V ) n , where 
N is the average in the ensemble of the total population of an assembly. Thus 


/ / 


in 

+ m))Hdq (13.213) 


The notation is intended to imply that the distribution function depends on the 

fugacity Z. From Eq. (13.211) written out for the number n + m, it is easy 
to prove that 

lim N/V -» 0: (l/F) n J* ■ f.F{Z,q{n )) n dq = 1 (13.214) 

recalling Eq. (13.207). This may be regarded as a normalizing condition on the 
distribution function. A modified distribution function is sometimes more con¬ 
venient, defined by 

G[Z )q (n)} = (N/VZ) n F{Z,q(n)} (13.215) 

Evidently G has the same normalizing condition as F. Rewriting Eq. (13.211) 
for n + m particles and using the result in Eqs. (13.213) and (13.215), we find 


exp (pV/kT)G{Z,q(n)} = £ (Z m /m\) f f exp { - U n+m (q)/kT] S dq 

m J J 

(13.216) 

Write this out again for G{Z,q(n + m)}, multiply by ( — Z) 8 /s\, sum over all 
integers s from zero up, integrate over q(s) co-ordinates, and obtain 

exp (pV/JcT) £ {( — Z)’/s!} J• • • fG{Z,q(n + •)} n dq 

= £ 23 {(- Z)’Z m /s\m\) f-f exp {-U n+m+ ,(q)/kT} n dq 

8 m J J 

= £ £ {(- iyZ'ls!(r -s)l} f--- f exp {- U n+r (q)/kT\ n dq (13.217) 


where r = m + s. 
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If we now sum over all s, keeping r constant, we see that the coefficients form 
a particular example of the binomial series: 


r! X (-l)7«!(r — s)! = (1 — l) r = 0 if r is not 


zero 


8 


The only surviving term in the r-sum is therefore the first with r = 0, and so 

exp ( pV/kT ) Z {(-Z) s /s\} J • • • JG{Z,q(n + s)\ II dq = exp { -U n (q)/kT\ 

(13.218) 

Now rewrite Eq. (13.216) for a different pressure p\ and hence a different fu- 
gacity Z'; also rewrite Eq. (13.218) with n + m in place of n. Then we can use 

the new form of Eq. (13.218) to transform the right side of the new form of Eq. 
(13.216), deriving: 

exp (p'V/kT)G{Z',q(n)} 

= £ {(ZT/m\\ Z !(- Z) a /s \) exp (pV/kT) 


rn 


s 


X 



fG{Z,q(n 


m-\-8 

+ rn + s )} n dq 


= X Z { (Z') m (—Z) T ~ m lm\{r—m)\\ 


m r 


x 



f G{Z,q(n 


+ r)j n dq-exp ( pV/kT ) (13.219) 


where again r = m + s. 

The coefficients here, summed for any given r, become 

X (ZT(-Zy~ m /m\(r -m)! = (Z' - Z) r /r\ 


m 


so that we can finally write Eq. (13.219) in the form: 
exp l(p' _ p)V/kT}G{Z',q(n)} 

= Z ( (Z 1 - Z) T /r \) f f G{Z,q(n + r)} Udq (13.220) 

1 his formula connects the properties of the assembly at one fugacity with those 
a .t an other fugacity and can be regarded as a generalization of the grand parti¬ 
tion function theorem of Eq. (13.206) which connects any fugacity with zero 
ugacity only. Equation (13.220) is the theorem of Mayer that we set out to 
enve. The present derivation started from the quasi-classical weighting of 
Q- (13.201); however, the original proof* was perfectly general, and Eq. 

* J. E. Mayer, J. Chem. Phys., 10 (1942), p. 629. 
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(13.220) is actually valid for any quantum degenerate assembly, with the pro¬ 
perly defined weights and fugacity. 

13.3 Formal equation of state of condensed assemblies. Mayer's generaliza¬ 
tion of the grand partition function leads almost at once to a formal expression 
for the equation of state of the condensed assembly. If we multiply Eq. (13.220) 

by ( Z ) /n\, integrate over the co-ordinate space of the u particles, and then 
sum over all values of n, we find 

exp Up' - p)V/kT } 12 f • ■ fG[Z',q(n)}(-ZT/n\ndq 


= ZZ((- ZT(Z' - Zy/nlrl) f f G{Z,q{n + r)} H 'dq 

nr •/ •/ 

= J2 23 \ {Z’ - Z) T (-Z'y- r /r\(s — r)!} J . f G{Z,q{s)) U dq (13.301) 

where s = n + r. The sum over r yields (Z' — Z — Z'y/sl = (~Z) 3 /s], so 
the right side of the equation becomes exactly the same function as the left side, 
the one of Z, the other of Z'. Since Z' is any arbitrary fugacity we have 

exp ( pV/kT ) X) U-Z) n /n\\J ■ ■ ■ JG{Z,q(n)\ II dq = constant (13.302) 

This constant over the ensemble means that the expression is independent of 
the variables that can differ from assembly to assembly in the ensemble, i.e., 
pressure, density, and fugacity, but could depend perhaps on variables that 
are fixed throughout the ensemble and only vary if we make another ensemble, 
like V or T . Actually we can prove the constant to be unity for any ensemble. 
To do this we compare Eqs. (13.215) and (13.302) to write 


exp (pV/kT) X) {(-N/V) n /n\\J J F{Z,q(n)} II dq = C (13.303) 

Then letting the density go to zero—which does not change C —we have 
lim N/V -> 0: C = exp ( pV/kT ) £ (~ N) n /n\ = exp (pV/kT - N) 

n 

and because in this limit pV = NkT , this proves 

C = 1 (13.304) 

This limiting process is permissible even if we are initially in the liquid phase, 
because, as we saw in § 13.1, there is no mathematical discontinuity in In Q at 

the condensation point. 
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Taking the logarithm of Eq. (13.303) we now have 

pV/kT = - In Z {{~N/V) n /n\\ J J F\Z,q{n )\n dq (13.305) 

since In C = 0. Unfortunately, the series converges too slowly to be of use in 
any numeiical discussion of the equation of state. To approach such a discus¬ 
sion, it is necessaiy to factorize the integrals in somewhat the same way as was 
used in the work of Chapter VII. 

We omit the proof that the distribution functions for any number n of particles 

can be expressed as a sum of products, the factors of which involve clustered 

parts of the total number.* The equation of state is expressed in terms of 

integials over these partial clusters, and a formal similarity is obtained with 

the equations of §7.5. Two forms of the equation of state were derived bv 
Mayer: 

pV/kT = - Z ( ~N/V)°Vb\{Z) (13.306) 


pV/kT = £ Z*Vb* s (0) 


8 = 1 


(13.307) 


In the first of these the cluster integrals are determined at the fugacity of the 

actual assembly; this form of equation is suitable for the liquid phase. In the 

second form, the power development is in terms of the fugacity, but the cluster 

integrals are evaluated in the limit of zero fugacity. These equations reduce to 

the equation of state of the nonideal gas derived in § 7.5, although not obviously 

so, because the cluster integrals are defined differently; Eq. (13.306) may be 

compared with Eq. (7.527), and again note that the cluster integrals b* are not 
the same as the b’s of § 7.5. 

To give these equations of state a physical meaning, we have to be able to 

calculate the cluster integrals and the fugacity. The fugacity is in fact derivable 

trom the chemical potential, through Eqs. (13.106) and (13.204), and these equa- 
tions are equivalent to 

N = Zd\a Q/dZ (13.308) 

The cluster integrals are defined in terms of the distribution functions. We 
quote here only the first two: 


b *i (Z) = (1/E) J- fF{Z,q(l)\dq 

f'f F ( z >9(2)} II dq — [fa* 


(13.309) 


” W = WY) IJ ---J F lZ ,q(2)} Ildq - [J F(Z,q(l)}dq] j (13.310) 

From Eqs. (13.213), (13.210), and (13.205), we can show that these result in the 

* W. G. McMillan, Jr., and J. E. Mayer, J. Chem. Phys., 13 (1945), p. 276. 
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following expressions in terms of potential energy functionsj we have 

{N/V)F{Z,q{ 1)} = (1/Q) Z (Z m+1 /ml) j J exp (- U m+1 /kT) H dq 

(13.311) 

But the right-hand side of this, when integrated over another particle, is nothing 

but the average number N in the assemblies of the ensemble. Thus we derive 
exactly 

= 1 (13.312) 


Using the same sequence of equations, we also derive 


/ / 


(13.313) 

The first expression inside the bracket is almost (1 /N 2 ) times the mean value of 
the square of the population, so that b* 2 /V is very small, and methods of sue- 
cessive approximation become feasible. 

A much simpler form of the equation of state can be derived,* viz., 


kT(d P /dp) T = 1 + 2 P b* 2 (Z) 


(13.314) 


where p = N/V is the numerical density. This equation gives the isothermal 
compressibility in terms of the second cluster integral alone. 

The mathematical problem is now to evaluate the integrals appearing in Eq. 
(13.313). A glance at Eq. (7.406) will remind the reader that we have already 
studied exactly these same integrals before. In Chapter VII we were able to 
find the equation of state of an imperfect gas to some considerable accuracy 
merely by making a rough approximation to Q(q), it being sufficient to know 
only the logarithms with sufficient accuracy. If we try the same approximations 
here, we can prove that b* 2 (Z ) = b 2 of the imperfect gas theory. Thus from 
Eq. (7.416), we write 


/ / 


exp (— U m /kT) n dq = F m (l + m?b 2 /V) 


(13.315) 


Using this in Eq. (13.308) and Eq. (13.205), it is not difficult to show that 


N/VZ = (1 + 2 b 2 Z + b 2 /V) 


(13.316) 


and then that Eq. (13.313) yields 


b* 2 (Z ) = *F{(1 + 4 Zb 2 + 46 2 /F)/(l + 2 Zb 2 + b 2 /Vf - lj (13.317) 


To terms linear in b 2 this reduces to the theorem to be proved 


b* 2 (Z) = b 2 


(13.318) 


010-603 
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To derive an equation of state for the liquid phase, a much better approximation 
is needed. 

This theory has been generalized to cover the properties of multicomponent 
liquid mixtures and also of ionic solutions. The full power of the grand ensemble 
formalism is required to handle both these applications. It leads to a useful 
expression foi departures from van’t Hoff’s law of osmotic pressure in mixtures, 
and to a modified law of mass action and the Debye-Huckel formula in ionic solu¬ 
tions. (References to this work will be found at the end of the chapter.) 

13.4 Quantum degeneracy in the liquid phase. As mentioned at the end of 
§ 13.2, Mayer’s generalized grand partition function theorem is true even when 
quantum degeneracy is present. The same is true of the immediate consequences 
of this theorem, in particular, the equations of state discussed in the last section. 
To be able to apply these equations to quantum degenerate assemblies, we have 
to know how to evaluate the cluster integrals for such assemblies. To do this 
we have to reject Eq. (13.210) and go back to the generally valid expression, 

, for the Probabilities in the ensemble and evaluate this by means 

of the Slater-sum of § 11.2. 

In place of the previous expression for the grand partition function, Eq. 

and E( b 03-205), we now write it in terms of the Slater-sum in Eq. 
(11.202), as follows: 

Q = £ (Z n /nl)g 3n J■ • • Jq„( q) n dq (13.401) 

where g is the same as in Eq. (11.135), and Q„(q) is the integrand in Eq. (11.202): 

Qn( q) = G(q)e~ u * (q)lkT (13.402) 

In place of Eq. (13.210), we now have 


P{q(m)} = (l/Q)(Z m /m !)g 3 m Q m (q) 

for the probability of finding m particles in the positions q(m). 
(13.216), we now have 


(13.403) 
In place of Eq. 


exp ( P V/kT)GlZ >q (n)} = ^ X• f Q m+n (q) n dq (13.404) 
reHtion 30 ^ ^ ^ her6 ’ ° f course ’ and it leads > through Eq. (13.401), to the 

Q = L (Z m /W» f • •. f Q w(q ) 5 dq 

771=0 1 / 1 / 

- (l/Ar)2(Z- +, /»l)«*'- + ‘>/-Jo. +1 (q)'n'ij (13.405) 

Using this m + 1 order integral for Q in the generalization of Eq. (13.313) for 
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the second cluster integral, we find 

2 (N/V)b* 2 (Z) +N=Z (Z m+2 /m\)g 3(m+2) f. fQ m+2 (q) m ndq 

m=0 */ J 

+ Z (^ m+1 /w!)j7 3(m+1) f fQ m+ i{<fi m n dq (13.406) 

m= 0 J J 

The numerator in this expression is Z 2 (d/dZ) of ( 1/Z ) times the denominator, 

while the denominator is Z(d/dZ)Q. Then using Eq. (13.308) for the N on the 

left of Eq. (13.406), we find this equation can be expressed in the very concise 
form: 

2(N/V)b* 2 (Z) = Z(d/dZ ) {In ( d In Q/dZ)} (13.407) 

The equation of state, Eq. (13.314), is true here also, and may be written now 
in the form: 

kT(dp/dp) T = 1 + Z(d/dZ) {In ( d In Q/dZ) } (13.408) 

where the fugacity Z is determined by Eq. (13.308): 

N = Z(d/dZ ) In Q (13.409) 

While it seems impracticable to use these equations for a quantitative study 
of the liquid phase, some qualitative remarks may be in order. It is quite pos¬ 
sible to set up some simple models in terms of which the grand partition func¬ 
tion could be evaluated—for example, the free volume model in its simplest 
form, with an ideal gas free to fill the free volume V /. The grand partition 
function for an ideal, quantum degenerate gas is easily constructed from Eqs. 
(13.401) and (13.402) and Eqs. (11.126) and (11.134), with the result: 

Q = Z (1/n!) Z n\ (l/m 5 !){ (zhiy^V/g^^s-^Z 8 }^ (13.410) 

n { m 8 ]n 


where the sum is over all sets m 8 restricted by Z Sm s = n • Inspection of this 

S 

expression shows that it reduces to 


Q = Z O/n!) { Z (±1 ) S - 1 F / Zy ( *- I) 8~ w 

f) 1 o _ 1 

(13.411) 

71 ^ 8 = 1 ' 

and therefore that 


In Q = V/g~ 3 Z) 

(13.412) 

8 — 1 

Eq. (13.409) then yields 

N/Vf = g ~ 3 Z) (±l)*-^y*A H 

8 = 1 

(13.413) 

and the pressure from Eq. (12.130) is 

v = kTg~ 3 Z (±1 )*- 1 Zy*/s % 

(13.414) 


•=i 
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If we had started out to consider an ideal gas, instead of the free-volume liquid, 
we would get these same results with V f interpreted as the whole volume, and 
it is then simple to check that Eq. (13.413) coincides with the familiar results 
for quantum degenerate gases, Eqs. (8.305) and (8.409), while Eq. (13.414) coin¬ 
cides with Eq. (8.337) for Bose-Einstein, and the corresponding result, for Fermi- 
Dirac statistics. 

We can discuss the possibility of an Einstein condensation in the quantum 
degenerate liquid in quite general terms, before resorting to any simplified model. 
It will be recalled that the condensation at T 0 occurs in the Bose-Einstein gas 
when the series of Eq. (13.413) reaches its radius of convergence; the series has 
a finite sum at the radius of convergence, and is infinite beyond. The finite sum 
is a function of T and cannot be made equal to N/V below the transition tem¬ 
perature, and a proportion of the particles then condense into the zeroth state, 
only the “normal” ones being counted in the N of Eq. (13.413). Incidentally' 

for the ideal gas, b* 2 (Z) becomes infinite below the transition, and the isothermal 
elasticity (dp/dp) T vanishes. 

analogy, we may state a sufficient condition for a similar behavior in the 
liquid. Thus if we express the right-hand side of Eq. (13.409) as a series in 
powers of Z, this series must have a finite sum at its radius of convergence which 
decreases as T is decreased; T 0 is then the temperature at which this finite 
(maximum possible) sum reduces to N. For T less than T 0 , particles must con¬ 
dense out of the normal energy spectrum into the zeroth state, whose population 
is neglected by the integration approximation used in evaluating the Slater-sum 
More specifically, it will be sufficient for the modified cluster integrals b*AZ) to 
ehave asymptotically for large s-values in the same way as, or more strongly 

an, the cluster integrals in the ideal gas, as given in Eq. (11.134) Thus we 
could state that if 


lim s 


00 ! 


b\{Z) = yg3 »/ S ' 


(13.415) 


vhere 7 decreases with decreasing T, and where c > 2; then the typical lambda- 

lansition must occur in the liquid. The outstanding mathematical problem is 

ere ore to determine the asymptotic dependence of the quantum mechanical 
cluster integrals on cluster size. 

EXERCISES AND PROBLEMS 

1. Provide the details in the proofs of Eqs. (13.214), (13.217), and (13.219) 

i <‘“ 5) - *• “ - - 

arge populations dominate the series. Show that Eq. (13.308) becomes 
N = VZ*»T; show that 2 b\{Z)/V = (1/F) f ■ ■ f exp ( -U 2 /kT)dq * - l : 
compare this with the second cluster integral of § 7.4. 
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5. Show that Eq. (13.313) is consistent with the following assumption: the average 
value N of the population is equal to the value of m that marks the maximum term in 

• . series being equated to the ratio between their 

maximum terms. 

6. Discuss the la m&da-transition for a free-volume model liquid. 

7. Discuss the Einstein condensation in terms similar to the reasoning outlined in 
§ 13.1 concerning the condensation into the liquid phase. 
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14.1 Ferromagnetism. In recent years the physics of the solid state has 
ecome a science of its own, and a number of excellent treatises now exist dealing 
with this subject. We therefore make no attempt here to summarize the field as 
a whole but discuss briefly several specific problems, to the solution of which 
statistical mechanics has made a major contribution. The theory of the heat 
capacity of crystals has already been discussed, § 7.2 and § 7.3. In this chapter 
we discuss briefly the contribution of statistical mechanics to the understanding 
of ferromagnetism, order-disorder in binary alloys, lattice imperfections, etc.; 
the behavior of electrons in metals and the problem of superconductivity. 

t is assumed that the student is already familiar with the general nature of 
erromagnetism. In statistical theory, ferromagnetism may be treated as a co- 
operative phenomenon in the sense of § 12.4. In § 4.7 we obtained the partition 
unction of an atom due to the energy of its spin in a magnetic field [Eq. (4.702)]: 

<mj = - gmj\i 0 H (14.101) 

where M-o is the Bohr magneton, g the Lande factor, H the magnetic field, and 
f' the magnetic quantum number—taking values from -j to +j at integer in- 
ervals, where j is a half-integer or an integer depending on the angular momen¬ 
tum of the ground state of the atom. In the co-operative theory of ferromag- 

“ e r ' S “’ 1118 su PP° s ed that the energy of Eq. (14.101) has to be corrected by a 
m depending on the magnetization of the material as a whole: 


: mj 




i 


f / r / 


where p is the mean magnetic moment per par ti cle , N/V the number of atoms 
ni volume, and a a parameter that determines the co-operative effect 
i he energy of n mj atoms in the state is E mj = and this compares with 

ne co-operative expression in Eq. (12.401) if we set 


Since N = 


ymj{n } = — grrij\L 0 ailN/V 

2 n mj, differentiating y mj with respect to n m y yields 

d(y m j)/dn m j / = y m jmj , = — gmj\L 0 afi/V 

283 


(14.103) 


(14.104) 
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Using this in Eq. (12.407) for the mean populations, going to the classical limit, 

and eliminating the free energy p from Eq. (12.407) by summing over all states, 
one easily finds that 

fi mj = N exp { gm,j\Lo(H + 2 apN/VJ/JcT}/^ exp {gntj^H + 2apN/V)/kT } 

mj' 

(14.105) 

In some presentations of this formula, the factor 2 is omitted from the co-opera¬ 
tive term, because the energy Eq. (14.102) is usually substituted directly into 
the Boltzmann expression for the distribution numbers. Actually the co-opera¬ 
tive analysis of § 12.4 shows this direct substitution to be erroneous. 

Now we have for the total magnetic moment of the assembly: 


A/Z ^ y Hjnj 


jQmjV' o 


(14.106) 


mj 


so with Eq. (14.105), we have an equation for the mean magnetic moment: 


X gmjV -o exp [gmj\L 0 (H + 2ajiN/V)/kT} 


M = 


mj 


Z exp \gmj\L 0 (H + 2apN/V)/kT\ 


(14.107) 


Write 


mj 


X = e e = exp {g\i 0 (H + 2apN/V)/kT\ 


(14.108) 


then Eq. (14.107) is equivalent to 


+y 


+y 


M = {71*0 X 


mx 


m 


+ z 


X 


m 


(14.109) 


m=—j 


m=—j 


Expand x in powers of 6 as far as 0 2 , perform the summations indicated in Eq. 
(14.109), and finally neglect all terms cubic in 0, or higher powers; we find the 
terms in 0 2 disappear identically, leaving only the single term: 


p = hvoKj + 1)0 


(14.110) 


From the meaning of 0 implied in Eq. (14.108), we can solve for to find: 


Na/V = (HT c /2a)/(T - T e ) 


where 


kT c = §j(j + l)agWN/V 


2 .. 2 


(14.111) 

(14.112) 


This result is exactly Curie's law for the susceptibility of a ferromagnetic mate¬ 
rial at temperatures T above the Curie point T c . The various approximations 
used between Eq. (14.109) and this final result are valid only so long as 0 is 
smaller than unity, which means that \LqH\1 + \/(T/T c — 1)} < kT, or 

, (14.113) 


H < (*r/|io)(l - T c /T) 
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Now |i 0 ~ 10 -20 , so this result limits H to less than about (1 — TJT)T X 10 4 - 
if for H we use ordinary laboratory fields of a few hundred oersteds, and assume 
Tc is about 1000 °K, our formula is restricted only to temperatures not less than 
about one-tenth of a degree above T c . Closer to T c than this, the formula breaks 
down, and an avalanche of magnetization is to be expected. A check on the 
magnitude of a, the co-operative term, can be obtained from the equation for 
the Curie temperature, Eq. (14.112). Taking orders of magnitude only, we mav 
write T ~ 500 °K, Ho ~ lO" 20 , N/V ~ 10 23 , g = 2, and j = 3; these lead to 

a = 200 . 

To study the problem at lower temperatures than T c , a different approach is 
required. First consider the limit when T « T c . In this limit we can approxi¬ 
mate to Eq. (14.109) with x » 1; retaining only the two largest terms in each of 
the sums, one finds easily that, to terms linear in 1/x: 


p = Jm o(i - i /jx) 


(14.114) 


' / 

The saturation moment at T = 0 is evidently j m , and the spontaneous magneti- 
za ion under zero H depends on T , dropping as T increases. To follow this spon¬ 
taneous magnetization as T increases towards T C1 it is necessary to consider the 

exact expression, Eq. (14.107) or Eq. (14.109). This can be written in terms of 
the Brillouin functions defined by 

B i( y ) = (O' + \)/j )) coth (0‘ + i)Y/j} - (1/2 j) coth ( Y/2j) (14.115) 

It can in fact be shown * that Eq. (14.107) is equivalent to 


where 


P = MoBiiT) 

Y = jg\L 0 (H + 2apN/V)/kT 


(14.116) 


Then for the spontaneous magnetization, we merely set H = 0 in Y and seek a 

Y as a strShH In , SeC ° nd ° f EqS ' (14 ' 116) S ives P P lo «ed against 
s a straight line with a gradient proportional to T. The curve of BAY) v. Y 

out to be ® g ™ d ! ent at the ori g in - and th ere exists a temperature—which turns 

orivin F T \ a Wh ' Ch he Stm,ght Hne is tangent t0 the B ^ Y ) cury e at the 
of a wh- temperatures below this, there exists a spontaneous nonzero value 

T r hlC + n decreases Wlth increasing temperature towards zero at T = T c . For 
i c, the spontaneous magnetization remains zero. 

e energy of the assembly is given by Eq. (14.102) as 

E — — ^ fi m jgm.j\Lo(H + apN/V) (14.117) 

tion'pro^ld^T I 1 " 8 a DegatiVe energy dUe t0 the spontaneous magnetiza- 


H * 0: E/V = -a(pN/V) 2 

Mayer and Mayer, Statistical Mechanics, Wiley, 1940; p. 346. 


(14.118) 
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where we have used Eq. (14.106). This energy rises towards zero as T increases 
towards T c and therefore gives rise to an anomalous heat capacity below T c . 
Because there is no spontaneous magnetization above T c , there is a discontinuity 
in the heat capacity at T c . By differentiating the Brillouin function, it can be 
shown that the peak heat capacity due to the spontaneous magnetization at T c is 

AC = 5Nkj(j + 1 )/{j 2 + (1 + j ) 2 } (14.119) 

This discontinuity does not depend on the co-operative parameter a, which can¬ 
cels from the formula. The theory agrees qualitatively with observation: the 
heat capacity curve does indeed show an anomalous increase with T increasing 
towards T c and a sudden drop just above T Cf of the right order of magnitude. 
Detailed comparison with the data is not immediate, because there are other 
terms than the magnetic one in the heat capacity. 

It is noteworthy that the foregoing theory treats the molecular spins as a 
co-operative lattice gas; each spin is localized on a lattice point and free to take 
any one of a set of states specified by the magnetic quantum number mj ) and 
neighboring spins do not interact except in the aggregate through the co-opera¬ 
tive term. The general feeling is that this form of co-operative theory, while 
pragmatically very useful, is not as realistic as one in which the nearest neighbor 
interaction between spins is explicitly taken into account. Such a model was 
first proposed by E. Ising in 1925, and is usually known by his name. While 
certainly more satisfactory from a physical point of view, the Ising model runs 
into so many mathematical difficulties that it can be worked out only by a proc¬ 
ess of successive approximations. Even for the highly artificial case of a two- 
dimensional crystal, it has been solved exactly only in the simplest case where 
J — and there are only two spin states per lattice point. A great deal of recent 
work has been directed towards the accurate solution of the Ising problem, and 
there is of course always the hope that an exact solution may eventually be 
obtained. 

14.2 Order-disorder in binary alloys. Briefly the phenomenon under dis¬ 
cussion is the following: at high temperatures, X-ray analysis indicates that 
certain binary alloys, e.g., CuZn, have their atoms arranged at random on a 
single (body-centered) lattice. As the crystal is cooled, a discontinuous jump in 
heat capacity is observed at a transition temperature (742 °K), the jump being 
at least 8k. The heat capacity drops rapidly again from this sharp peak with 
further cooling; the peak is so sharp that it could be theoretically infinite without 
actually contradicting the data. Below the transition, X-ray analysis shows 
that the two kinds of atom progressively sort themselves out on two separate 
interpenetrating cubic lattices as T is reduced. If T is brought far enough below 
the transition, complete long range order exists, X-ray pictures showing the ex¬ 
istence of a superlattice having double the basic spacing compared with that ob¬ 
served above T c . 

Evidently the superlattice or ordered state is of lower configurational energy 
than the disordered state, and the transition can be discussed statistically if we 
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assess the interaction energies and count possible configurations properly. Many 
good discussions of the various existing theories of the order-disorder transition 
are readily available, and we shall not describe them here, beyond outlining the 
generally accepted method of attack. Instead, we shall use this section to de¬ 
velop a novel form of approximate theory as an illustration of the general treat- 
ment of co-operative effects. 


We may describe the low-temperature, completely ordered state of the crystal 
as having N A A -type atoms on an a-lattice, and N B B -type atoms on a 6-lattice. 
The a- and 6-lattices are identical in structure, the 6-lattice forming the body- 
centers of the a-lattice. The nearest neighbor of every a-lattice point is a 6-lat- 
tice point, and vice-versa, and such a pair of nearest neighbor lattice points may 
be called a “couple,” because the interaction between two atoms occupying the 
couple would constitute a coupling between the a-lattice and the 6-lattice. There 
are four ways in which such a couple could be occupied, namely {A,A), (.4,5), 

t ’j- !. an .^’^), fi ls t" narn ed atom being on the a-lattice point in each case. 
In distinguishing between the states (A,B) and (5,.4), we are distinguishing be¬ 
tween lattice points; but in counting complexions of the configuration, we shall 
count atoms of a kind as indistinguishable, so that the four symbols enumerated 
completes the list of possible ways in which any couple of lattice points can be 
occupied. Let us abbreviate the notation and use numeral suffixes for the four 
s a es of a couple; hence the number of couples having the state (A,A) is N ■ the 

!’tTwRl C0 ;j PleS J n th ? s ““ e W ' B) is w «. i” the state (B,A), N„ anti in the 
state (5,5) A 4 . Consider only 50 per cent alloys, so that the total number of 

eac rad of atom N A = N B = \N l , where N L is the number of lattice points in 

e whole crystal. Let there be 2 nearest neighbors to each lattice point (in the 

par icu ar case CuZn, 2 = 8), so that 2 couples terminate at each lattice point, 

the total number of couples in the crystal being X = \zN L . There are two nec- 

sary relations among the four numbers N t) t = 1,2, 3, 4: 


2 Nl + N 2 + Ns = zN a and 2N 4 + N 3 + N 2 = zN B (14.201) 

If o e !Tt t0 the 50 per cent lattice ’ Na = Nb > then we also have N, = N 4 
un the Ising model, with nothing but nearest neighbor interactions, the energy 

bers t C1 t 7 ^;’ L the confi g urati °naI energy alone, is specified by the four num- 
• ^ z[ y be the interaction energy of the two atoms occupying a couple 

m the state t; then the configurational energy of the crystal is 


u = N t W, 

t 




^f f f Ct0r 2 dlsa PP<-s, because in counting all the couples Eq. (14.202) actually 

state of r7^° m2and WChaVe t0COrrectforthis ' The configurational 
can in nr' f ttlCC 1S therefore t0 be specified by the four numbers N t , and we 

crystal th! P 6 P thC assembly Partition function for the configuration of the 
y tal. Thus, if there are n{N] configurations with the same given set of num- 
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bers N t , the assembly partition function is 

Q = Z Q{N}e-^ N > w > lkT (14.203) 

WAT 

where the summation is over all sets N t) restricted only by the relations (14.201), 
where we may note that, for the 50 per cent lattice, zN a = zNb = X . The 
central problem which all present theories attempt to solve is the exact counting 
of the weight 12 { N }. 

In the present section we shall accept a very crude approximation to 12{iV'}, 
called the quasi-chemical approximation, and develop a co-operative modifica¬ 
tion of the theory, more as an illustration of various useful methods, than as a 
serious contribution to the problem. On this approximation we treat all the 
couples as independent, therefore we can count complexions in the familiar 
Boltzmann ideal-gas fashion: 

n{N] = X!/n N t \ (14.204) 

t 


This is actually quite a bad approximation, because of course the couples are 
not only not independent, but they actually connect with each other; thus the 
a-lattice point of any given couple is also the a-lattice point of z — 1 other 
couples, so that, having decided on the state of the first couple, we have already 
restricted our choice of the states of all the z — 1 other couples. Nevertheless, 
the expression Eq. (14.204) is so convenient, and leads to a form of assembly 
partition function that is so easily handled, that it is at least acceptable as the 
basis of a phenomenological theory. Thus we now write 


Q = Z (XI/II N t ^e-^ w ‘ N >' kT (14.205) 

{Aqjr t 


We can now find the most probable, or average in the ensemble, values of Nt, 
say iV ( , by selecting those values of N t that maximize the logarithm of the typi¬ 
cal term in the series of Eq. (14.205), and making the variations of the N t ’s 
subject to the restrictions of Eq. (14.201). The results are easily found to be 


N x /X = e- 2a ~ w ' lkT , N 2 /X = 

NJX = e -^- w * ,kT , N 3 /X = e -“-' 3 -"V* r l 


(14.206) 


where a and 0 are the Lagrangian parameters corresponding to the two restric¬ 
tions of Eq. (14.201). We can eliminate these parameters very easily and derive 

the “law of mass action”: 


tfxAVWs = e 2 W o' kT 


(14.207) 


where 


W 0 = W 2 - Uw i + W 4 ) 


(14.208) 


We have assumed here that W 2 = W 3 , a necessaiy consequence of the Ising 
model of nearest neighbor interactions. In some accounts of the quasi-chemical 



SOME SOLID STATE PROBLEMS 


289 


model, Eq. (14.207) is simply written down as the basic postulate, and used as 
part of other considerations to deduce the order-disorder transition. Here we 
shall stay with the Eqs. (14.206) from which the law of mass action is derived. 
We note first that with W 2 = 1 V 3 , the mean values of N 2 and N 3 are necessarily 
equal, which means physically that no long-range order can ever exist on the pure 
quasi-chemical model: there are always just as many AB pairs in the right direc¬ 
tion as there are BA pairs in the wrong direction. We shall solve the Eqs. 
(14.206) exactly for all four populations. Thus with a 50 per cent alloy, as we 
saw, N 1 = N 4 , which leads at once to 0 = a + ^(TFi - W 4 )/kT, and, when 
this is substituted into the equation for iV 2 (or iV 3 , which is the same), we have 

N 2 = Xe~ 2a ~ (Wo+Wl) ,kT . Because .Y] + iV 2 = |X, we now can eliminate a and 
find, after some elementary manipulations, that 

N,/\X = 1/(1 + e-W) anc i ff^x = 1/(1 + (14.209) 

with, of course, N 4 = N\ and N 3 = N 2 . These are smooth functions of tem¬ 
perature, and in the limit T -> 0 , Ni -» 0 , N 2 -» \X, if W 0 is negative; in 
the limit T —> «, A?, and N 2 both approach the value \X. Thus the crystal 
goes gradually over from a half-ordered state at absolute zero to a completely 
random state at sufficiently high temperatures. On this model, to achieve a 
sudden transition starting at a definite temperature, it is necessary to include a 
co-operative term in the energy, not allowed for on the Ising model. 

The most obvious co-operative form of energy for this problem is 

E = X) N t W t + %G(N 2 - N 3 ) 2 (14.210) 

£ 


If G is negative, this new term will have the tendency to push the crystal over 
into an excess of N 2 over N 3 if a slight excess exists, or vice versa if N 3 is greater 
than N 2 . The solution N 2 = N 3 will be unstable under suitable conditions, and 
complete long range order may be possible. Comparing this energy with the 
general form of Eq. (12.401), we can read off almost by inspection of Eq. (12.407) 
the proper modifications of Eqs. (14.206), due to the co-operative term. The 
solutions can also be derived the hard way by the same method outlined to derive 
Eqs. (14.206). The results are easily obtained: and JV 4 are the same as before, 
in Eq. (14.206), but N 2 and iV 3 are not now identical: 


N 2 /X = exp {- a - p - W 2 /kT - G(N 2 - N 3 )/kT\ 1 
N 3 /X = exp (-a - p - W 2 /kT - G(N 3 - N 2 )/kT \I 


(14.211) 


The parameters a and 0 are related as before, because Nt = N 4 , and so we can 
eliminate 0 from the equations (14.211), leading to the following results: 

N 2 /X = exp { -2a - (Wo + W x )/kT - G(N 2 - N 3 )/kT ) 

N 3 /X = exp { -2a - (W 0 + W x )/kT - G{N 3 - N 2 )/kT ) 

Ni/X = Njx = exp {-2a - W x /kT\ 


(14.212) 



290 AN INTRODUCTION TO QUANTUM STATISTICS 

Adding all four of these and equating to unity determines a, and then we have: 

7h/\X = Nj\X = 1/(1 + e~ w ° lkT cosh [<?(#„ - N 3 )/kT}\ 

N 2 /\X = e -G(Ar 2 -w,)/*r/[ e w 0 /*r + cos h _ ^/fc? 7 ]} (14.213) 

N 3 /\X = e G(N,-N 3 )lkT^ e WJkT + cosh ) 

The significant relation is obtained by subtracting the last two equations: 

9 = sinh (-GX0/kT)/{e w ° lkT + cosh (- GX6/kT )} (14.214) 

where 9 = (N 2 — A^)/X. This quantity is a valid measure of the degree of 
order in the lattice, although it does not coincide with the parameter ordinarily 
used; we shall adopt it here because it comes out so naturally from the analysis. 
Inspection of Eq. (14.214) shows that at T — 0, the degree of order 9 may be 
either plus or minus unity, or zero. The zero solution is unstable; the other two 
solutions correspond to the crystal being lined up one way or the other on the 
two lattices. At very high temperatures the limiting value of 9 is zero, and in¬ 
cidentally all four of the ratios in Eq. (14.213) are equal to one-half, correspond¬ 
ing to complete randomness. The solution of Eq. (14.214) is easiest by graphi¬ 
cal methods. Draw two curves, Y = 9 and Y = sinh ( — GX9/kT)/{e w ° lkT + 
cosh ( — GX9/lcT )}. Change to the variable 0 = —GX9/kT } so the two curves 
are Y = —kT^/GX and Y = sinh 0 /(A + cosh 0 ), where A = e w ° lkT . The 
gradient of the second curve is monotonic, decreasing with increasing 0 , from 
a maximum value at 0 = 0 of (dY/d(f>) o = 1/(1 + A). The straight line has 
a gradient greater than this, and there is only one solution, viz., 0 = 0 if —kT/GX 
> 1/(1 -f- A). For temperatures below the value given by 

kT c = -GX/(1 + A) (14.215) 

there are two solutions. The solution 0 = 0 is now unstable, and the second 
solution is nonzero, yielding a value of 9 that increases with decreasing T. The 
degree of order thus remains zero for all T > T c but starts to increase when T 

goes below T c . 

To find the heat capacity effect at the transition, we note that the co-operative 
term in the energy, Eq. (14.210), is \GX 2 9 2 , so the anomalous heat capacity de¬ 
pends on d9 2 /dT. This can be evaluated at the transition temperature as 9 —^► 0 
from Eq. (14.214), and it is not difficult to show that 

\T c (dd 2 /dT) T =T c = —1/{(1 + e w ° lkT ‘)(l - %e w » lkT ‘)\ (14.216) 

when T approaches T c from below. There is no such term for T > T c ■ The 
heat capacity discontinuity due to this term is thus 

AC = Xk/( 1 - \e w <‘" cT ‘) (14.217) 

where we have used Eq. (14.215) to eliminate G. The total heat involved in the 
co-operative energy term is —\GX 2 = §(1 + e w ° lkT )XlcT c . It is clear rom 
Eq. (14.217) that the heat capacity peak at T e can become infinite in this mo e 
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only if we choose TF 0 = kT c In 2. Actually such an assumption that W 0 be 
positive would be quite dangerous; physically, it would mean that two separate 
pure crystals of A and B would have less energy than an alloy, so that a phase 
separation might occur—see § 14.3—instead of a disordered alloy. A stable 
alloy can exist if W 0 is negative, and in this case the order-disorder transition 
will occur, having a heat capacity jump given by Eq. (14.217) rather less than 


2Xk or zR per mole. The total heat involved in such a transition would be 
rather more than \XkT c or \zRT c per mole. These results are only qualitatively 
satisfactory; for example, the transition in Cu-Zn at 742 °K shows a heat capac¬ 
ity jump certainly more than 6 R per mole, and a total heat somewhat less than 
\RT C per mole. From experiment it is suspected that the more precisely the 
heat capacity jump could be measured, the greater it would be found, and that 
a theory giving AC infinite would be the most satisfactory. In the exact solution 
of the Ising problem, one does in fact get an infinite heat capacity jump for the 
two-dimensional problem, and successive approximations to the cubic lattice 
appear to give increasing value to AC with increasing accuracy. There is definite 
hope that if an exact solution can be found, it will lead to a sufficiently sharp 

capacity peak at T C} without the need to call upon an ad hoc co-operative term 
like that introduced in Eq. (14.210). 

14.3 Ideal lattice imperfections in substitutional alloys. There are many 
types of lattice imperfections of great interest and practical importance: for 
example, dislocations caused by internal strains, impurity atoms located in 
“wrong” positions at interstitial positions between the lattice points, atoms of 
the material itself located at interstitial positions, and vacant lattice points. 
These last two are directly amenable to statistical treatment, and we shall dis¬ 
cuss an idealized problem in which the crystal has no other type of imperfection 
than these two. 


We consider a substitutional alloy composed of Na atoms of type A and Nb 

atoms of type B, so alike that they all lie on the points of a single lattice and 

can substitute for each other at random. This is the same as that we considered 

in the last section, but we consider here only the completely disordered phase. 

Suppose there are two types of interstitial sites where a misfit atom would find 

a potential minimum—though of course a shallower minimum than at a proper 

lattice point; and suppose that the number of each of these types of sites is equal 

to the number of lattice points. Given the energies of these sites, we are to find 

the most probable assignment of atoms to the lattice, together with its intersti¬ 
tial sites. 


In any arbitrary assignment of atoms to the lattice, let N aj be the numbers 
of A-atoms in the two types of interstitial sites, j = 1, 2; and let N^j be the 
corresponding numbers of R-atoms. Let N h be the number of lattice points re¬ 
maining unoccupied, i.e., the number of “holes.” The total number of lattice 
points Nl is then 


N l = N a + N b -Z (Naj + N b} ) + N h 


( 14 . 301 ) 
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The total number of different configurations all having this same numerical 
assignment, remembering that all the sites and lattice points are mutually dis¬ 
tinguishable, is given as 


0{ N\ = 


N l '. 


n 


N l \ 


N h \{N A - E Naj)KN B - E N bj ) ! j N aj \N bj l(N L - N aj - N bj ) ! 

0 j' 

(14.302) 


The first factor here represents the number of configurations of the lattice points 
in the following three states: empty, occupied by .4-atoms, and occupied by 
5-atoms; the second factor, j — 1, is the number of configurations among the 
first-type interstitial sites, considering that they may also be occupied either by 
4-atoms, or by 5-atoms, or remain empty; and the third factory = 2, is the 
same for the second-type of interstitial site. 

The energy of the crystal in any of these configurations is assumed to be 

5 = 5q + NhWh + 23 NajWaj + 23 NbjWbj (14.303) 

• # 

J 0 


where 5 0 is the energy of a perfect crystal with the same number of atoms and 
no defects, Wh is the energy required to remove an atom of either type from an 
interior lattice point of the perfect crystal and place it on the surface, W a j is the 
energy needed to remove an 4-type atom from the surface of a perfect crystal 
and place it on aj-type interstitial site, and W\j is the same for the 5-type atom. 
These operations are purely conceptual; in an actual crystal, the process of hole- 
format ion would not be likely to be by means of migration to or from the outer 
surface. The surface here merely forms a convenient energy level with respect 
to which the other energies may be measured. The statistical problem is to find 
those values of the five variables, N a j , Nbj , and Nh that maximize In &{#} for a 
given energy. As in the previous section, we form the assembly partition func¬ 
tion: 

q = 22n{N}e~ ElkT (14.304) 

{ N } 

and maximize the logarithm of the typical term of this series. This time there 
are no restrictions automatically imposed on the five populations; note that 
Eq. (14.301) is not such a restriction, but a definition of Nl, which is a variable 
also, but does not appear in the expression for E. Using the Stirling approxima¬ 
tion on the factorials, it is not difficult to show that by treating the variations of 
all five variables as independent, we obtain the following five equations to de¬ 
termine the most probable populations: 

(N l - N a i - N bl )(N L - N a2 - N b2 )N h = N L 3 e- w * lkT (14.305) 
(Nl - Nai - N m ) 2 (N l - Na2 ~ N b2 )(N A - N aX - N a2 ) 

= NL 3 N a ie w ‘ llkT 


(14.306) 
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(Nl - N a2 - N b 2 ) 2 (N L - N al - N bl )(N A - N al - N a2 ) 

= N L 3 N a 2 e w °t lkT ( 14 . 307 ) 

(Nl — N a i ~ N b i) 2 (Ni, — N a2 — N b 2 )(N B — N b i — N b2 ) 

= N L 3 N b ie w * lkT ( 14 . 308 ) 

(N l - N a2 - N b 2 ) 2 (N L - N al - N bl )(N B - N bl - N b2 ) 


For convenience write 


= N L 3 N b2 e w » lkT (14.309) 


x i N a j/N A , >jj — N b j/N B , z — NJ (N a 4* N B ) (14.310) 

and 

c = N a /(N a + N b ) 

Qj = (Naj + N b j)/(NA + N b ) = cxj + (1 — c)\jj (14.311) 

Provided the ratios Xj, ijj, and z all turn out to be very small compared with 
unity, it becomes apparent from inspection of Eqs. (14.305)-(14.309) that they 
yield the following first approximations: 


Xj = e w °> lkT I yj = e w n lkT ) z = e~ Wk ' kT (14.312) 

These approximations are satisfactory provided the various energies, W aj , W bj , 
and W b are all equal to or greater than about 5kT. If the temperature is too 
high for this to be so, it becomes necessary to proceed to a second approxima¬ 
tion. For this purpose we can use the first approximations of Eq. (14.312) in 
the smaller terms on the left side of Eqs. (14.305)-(14.309) and finally get 

xi = (1 + 20 ! + e 2 - e~ w ^ kT - e - w °* lkT )e- w °L lkT 

x 2 = (1 + 0i + 20 2 - e~ w ^ kT - e~ w rt /kT )e~ w rt lkT 

2/i = (1 + 20! + 0 2 - e ~ w * lkT - e ~ w ^ lkT )e~ WbllkT 

2/2 = (1 + 0i + 20 2 - e~ WillkT - e ~ w ^ kT )e~ w ^ kT 

z = (1 + 0i + d 2 )e~ WklkT 

where for 0y, we have used 


(14.313) 

(14.314) 

(14.315) 

(14.316) 

(14.317) 


dj = ce w °> lkT + (1 - c )e "nl” (14.318) 

All these ratios increase rapidly with increasing temperature, but the formulae 
remain valid as long as T is not greater than about W/2k, where W is the smallest 
of the energy parameters. The numbers of interstitial atoms evidently depend 
mearly on the concentration c, but only significantly at the higher temperatures, 
w ere the second approximation formulae are required. At the lower tempera- 
ures where Eqs. (14.312) are valid, the relative numbers of each type of atom 
uusp aced on interstitial sites are independent of the relative concentrations of 
he two types of atom in the crystal. Formulae (14.313)-(14.317) can be written 
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down at once for the special case where only one type of atom exists in the crystal, 
and c = 1 : 

*1 = (1 + e~ w ' lkT )e~ WllkT (14.319) 

x 2 = (1 + e ~ w * lkr )e~ w * ,kT (14.320) 

2 = (1 + e~ w > lkT + e -T»V*r )e -wv*r (14.321) 

where TF X and W 2 are the energies needed to place an atom in the two different 
kinds of interstitial sites. 

These results are of interest in connection with nonelastic properties. Any 
strain of the lattice produced by mechanical stress can be expected to alter the 
energies, W iy W 2 , W h , etc., involved in the equilibria. In particular, a high 
compression of the lattice would almost certainly make it more difficult to pro¬ 
duce a hole, by increasing W while a tortional shear may be expected to alter 
the relative values of the two energies and W 2 , making one type of interstitial 
site less attractive, and the other type more attractive than under conditions of 
zero strain. Consider a crystal that has reached equilibrium under zero strain 
and then suddenly apply a mechanical stress. The resulting strain alters the 
equilibrium populations Nh, N a j, and N^j, but because there are potential bar¬ 
riers hindering migration of atoms in the lattice, the populations take time to 
readjust; some work is done by the stress in overcoming the potential barriers 
and is recovered in the form of heat. If the stress is changed very slowly, the 
populations can readjust through the effects of equilibrium fluctuations, and no 
work is used up in the process, which is then effectively reversible. If the stress 
is caused to oscillate in time with a sufficiently high frequency, there is no time 
for the populations to readjust between oscillations, and they eventually settle 
down somewhere between the equilibrium values corresponding to the two ex¬ 
treme states; again no work is used up, and the oscillations are reversible. Only 
when the frequency of an oscillating stress is near the reciprocal time of relaxa¬ 
tion for the population readjustments, does the stress have to do work on the 
populations against their potential barriers, exhibiting internal friction. 

We have discussed this internal friction in terms of lattice imperfections in 
the disordered lattice; but the same thing occurs in the partially ordered lattice 
of a binary alloy, due simply to the fact that the degree of order is a function of 
the energy parameters: any mechanical strain in general can alter the energy 
parameters and hence alter the equilibrium degree of order. To respond to this 
altered equilibrium, the atoms of the crystal must migrate against potential 
barriers, and this takes a time of relaxation. Any oscillation having a period 
comparable to the relaxation time for the degree of order will exhibit internal 
friction. In practice, relaxation times are found corresponding to very many 
different atomic processes in the lattice, and they vary all the way from several 

seconds down to a fraction of a millisecond. 

Lattice imperfections may make a significant contribution to the heat capacity 
of a crystal at temperatures near the melting point. To see this, it is sufficient 
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to consider a crystal composed of only one kind of atom and with only one kind 
of interstitial site. The formulae (14.319)-(14.321) then reduce to 


x = (1 + e~ WilkT )e~ W ' lkT 
z = (1 + e - w < lkT )e- w » lkT 


(14.322) 

(14.323) 


where x is the ratio of the number of interstitial atoms to the total number of 
atoms, and 0 is the ratio of empty lattice sites to the total number of atoms; IF,- 
is the energy required to place an atom in the interstitial site from a surface site. 
The energy of the crystal is then derived from the modification of Eq. (14.303), 
using Eq. (14.322) and Eq. (14.323) for the populations, and the heat capacity 
contribution from the configuration energy can be derived directly from this. 
In general, the actual energy parameters IF,- and IF^ are large enough compared 
with kT to make the first approximation good enough, and we shall use simply 
x = e and z = e w * lkT and find for the heat capacity contribution: 


C = Nk\{W i/kT) 2 e~ w ilkT + (W h /kT) 2 e~ w >~ lkT \ 


(14.324) 


The order of magnitude of this effect is easily estimated. It is in fact reasonable 
to suppose that the energies IF,- and TI* are several times as great as the heat of 
fusion, because melting probably requires only a small fraction of the lattice 
sites to become empty in order to destroy the permanence of the lattice. The 
atomic heat of fusion is roughly equal to kT m , where T m is the melting tempera¬ 
ture. As a very rough guess, therefore, we may take both IF,- and W h equal to 
SkT m . At the melting point the crystal lattice will, from Eq. (14.323), have 
only about 0.25 per cent holes. Its configurational heat capacity, given by Eq. 
(14.324), turns out to be about 0.187V&. This is of the same order of magnitude 
as observed discrepancies in the heat capacities of crystals near their melting 
temperatures. Many elements show a value between 0.17? and 0.872 higher than 
the classical 372. While this can be explained at least in part by a contribution 

from the free electrons in the case of metals, the contribution from lattice imper¬ 
fections may also be significant. 

14.4 Phase separation of substitutional alloys. If two metal elements are 
mixed together in a melt in some arbitrary proportion and allowed to solidify, 
the mixture generally separates into two or more phases having different con¬ 
centrations of the two elements. The precise concentrations of the two phases 
epend only on the final temperature if cooled slowly enough, and the quantity 
of material in either phase depends on the initial mixing proportions. Typical 
alloys exhibit a multiplicity of phases depending on temperature; the phase 
lagrams, giving the equilibrium concentrations of the various phases as func¬ 
tions of T, have been determined experimentally for very many examples, but 
not all these diagrams have been theoretically explained in any detail. In this 
section we give the statistical explanation of the simplest form of phase diagram, 

and indicate how the theory could be extended to give at least a qualitative ac- 
count of more complicated ones. 
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The statistical or thermodynamic condition for the equilibrium between two 
phases, stated in § 6.3 for gases, and in § 12.1 generally, is that the atomic free 
energy or chemical potential of each component shall be the same in both phases. 
A hypothetical isothermal free energy curve is shown in the diagram, plotted 
against the concentration of element B. The “zero” of this curve is of course 
entirely arbitrary. Obviously this curve for a mixture prepared with equal 
parts A and B elements would cause the free energy to be higher than if the 
mixture were separated into two phases of concentrations C\ and C 2 . We show 
now that these two concentrations would be in equilibrium with each other if 



Fig. 14.41. Illustrating equilibrium concentrations of a two-phase alloy. 

the points Q and P correspond to these concentrations and lie on a common 
tangent to the free-energy curve. 

Write Fj for the total free energy of the j- phase, and the condition of equi¬ 
librium : 

dFi/dNiA = dF 2 /dN 2A ; dF x /dN XB = dF 2 /dN 2B (14.401) 

where N XA , and N 2A , etc., are the numbers of ^4-atoms, etc., in the two phases. 
Write 

Fj = fj(Nj A + N jB ) (14.402) 

so that fj is the atomic free energy of the yth phase; it is a function of the con¬ 
centration of components in the phase, and of temperature. Then the atomic 
free energy of one component in the phase is related to fj by 


Write 


dFj/dNjA = fj + (NjA + Nj B )dfj/dNj A 

Cj = Njs/{N jA + Njs) 

dfj/dNj a = ( dfj/dCj)(dCj/dNj A ) = — Cj (dfj/ dcf) / (NjA + NjB) 


(14.403) 

(14.404) 


then 
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which with Eq. (14.403) yields: 


Similarly 


dFj/dN M = - Cjdfj/dcj 

dFj/SN js =/;+( 1 - c)dfj/dcj 


(14.405) 

(14.400) 


The condition of equilibrium, Eq. (14.401), now can be written in the form: 


fi — cidfi/dci = f 2 — c 2 df 2 /dc 2 
fi + ~ c i)dfi/dci = f 2 + (1 — c 2 )df 2 /dc 2 


(14.407) 


Adding these equations yields dfi/dci = df 2 /dc 2 . Rearrange the second of Eqs. 
(14.407) to give/! — / 2 = (l — c 2 )df 2 /dc 2 — (1 — Ci)dfi/dci. Combining these 
last two results we find the desired form for the condition of equilibrium: 


(/i ~/ 2 )/(ci - c 2 ) = dfi/dci = df 2 /dc 2 (14.408) 

which means that the curve of /(c) against c has a common tangent at the two 
points corresponding to Ci and c 2 . Clearly a single phase having composition 
anywhere between c { and c 2 will have a higher free energy than the two separated 
p ases at Cj and c 2 . Instability is present whenever the free energy curve has a 
negative curvature; the existence of a minimum or maximum in the curve is not 
essential for the separation of the phases, so long as the segment of negative 
curvature lies between two segments having positive curvature. As the dia¬ 
gram makes clear, the total free energy is always reduced by splitting into two 
phases given by the common tangent. Evidently the curvature changes sign 
twice, so the second derivative of free energy with respect to concentration must 
ave two zeroes. This can easily be checked for any particular model. 

e consider an ideal crystal, neglecting all lattice imperfections such as were 
discussed in the last section. Later we could investigate qualitatively the com- 
P ications introduced by interstitial atoms, where the substitutional nature of 

. 6 a oy ' s imperfect. We assume for simplicity that the energy of the crystal 
is, per atom: 


E - cE b + (1 - c )E a + c(l - c)(E a - E b )/{ 1 - 2 c 0 ) (14.409) 

where EV S the 6nergy P6F at ° m ° f pUre /i ' cl T stal . etc., and c 0 is the concentra- 

on at which E has its maximum value: 


E m — E a — c 0 2 (Eb — E a )/(1 — 2 c 0 ) (14.410) 

Alternatively we may express c 0 in terms of the three energy parameters: 

c 0 = f (E m - E a )/(E a - E b )\ {[(E m - E B )/{E m - E A )]* - 1 } (14.411) 

Dh can b e interpreted as the simplest analytical way to join up two 

P ysically acceptable expressions at the two extremes, c « 1 and 1 - c « 1. 
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Thus, at c <K 1 , it reduces to 

E = E a + ac(E A - E b ) (14.412) 

where 

a. = 2 c 0 /(l — 2 c 0 ) or 2 c 0 = a/(l + a) 

When 1 — c <£ 1 , it reduces to 

E = E B — 13(1 — c) (E A - E b ) (14.413) 

where 

0 = -2(1 - c 0 )/(l - 2 c 0 ) or 2(1 - c 0 ) = 0/(1 + 0) 

In both these formulae one can think of the dominant element fixing the lattice, 
and the substitution of the other element causing some local distortion and there¬ 
fore adding to the energy of the lattice; the energy difference E A — Eb being 
accepted as a measure of the distortion, the extra energy must be proportional 
to this difference, and to the amount of added material, c or 1 — c as the case 
may be. The mechanical explanation of such a behavior in terms of atomic 
sizes, electron populations, etc., would take us too far afield, and for discussions 
of this aspect of the problem, the student is referred to texts on solid-state 
physics or theoretical metallurgy. 

Because we are neglecting all lattice imperfections, like holes and interstitial 
atoms, the total number of counted configurations in the crystal is 

tl{N\ = (N a + N b ) \/N a \N b ! (14.414) 

If we attach a suffix j, where j — 1 or 2 , to each numerical symbol, to represent 
populations in the two separate phases, we can set up the grand partition func¬ 
tion for the two-phase, two-species assembly: 

Q = ^2 XI { Nj } exp ( — Ej + n a N A j + nbNsj)/kT (14.415) 

IN) j 

where n a and nb are the chemical potentials of the two species of atoms. The 
most probable populations are derived by looking for the maximum term in the 
Q series. To find this, we maximize the logarithm of the typical term in the 
series with respect to each of the four population numbers, N A j , Nbj, inde¬ 
pendently. This leads at once to 

\i a = (d/dN Aj )[-kT In + Ej] whether j = 1 or 2 ) ^ 

Hb = (d/dNBj)[ — kT In + Ej] whether.; = 1 or 2J 

The quantities in the [brackets] are evidently the total free energy Fj] see Eq. 
(3.145). From Eq. (14.414) we have 

In n{N] = (A^ + W*){-clnc- (1 - c) In (1 - c)\ (14.417) 

where c = Nb/(N a + Nb ). Remembering that Ej is the total energy of the 
phase, (N a + Nb) times the energy written in Eq. (14.409), we see now that 
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the free energy per atom in any phase, /, is given by 
f = kT{c In c + (1 - c) In (1 - c)) + cE B + (1 - c)E A 


+ c(l - c)(E A - E b )/( 1 - 2c 0 ) (14.418) 

As discussed earlier, a region of instability exists if the curve /(c) has two points 

of inflexion. These points are given by the roots of the equation d 2 f/dc 2 = 0, 
which, from Eq. (14.418), is 


1 /c + 1/(1 - c) - 2 (E a - E b )/{ 1 - 2c 0 )kT = 0 
which solves for c: 

2c = 1 ± (1 - 4(14.419) 

where 

* = 5(1 - 2c 0 )kT/(E A - E b ) = c 0 2 kT/(E n - E A ) 

As an example we may suppose <t> = 0.09, which gives the two concentrations at 
which/(c) has inflexions at c = 0.1 and 0.9; the range of instability is quite wide, 
being generally wider than the c-gap between the two points of inflexion. The 
width of the gap is temperature-dependent both through the T factor in 4> and 
because the energy parameters are probably temperature-sensitive. The gap 
decreases with increasing T, and no phase separation can occur if 0 > In 

the most familiar example of a substitutional alloy, copper-silver, the insolu- 
bility gap is still wide at the melting point. 

Very few solid-phase diagrams are as simple as this theory indicates. Instead, 

there are numerous low-temperature phases, indicating a multiplicity of inflexion 

points in the free-energy curve. The most obvious way to match this observed 

e lavior in our simple model would be to include lattice imperfections, like holes 

or interstitial atoms. The latter may be expected to play a very important part, 

especially if the low concentration element in an alloy does not fit very well into 
the lattice. 

14.5 The energy of the free electrons in metals. In § 8.4 we discussed the 
^ermi-Dirac statistics of an electron gas and mentioned the part played by 
this theory in explaining the properties of metals. In first approximation, we 
consider any metal at ordinary laboratory temperatures to contain a gas of free 
electrons in the lowest possible states permitted by the Pauli exclusion principle. 
Ins gas has a considerable zero-point energy given by Eq. (8.406): E 0 = N eBo . 
ie e eetive number of free electrons, N e , can be estimated from a comparison 
between the electron theory of dispersion and the observed optical properties of 
the metal. In copper the number turns out to be 0.69 times the number of atoms, 
an in gold it is 1.01 per atom.* The zero-point energies are 57,500 calories per 
111 Tv m C 0 f ) P er an< ^ 93,400 calories per mole in gold. 

ifferentiating Eq. (8.40G) with respect to volume gives the pressure exerted 
y e electron gas, and we find in copper, 2.2 X 10 11 dynes/cm 2 , and in gold, 

* L. G. Schulz, J. Opt . Soc. Am., 44 (1950), p. 540. 
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2.55 X 10 11 dynes/cm 2 . These pressures compare with those exerted by the 
phonon gas discussed in § 8.2; the sum of the electron and phonon pressures has 
to be balanced by the intrinsic pressure. Although these electron energies are 
large compared with the energy of the phonons, they vary so slightly with tem¬ 
perature that the electrons make hardly any contribution to the heat capacity. 
At T = 500 °K for instance, kT/n 0 = 0.018 in copper, and 0.010 in gold. Re¬ 
membering that it is N e that should be used in Eq. (8.428) for the heat capacity, 
we find 0.066 cal/mole deg for copper, and 0.073 cal/mole deg for gold. These 
may be contrasted with about 3 cal/mole deg for the phonons. 

It is worthwhile to review the theory of order-disorder in binary alloys given 
in § 14.2 in the light of these figures. There can be little doubt that the elec¬ 
tronic energies depend slightly at least on the degree of order in the lattice. The 
value of mo depends directly on the effective mass of the electron; this is deter¬ 
mined by the lattice potential, and this in turn depends on the degree of order 
in the lattice. The configurational energies involved in the order-disorder 
transition are found to be of the order 1500 cal/mole; it is clear, therefore, that 
only a very small fractional jump in the zero-point energy of the electrons would 
suffice to swamp the effect of the configurational energy itself. If, however, we 
can assume that the effective mass of the electron is a continuous and monotonic 
function of the degree of order, it may have no serious effect on the transition, 
and the theory as presented can be allowed to stand. 

On the other hand, these large electronic energies are believed to have a de¬ 
cisive effect on the phase diagram of binary alloys. The electrons are held inside 
the metal by electrical forces—essentially image forces. We can sketch the elec¬ 
trical potential of an electron as follows: At the top of the diagram is the poten¬ 
tial of an electron on the outside of the surface of the metal. At a distance Wo 
below this is the Fermi level: W 0 is the work function. And mo below the Fermi 
level is the lowest state of a free electron in the metal. Both W 0 and mo can con¬ 
ceivably vary with composition of the alloy. The sum W 0 + Mo essentially 
represents the work done against image forces and is probably less sensitive to 
changes in composition than either W 0 or mo separately. Small changes in mo 
then directly result in changes in free energy with composition and are to be 
included in the discussion of phase equilibria. In particular, there is very de¬ 
cidedly a sudden jump in mo on melting, and this is responsible for part of the 
latent heat of fusion. Changes in this latent heat of fusion with composition 
provide a direct indication of the dependence of mo on composition of the alloy. 

In all this discussion, we have considered a single piece of metal and taken the 
electron at rest outside its surface as the energy reference point. Consider next 
two different metals A and B in electrical contact with each other. The free 
electrons in these metals may now be considered a single assembly with two 
separate phases A and B f and we can discuss the statistical problem: How are 
the electrons distributed between the two phases? (The theory of phase equi¬ 
libria in quantum degenerate gases was given in Chapter IX, and the general 
theory of Chapter XII is applicable also to quantum degenerate systems.) Here 
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we recall the major theorem, that the free energy of the two phases must be the 
same in equilibrium. In the case under consideration, however, electrical effects 
are important, and the theorem must not be applied without thought. 

Suppose the two metals are at first separate, so that an exterior free electron 
defines the energy reference level. The two electron gases are then essentially 
independent and in separate containers. The two metals are now placed in 
contact, so that electrons can flow freely between them; the two containers are 
now connected. According to the theorem, electrons flow over from the metal 
with the higher Fermi level, i.e., the higher free energy, until the two levels are 
equalized. Equation (8.406) gives the Fermi level as measured from the lowest 



, £l G ' 14 ; 5 ^' Equilibrium between electrons in two metals in contact. The two Fermi 
s match, the contact potential equals the difference between their work functions. 


s ate, in terms of the number of free electrons in the metal, but this formula is 
valid only for an electrically neutral metal. As soon as electrons spill over from 
the other metal, neither metal is electrically neutral. In fact the lower Fermi 
evel is raised, not through the operation of Eq. (8.604), but simply by charging 
up the metal to a higher electrical potential as a whole. As is well known, un¬ 
balanced charges reside at the surface of a conductor; therefore we may picture 
e process as the transfer of charge from just inside the surface of conductor B 
to just inside the surface of conductor A: Fig. 14.51. The area of contact 
e ween the two metals is a condenser whose electrical capacity is inversely pro¬ 
portional to the distance between the two charged layers. Under ordinary con- 
i ions of electrical contact, this distance is probably not less than about 10 -6 cm 

f ,Ti° re has a ca P acit y of 10<5 cm per square centimeter of area. The po- 
ential difference required to equalize the two Fermi levels is equal to the differ¬ 
ence etween the two work functions, and may be of the order of a few volts • 

is Vv S 6 ° f argument > let us take il; aa 0.005 esu. The charge needed for this 

ah™,Vio 2 i 6 ? U 01 ab ° ut 1013 electrons Per square centimeter. Since there are 
out 10 electrons per cubic centimeter in the metals, this surface charge dis- 

_ but.on makes a neghgibie difference to the Fermi energy so that the energy 

s„rf G S '? P , y shlfts bodlly untl1 the two Eermi levels match. The exterior 
aces of the two metals now differ by the contact potential, which, on this 
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model, should be exactly equal to the difference between the two work func¬ 
tions, and this is actually found to be true. 

If the temperature is increased, we may assume that the sum W 0 + mo remains 
practically constant, although some change may be expected due to thermal 
expansion of the lattice. Neglecting this in first approximation, we have from 

Eq. (8.425), W — Wo = Mo — M = Tr 2 k 2 T 2 /12n 0 , so the contact potential changes 
with temperature according to this model : 

W A -W b = W oa - W 0 B + (tt 2 /12)A; 2 T 2 (1/mo^ - 1 /mob) (14.501) 

The degeneracy temperature for copper, calculated from Eq. (8.410), turns out 
to be about 8000 °K, so that Eq. (14.501) is good for any temperature at which 
the metal is still solid. In Cu, mo is about 2.5 ev, and at T about 100 °K, kT is 
about 0.3 ev, so the temperature-dependent term comes to only about 0.03 ev 
and is therefore usually quite negligible. 

The evaporation of electrons from a metal by thermionic emission is a familiar 
phenomenon, and this can be investigated theoretically, by considering the equi¬ 
librium between the electrons in the metal and an ideal electron gas outside the 
metal. The latter will be expected to have a numerical density so small that its 
degeneracy temperature is very much lower than the temperature of the metal, 
so that it obeys classical statistics, and has a negative free energy m og- Equi¬ 
librium exists if the two free energy levels coincide: mo g — ~ W 0 . To avoid any 
complicated electrical effects, we may suppose the electrons required for the gas 
outside the metal are fed in from outside, and the space potential is kept at 
ground along with the surface of the metal. The numerical density of the elec¬ 
tron atmosphere is then given by the first term in the series of Eq. (8.409): 
N g /V — 2(27rmkT/h 2 )\~~ w ° ,kT . From kinetic theory, we know that the num¬ 
ber of particles hitting a square centimeter of surface of a classical gas per second 
is (kT/2'jrm) y2 (N g /V). Let a fraction r of these be reflected; then (1 — r) times 
the number incident goes into the metal. Since equilibrium is maintained, the 
same number must be coming out of the metal per second. If the gas is drawn 
off in the form of an electric current, and the metal kept supplied with charge, 
the current can be maintained at the rate given by the number coming out per 
second at equilibrium. Therefore, we find for the thermionic emission current: 

/ = (4wem/h 3 )(kT) 2 (l - r)e~ w ° lkT 

or, numerically, 

/ = (1 — r)l20T 2 e~ w ° ,kT amp/cm 2 (14.502) 

This is the Richardson formula for thermionic emission and can be used to ob¬ 
tain a direct measure of the work function W: 

W/kT = 2 In T + In (120) - In 7 amp + In (1 - r) 

The thermionic current is surprisingly large. For Cu, with W about 4 ev, the 
current is no less than (1 — r ) times 700 amp/cm 2 at 1000 K. 
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14.6 Thermal and electrical conductivity. Neither thermionic emission nor 
thermal and electrical conductivity questions are strictly part of equilibrium 
statistical mechanics, being amenable only to kinetic theory. They are briefly 
discussed here only because the Fermi-Dirac statistics of electrons have been so 
fundamental to the success of kinetic theory in dealing with them. 

The most obvious experimental fact calling for theoretical interpretation is 
that the thermal conductivity of good electrical conductors like copper, with 
1 cal/sec cm, is much greater than that of electrical insulators, like porcelain 
with 0.0025 cal/sec cm. The thermal current is transmitted by lattice vibra¬ 
tions in an electrical insulator, and roughly the same current must be carried 
by lattice vibrations in a conductor; the high thermal current in electrical con¬ 
ductors must be due to the free electrons. First consider the thermal current 
carried by the lattice vibrations. We can regard these vibrations as a gas of 
phonons, more-or-less localized packets of elastic energy, as in § 8.3. These 
packets are shooting about the lattice at the speed of sound, and at first sight, 
there seems to be nothing to stop them from transmitting heat right through the 
attice with the speed of sound, and so providing the lattice with an infinite ther¬ 
mal conductivity. In the classical kinetic theory of gases, collisions between 
the particles are responsible for the resistance; in the phonon gas, collisions be¬ 
tween phonons are responsible for the finite thermal conductivity. It may seem 
at first strange to talk about collisions between phonons, but in fact there is an 
efficient mechanism for them. In the first place, phonons are not normally 
localized very sharply but spread over considerable distances in the lattice, so 
that at any one time many phonons interpenetrate each other—are in fact in 
co lsion. Unlike photons, which can pass through each other with practically 
no interference, phonons do in fact perturb each other. This perturbation arises 
rom the presence of relatively small anharmonic terms in the elastic forces, 
which cause acoustical energy to pass readily from one mode of vibration to 
another. It is in fact the same mechanism that establishes and maintains ther¬ 
mal equilibrium among the modes of vibration. The rate at which such transi- 
10ns occur may be such that the life-time of a given phonon may be a large 
um er of wave periods of the mode, but most of the thermal energy is carried 

.7 'nT hlgh ' frec l uenc y Phonons, from one-tenth of the maximum frequency of 
e ebye model and up, perhaps around 10 12 per sec. Therefore we may allow 

Vn ° n0n t0 per f' st without collisions for perhaps a hundred ivave periods, and 
s 1 come out with life-times of no more than 10 -10 sec. Neglecting dispersion, 
e speed of a phonon equals the speed of propagation of sound, of the order 10 5 
m/sec, so the mean free path of a phonon may be around 1CT 5 cm. The classi¬ 
cal formula from kinetic theory for thermal conductivity reads 

K = IvC/ZV (14.601) 

where l \s the mean free path, v the speed of the particles, and C their contribu- 
on to heat capacity at constant volume V. At sufficiently high temperatures, 
e heat capacity of the phonon gas is of course 3 Nk, where N is the number of 
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atoms (not phonons); hence the thermal conductivity would be 

K = IvkN/V (14.602) 

With the above estimates of the numerical values, and N/V = 10 22 , this K comes 
to about 10 3 cal/sec cm, about the same as that mentioned above for porcelain. 
At very high temperatures, l appears to become proportional to 1/T , and the 
conductivity gets smaller as T increases. At very low temperatures, the heat 
capacity goes over to the T s law, and it is found instead that 

T « 6: K = ( ±7r 4 /5)lv(T/6) 3 kN/V (14.603) 

This appears to go to very small values at low T, but actually, a moment's re¬ 
flection will show that the mean free path may increase almost without limit at 
low enough temperatures. With lattice energies dropping towards the zero-point, 
the anharmonic terms become less and less significant, and this mechanism for 
transfer of energy from one mode to another becomes progressively less effective. 
At sufficiently low temperatures the mean free path in fact becomes effectively 
comparable with the linear dimensions of the whole crystal, and heat transfer is 
found to be sensitive to the geometry of the specimen. 

At ordinary temperatures, we have to explain the good thermal conductivity 
of the metals in terms of their free electrons, kinetic energy being carried by those 
electrons with energy near the Fermi level. Electrons may be pictured as making 
collisions with the lattice atoms, and so to have a mean free path l proportional 
to the lattice spacing. Their mean speeds would be the speed v/ corresponding to 
the Fermi energy. Using Eq. (8.428) for the heat capacity, one then finds that 

K = (7r 2 /3) (N / V)lk 2 T / mv/ (14.604) 

where v/ = (2 n 0 /m) yz is the speed corresponding to the Fermi level. In an 
actual metal, Vf may be of the order of 10 8 cm/sec, N/V ~ 10 22 , and so very 
roughly K = 10 Q l cal/sec cm. To account for the observed conductivities of 
about 1 cal, l must be of the order 10 16 cm, or about 100 lattice spacings. The 
contribution of the phonons to the heat current appears to be completely negli¬ 
gible compared with that of the electrons, at least at ordinary temperatures. 
However, at very low temperatures, as remarked in a previous paragraph, it is 
possible for the resistance mechanism of the phonons to break down, so that the 
lattice conductivity might actually become appreciable. In fact it is believed 
that in single-metal crystals the thermaf conductivity of the lattice at very low 
(liquid helium) temperatures, may not be limited by the phonon-phonon inter¬ 
action at all, but by phonon-electron interaction instead. 

The classical kinetic theory of electrical conductivity yields the result 

o- = (. N/V)e 2 l/2mv (14.605) 

where N/V is the number of free electrons, charge e; l their mean free path; and 
£ their mean speed. Perturbation theory applied instead to the Fermi-Dirac 
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statistics gives the same result, if we interpret v as one-half the speed correspond¬ 
ing to the Fermi level: 

<r = ( N/V)eH/mv f (14.606) 

1 he ratio of electrical and thermal conductivities is then independent of every¬ 
thing but universal constants and the temperature: 


K/cr = (irk/e) 2 T /3 


(14.607) 


The Lorentz number is L = K/oT = 2.45 X 1CT 8 v 2 /deg 2 . Experimental val¬ 
ues of this ratio agree remarkably well with the theory. 

The quantum mechanical problem is evidently to calculate the mean free path 
l or the mean relaxation time t = l/v/. The ideal rigid lattice has no electrical 
resistance; a periodic potential field has steady state solutions for the electron 
wave function, with any desired momentum, and energy dissipation does not 
prevent maintaining the momentum of an electron in such a crystal. Thermal 
motion upsets the simplicity of this situation. On the Einstein model of a crys¬ 
tal one can regard each atom as an individual oscillator, having motion not cor¬ 
related with the motion of its neighbors. Each atom then becomes a scattering 
center, and resistance results. However, Einstein’s model does not work too 
well at low temperature in explaining heat capacity, and we use Debye’s model 
instead. This model analyzes the motion of the crystal as a whole into its nor¬ 
mal modes. Here the motions of different atoms are coherent, and one has to 
consider the motion of the whole crystal lattice as causing perturbations of the 
lattice potential. The theory of resistance has been developed on the basis of 
treating the Debye modes as time dependent perturbations of the lattice poten¬ 
tial. Qualitatively it gives a resistance—reciprocal conductivity—proportional 
to the amplitude of the lattice vibrations at higher temperatures, i.e., propor¬ 
tional to T/M6 , where M is the atomic mass and 9 the characteristic Debye 
temperature of the lattice. At very low temperatures the resistance becomes 

proportional to T°/M9 ; comparison with experiment can in fact yield a rough 
measure of the Debye temperature. 


In addition to these temperature dependent terms, there is also a resistance 
due to lattice imperfections; foreign atoms or misfits in interstitial sites cause a 
random lack of periodicity in the lattice potential, on a much larger scale (in dis¬ 
tance) than the random motion of the lattice points. This resistance is prac¬ 
tically independent of the temperature, and is called “residual” resistance be¬ 
cause it remains effective down to the lowest temperatures where the thermal 
resistance approaches zero. Theory (due to Nordheim) predicts that this re¬ 
sidual resistance is proportional to *(1 - *), where x is the atomic concentration 
of the imperfections, and this has been very well verified by comparison with 

the residual resistance observed in deliberately prepared disordered solid solu- 
tions having known concentrations. 


...»_ £* j l* j. -irviii __ ^ Since the superconducting transition 
was first discovered, in 1911, by Kamerlingh Onnes at Leiden (Hg, 4.2 °K), it 
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has been discovered in twenty elements and a very large number of alloys. 
The problem of supei conductivity has become one of the most extensively and 
intensively prosecuted fields of research. The relevant literature is extremely 
voluminous, and the experimental data, enormously rich and stimulating ; yet 
theie is still no completely satisfactory explanation of the basic phenomenon. 

Briefly the basic phenomenon consists of two effects: 1) at the transition tem¬ 
perature T 8y the metal loses all its d-c resistance quite suddenly, and currents 
once set up can persist in a closed superconducting ring with no emf literally 
for days, indeed just so long as the cryostat can be maintained in operation; 
2) in the presence of a magnetic field, the transition temperature is lowered, and 
at the transition, all the magnetic field is expelled from the specimen; and this 
effect is reversible—absence of magnetic field in the specimen is necessary for it 
to be superconducting. The critical magnetic field increases from zero at the 
normal transition temperature T s to a finite limit at 0 °K. 

In seeking to understand this basic phenomenon, there are a number of side 
effects to be borne in mind, and we list these here: a) There is a lambda-type 
jump in the heat capacity at T s \ a latent heat of transition exists when a mag¬ 
netic field is used to restore the resistance at temperatures below T 8 . b) There 
are rather sudden changes in thermal conductivity of the metal at the transition, 
and the Wiedemann-Franz law no longer holds for superconductors. The ther¬ 
moelectric power of superconductors is zero, c) There is no observable change 
in any of the more obvious properties of a crystal at the superconducting transi¬ 
tion: crystal structure, density, optical properties, elastic constants, etc.—all 
are identical on either side of the transition, d) There appears to be no system¬ 
atic correlation between the crystal symmetries of those metals in which super¬ 
conductivity has been observed. There does, however, seem to be a fairly nar¬ 
row range of atomic volumes among these metals. It has recently been dis¬ 
covered that high pressure up to 20,000 atm has the effect of lowering the transi¬ 
tion temperature in Sn from 3.72 °K to 2.9 °K, while stretching under tension 
has been observed to raise the transition from 3.7° to as high as 9 °K. e) Com¬ 
paring the transition temperatures of isotopes of the same element, it has been 
discovered that T s W n is a constant for the element, where W is the isotopic mass 
number, and n is almost exactly one-half. Both Hg and Sn have been thoroughly 
examined for this effect, which is really the only piece of evidence existing that 
the superconducting transition is not a purely electronic phenomenon. 

Even without understanding the basic phenomenon, we can use a thermody¬ 
namic type of reasoning to correlate some of the effects. Thus it is believed 
that the expulsion of the magnetic field necessarily produces a latent heat of the 
transition below T 8 \ because no change in crystal structure occurs, we can say 
that the lambda-type heat capacity is due to an increase in order, or decrease in 
entropy, of the conduction electrons below the transition; the difference in heat 
capacity of the superconducting phase and normal phase (in the magnetic field) 
at any one temperature below the transition T 8 is thermodynamically related 
with the shape of the critical field versus temperature curve. It is reassuring 
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that there is no conflict between experiment and these findings of thermody¬ 
namics in spite of the admittedly baffling nature of the phenomenon. 

Progress towards understanding the basic problem has been made in terms of 
a phenomenological theory, the so-called two-fluid model. The point of depar¬ 
ture of this model is the above remark that there must exist an increase in order 
among the conduction electrons below the transition. On this model the assem¬ 
bly of conduction electrons breaks up into two phases at the transition, one re¬ 
maining completely normal, and the other consisting of supercurrent electrons 
that can travel throughout the crystal without resistance; the population of the 
supercunent phase is a function of 7 1 , starting from zero at T 8) and increasing in 
some way as T decreases. Because of the superelectrons it is evidently impossible 
to maintain a steady field intensity E inside a superconductor; if, however, one 
were temporarily imposed, the superelectrons would be subjected to a steady 
acceleration, such that d(\] s )/dt = E, where A = m/e 2 n s \ j 5 = n 8 ev is the cur¬ 
rent density; n 8 , the number of superelectrons per unit volume; m, their mass; 

and e their charge. Take the curl of this equation and integrate over time start¬ 
ing from rest, and we have: 

curl (Xj 5 ) = f curl Edt = — H /c 

do 

the last step using one of Maxwell’s equations. This gives the final current 

density in terms of final magnetic field produced by the current. F. London 

suggested that we may drop the doubtful argument leading to this result, and 
just accept the resulting relation: 


curl (X] 5 ) = -H/c 


(14.701) 


as the basic equation for the supercurrent, to be added to the other Maxwell 
equations for the electromagnetic field. In terms of this hypothesis, all the 
peculiar properties of superconductors can be understood, including the super¬ 
diamagnetism (repulsion of magnetic fields), and many other phenomena—high- 

requency effects, penetration depths, etc.—into which we shall not inquire in 
the present discussion. 

It is not difficult to give this two-fluid model a very reasonable basis in terms 
o the Fermi-Dirac statistics, and we shall devote this section to such a discus¬ 
sion; later we shall also discuss briefly various attempts to understand the basic 
problem more fundamentally. 

Froni the assumption that the energy of the excluded magnetic field is the 

only difference in free energy between the normal and superconducting phases 

it can be proved by elementary thermodynamics that the difference between the 

heat capacties of the two phases, C n - C„ at any given temperature below the 

transition is related to the temperature dependence of the critical magnetic field 
according to the relation: 6 a 

(C n - C,)/T = —V{(dH c /dT) 2 + H c d z H c /dT 2 \ 


(14.702) 
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where H c is the critical (excluded) magnetic field at the temperature T. The 
observed dependence of H c on T is approximately 

H c = H 0 {1 - (T/T c ) 2 } (14.703) 

and H 0 is the (exti apolated) critical field at absolute zero. Therefore 

(C n - C.)/T = 2VH 0 2 (l - 3T 2 /T 2 )/T 2 (14.704) 

If this equation, which has been directly verified by experiment, is integrated 
over T and the constant adjusted to make it vanish at T = T c , we find 

E n — E e = %VH 0 2 [ 1 + 2{T/T C ) 2 - 3{T/T C )*} 

= 2VH 0 2 (T/T c ) 2 {1 - (T/T c ) 2 } + %VH 0 2 {1 - (T/T c ) 2 } 2 (14.705) 

In the two-fluid picture, this energy difference ought to be given in a form 

derivable from 

E n = Ne n , E 8 = N n e n + N 8 (€ - aN 8 /N ) (14.706) 

where e n is the average energy of the normal states in the normal phase, e, the 

average energy per supercurrent electron at zero population, and aN 8 /N a co¬ 
operative term of the type discussed in § 12.4. Writing N = N n + N s , we then 
have to compare Eq. (14.705) with 

E n - E s = N 8 (e n - e) + aN 8 2 /N (14.707) 

Evidently this comparison yields 

N s /N = H 0 (V/2aN) y *{l - ( T/T e ) 2 } (14.708) 

and 

€ n - 6 = 2H 0 (2Va/N) y *(T/T c ) 2 (14.709) 

We know from the theory of Fermi-Dirac assemblies that for free electrons, 

en = (3 mo/ 5){1 + 5(7rA:r/Mo) 2 /12} 

so if we make the simplest possible assumption about the average energy, 

€ = 3 no/5 (14.710) 

Eq. (14.709) leads to the following expression of the co-operative term: 

H 0 (2Va/N)' A = (jrkT c / no ) 2 /& (14.711) 

At the absolute zero of temperature, the excluded field energy is \VH 2 > and 
this must be equal to the co-operative term at the absolute zero, since the differ¬ 
ence between e n and e vanishes there: this is a direct consequence of Eq. (14.708), 
whatever value may be assumed for the factor Hq(V/ 2aN) y2 . However, in its 
simplest form, the model assumes this factor to be unity, so that 

aN = \VHo 2 and NJN = 1 - (T/T c ) 2 (14.712) 

The last equation means that all the free electrons go over into the supercurrent 
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states at absolute zero. This feature is not a necessary part of the model but is 

made for simplicity. Combining Eqs. (14.712) and (14.711) to eliminate a, we 
find 

VH 0 2 = N(irkT c ) 2 /8p 0 (14.713) 

and using Eq. (8.406) to express p 0 in terms of N/V, we have a relation between 
Hq, T c , and the effective number of free electrons per unit volume: 

H 0 /kT c = (ir 4 /3)*m 2 (N/V) H /h 

If the univeisal constants are put in numerically, one has in cgs units, 

Ho/T c = 2 X 10- 3 (A7F)* = 18.4iV c (p/JF)* (14.714) 

where N e is the effective number of free electrons per atom, and p is the density 

and W the atomic weight of the material. We tabulate some of the values of N e 

derived in this way from the observed values of T c and extrapolated values of 

H 0 , compared in a few cases with values of N e derived from other properties of 
the same metals. 


TABLE OF SOME SUPERCONDUCTORS 


Element 

T C °K 

Ho gauss 

P g/cm z 

W 

N e 

N e {opt) 

Pb 

7.2 

900 

11.35 

207 

4.2 

5 1 

Sn 

3.7 

300 

6 

119 

2.68 

4.1 

Hg 

4.2 

410 

13.5 

200 

3.38 

2.1 

In 

3.4 

275 

7.28 

115 

2.8 


Ta 

4.4 

1100 

16.6 

181 

9.1 


Nb 

9.2 

2600 

8.4 

93 

10.3 


Th 

1.4 

600 

11.3 

232 

14.0 


Zr 

0.7 

200 

6.4 

91 

10.0 



The numbers obtained for the “soft” superconductors, H 0 /T c less than 200 

are reasonable enough, but those for the hard superconductors seem unduly 

large; evidently the simple model is qualitatively satisfactoiy, but it needs im- 

provmg before a quantitative validity is secured. The most obvious way to do 
this would be to replace Eq. (14.710) by y 00 


« = 3p 0 /5 - a(irkT) 2 /po 


(14.715) 


factor fVr n i ad j U , Stable P arameter -. Equation (14.713) gets multiplied by a 

tors to reduce the number N e . Physically, this wouldmean 
superconductors the supercurrent states at the transition are more stable ener 
in the ener^ superconductors, quite apart from the co-operative term 

The value of this kind of phenomenological model is that it focuses attention 
depend on T, according to Eq. (14.712)? What is the nature of toesuperc^ent 
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Recent theories of Frohlich have attempted to explain the stability of the 
supercurrent in terms of resonance between electron wave functions and the 
elastic waves of the lattice. While there are serious objections to his theory in 
some details, it did in fact lead Frohlich to predict correctly the isotope effect 
before its discovery. Bardeen has also developed similar ideas and derived 
plausible criteria to explain why certain elements become superconductors and 
others do not. 

There is one feature of the Bardeen-Frohlich theories that has not been suffi¬ 
ciently emphasized in the literature; the lattice vibrations are treated quantum 
mechanically, and the classical motion of the atoms in the lattice is replaced by 
harmonic oscillator eigenfunctions. Because of this, the periodic lattice poten¬ 
tial “seen” by the electrons and perturbed by the lattice vibrations is not time- 
dependent, as it was classically. Automatically, therefore, there exist steady 
current-carrying states of an electron in such a lattice that suffer no random 
scattering—these are essentially the steady states of the Frohlich theory. Now 
the basic assumption of extant theories of the electrical resistance of a metal is 
that the thermal (elastic) vibrations of the lattice cause random scattering of the 
electron wave functions, due to their time-dependent perturbation of the lattice 
potential. But if there are no time-dependent perturbations of the lattice, we 
can find scattering only if we set up the wrong wave functions; if we set up the 
true wave functions, there is no scattering. 

Consequently insofar as the Frohlich-Bardeen theories succeed in explaining 
the supercurrent states, they implicitly conflict with the generally credited theory 
of resistance. It must be agreed that the quantum mechanical representation 
of the lattice vibrations, as steady harmonic oscillator eigenfunctions without a 
time factor, is essentially correct. The proper way to explain normal resistance 
is to generalize the theory of the vibrational states of a lattice in such a way as 
to include transitions between these states. Thus a crystal must be regarded as 
a member of an ensemble, the most probable vibrational state found statistically, 
and fluctuations among states near the most probable must be provided for in 
the theory. These fluctuations, being random, will give rise to random scatter¬ 
ing of electrons in resonance with the vibrational states, and so cause resistance. 
This is a project for quantum statistics that will involve the von Neumann matrix 

method of Eq. (11.414). (See also Problem 7 of Chapter XV.) 

To understand the superconducting transition in terms of this picture, it is 
necessary to discover some mechanism whereby some of the modes of vibration 
can be locked into pure states so permanently that an electron in resonance with 
them can stay indefinitely in one current-carrying state without scattering. 
This mechanism is evidently a property of the lattice, not only of the electrons, 
and must tie in with the isotope effect in some way. 

EXERCISES AND PROBLEMS 

1. Verify the steps leading to each of the following equations: (14.105), (14.110), 
(14.114), (14.115), and (14.116). 
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2. Plot a curve of B,{ Y) for j = %,j = 1 , and j = infinity. 

, 3 - Fln ^ a sim P le asymptotic expression for the mean magnetic moment as a function 
of T as T approaches zero. 

4. Verify Eq. (14.119) for the discontinuity in heat capacity. The fact that the param¬ 
eter a does not appear m this expression might suggest that the discontinuity would exist 
even in the absence of any co-operative term; discuss this point in detail. 

6. Derive Eq. (14.206). 

6. Derive Eq. (14.209). 

7. Express Eq. (14.210) in the form of Eq. (12.401) and so derive Eq. (14 211 ) 

8 . Derive Eqs. (14.212) and (14.213). 

,, 9 ‘ Br ° v ? tha * the solution 0 = 0 corresponds to a physically unstable solution of Eq. 
(14.214) when T is near zero. 

10. Derive Eq. (14.216). 

11. Try to derive Eqs. (14.305)-(14.309) both in the way outlined in the text, and also 
as follows: include Nl as another independent variable, and treat Eq. (14.301) as a 

numerical restriction; introduce a Lagrangian parameter, and proceed to maximize the 
typical term by variation of all six variables. 

12. Derive Eqs. (14.313)-(14.317). 

13. Derive Eq. (14.324) for the heat capacity. 

the 14 vafueof q 'lF/lr 24) ^ W< = Wk ^ ^ maximum heat capacity by adjusting 

Eq ' (14 - 418 > “** th ' 
po “ ible efr “ ,s or * ,0 “ on ,he ph “ e 
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Chapter XV 


FLUCTUATIONS AND NONEQUILIBRIUM 

PHENOMENA 


15.1 The concept of fluctuations in equilibrium. By a fluctuation is meant 
a spontaneous departure or deviation of some property of an assembly from the 
mean value of that property in an ensemble. Thermodynamic equilibrium is 
usually specified only by the mean values of the various state variables, like p y 
T y V y etc., and fluctuations are ignored. In discussing statistical equilibrium, 
not only do we have to specify the mean values, but have also to become aware 
of the fact that, in equilibrium, fluctuations from these mean values occur—in 
fact that these fluctuations are an essential characteristic of the statistical equi¬ 
librium state rather than departures from that state. We have already discussed 
briefly the significance of this in connection with reversible processes, § 3.7, but 
in general we have so far neglected the existence of fluctuations. In this chapter 
we shall examine the technique of calculating fluctuations, using the method of 
the grand partition function, investigate the conditions under which fluctuations 
are small enough to constitute a generally negligible disturbance, and note cer¬ 
tain peculiar circumstances under which fluctuations become so violent that the 
equilibrium state becomes highly agitated. 

The mean square deviation of any function F is defined by the average of the 
square of the difference between an individual measure of F and its average 
measure (F): (((F) - F) 2 ). This is equal to ((F) 2 ) - 2((F)F) + (F 2 ) = (F 2 ) - (F) 2 . 
Since the grand partition function gives a technique for calculating averages, we 
can find both these terms, and so compute the mean square relative fluctuation, 
defined by 

(F 2 )/(F) 2 - 1 (15.101) 


These fluctuations are calculated in terms of an ensemble of assemblies. We 
may now appeal once again to the ergodic hypothesis, mentioned briefly in 
§7.1: what goes for the average in an ensemble at any one time, goes also for 
the average behavior of a single assembly over a long enough period of time. 
Where the ensemble indicates only minute fluctuations, any particular assembly 
under test may be expected to show only minute fluctuations; where the ensem- 

312 
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ble indicates violent fluctuations, any particular test assembly should also in 
the course of time exhibit wide variations in its equilibrium state variables. The 
time element is something that our technique as so far developed is quite inade¬ 
quate to handle quantitatively. We can calculate the mean amplitude of devia¬ 
tions from mean values, but not how rapidly in time these deviations can occur. 
This time question is evidently closely related to nonequilibrium or dynamical 
problems. For example the rapidity with which a wide deviation in density will 
smooth itself out again may be expected to depend on such normally irreversible 
effects as self-diffusion, viscosity, etc. In the last sections of this chapter we 
shall discuss briefly the most significant recent work on the relation between 
fluctuations and irreversible processes, and show how statistical mechanics is 
linked up with the new field of irreversible thermodynamics. 

16.2 Fluctuations in phase population and density. In Chapter XII we used 

the notation F to represent the ensemble average of F; here it is more convenient 

to use the notation (F), introduced in the last section and also in § 1.2. This is 

not intended to imply that the ensemble average is the same thing as a quantum 

mechanical expectation value-it is not. The mean square population fluctua¬ 
tion is then, for any one phase, 


((( n ) - n) 2 ) = (n 2 ) - ( n) 2 


From Eq. (12.123) we have 


(15.201) 


(n) = (\/Q){kTdQ/dv) 


(15.202) 


where the partial derivative is taken with respect to the chemical potential of 
ie one phase of interest only. Putting n 2 for F in Eq. (12.133) yields essentially 

(n 2 ) = (1/Q) ^2 n 2 tt £n exp ( nv — E)/kT 

En 

= (1/ Q) (fc 2 T 2 d 2 Q / dv 2 ) 


Hence 


- kT(d/du){(l/Q)(kTdQ/dv)} + (1 /Q) 2 {kTdQ/dv) 2 
= kTd{n)/dv + (n) 2 

(((^) ft) 2 ) = kTd(n)/dv 


(15.203) 

b,il°i“ e thi f, re f Ult in !: 0 more famiIiar terms - we note first that all assem- 
Portional tn H Sem r f" the Same Volume ' and therefore Populations are pro¬ 
fluctuations would be enCG a C0nvenient abbrevia tion for the relative square 

(((ft) - ft) 2 )/ (n) 2 = (Ap/p) 2 (15.204) 

OU phai) £v« nSity °' the Ph “ e Fr ° m Eq ' <3l42) the l “ therm * 1 «rt*«on 

dF = Vdp + v d{n) 


(15.205) 
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while [see Eqs. (4.103) End (4.104)] we eIso hEve F = v{n} End hence 

dF = (n)dv + vd(n) (15.206) 

CompErison of the lEst two equEtions therefore yields 

(n)dv = Vdp (15.207) 

Divide this by d(n ) to obtEin the isotherms! d(n)/dv, End use the result in Eqs 
(15.203) End (15.204) to find 

(Ap/p) 2 = -kT/[V 2 (dp/dV)r] (15.208) 

In sn idesl gas phase, where pV = ( n)kT , we evidently have 

(A p/p) 2 = 1/ (n) (15.209) 

The mean square fluctuations in density are exceedingly small when the assembly 
has no more than a few hundred atoms; for any macroscopic gas with as many as 

10 18 atoms per cubic centimeter, the fluctuations in density are normally com¬ 
pletely negligible. 

15.3 Fluctuations in energy and pressure. Write the energy E for F in 
Eq. (12.133) and recall then that 

(E) = — (l/Q)dQ/d/3 (15.301) 

where @ is 1/kT. Write E 2 for F in the same expression and therefore 

(E 2 ) = (1/Q) £ E 2 a En exp (vn/kT - $E) (15.302) 

En 

In taking partial derivatives with respect to (3, it is understood that the parameter 
v/kT does not vary. Then we have from (15.302): 

(E 2 ) = (l/Q)(d 2 /d{3 2 ) £ Q Sn exp (vn/kT - f3E) 

En 

= {d/d(3)\(l/Q)(dQ/dm + (l/Q) 2 (dQ/d0) 2 
= -d(E)/d/3 + (E) 2 

Therefore the mean square energy fluctuation is 

(((E) - E ) 2 > = (E 2 ) - (E) 2 = -d(E)/d/3 = — d 2 (ln Q)/dfi 2 (15.303) 

The differentiations in these formulae are purely formal: in the actual ensemble 
P is not subject to variation. What we have to do in effect, is to compare two 
different ensembles having different values of P in order to give a physical mean¬ 
ing to the variation with respect to p. Mathematically, the formal process is 
straightforward. In general when we compare two different ensembles the same 
phase may have different populations in each—this is the population fluctuation 
of the last section; this population fluctuation will contribute a term to the 
energy fluctuation. If we confine our attention to a single phase assembly, and 
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so rule out the population fluctuations completely, the energy fluctuations are 
reduced. In such a case Eq. (15.303) can be written: 

isolated phase 


(((E) - E) 2 ) = kT 2 C v 


(15.304) 

The relative fluctuations 


(15.305) 


where C v is the heat capacity at constant volume, 
may then be written symbolically 

(AE/E) 2 = kT 2 C v /(E) 2 

For an ideal classical gas, (E) = 3(n)kT/2, C v = 3(n)k/2, and so: 
classical gas (A E/E) 2 = 2/(3(n)) 

* 

illustrating again the exceedingly small fluctuations to be expected normally in 
macroscopic assemblies. It is of interest to compare this last result with the 
fluctuations in an isolated phase of quantum degenerate Bose-Einstein gas, using 
Eq. (8.321) and Eq. (8.322) for the energy and heat capacity in Eq. (15.305): 


(15.30G) 


Bose-Einstein gas 


(AE/E) 2 = (3.22/(n)) (T 0 /T) y - 


(15.307) 


This increases with decreasing temperature, and is appreciably greater than in 
the classical gas at the same temperature. 

We may apply the general formula Eq. (15.305) to liquid helium, where we 
have approximately ’ e 

Cv = (n)C\(T/T\)° (15.308) 

dtewS ^ T at °T hCat at the /amWa -Point, 2.19 °K. Integration of this 
gives (E), and using this, one finds from Eq. (15.305) that for 


liquid helium: 


(AE/E) 2 = (7k/C\(n))(T\/T) 


6 


(15.309) 


Experimentally C x is roughly 00 k, so that these fluctuations are smaller than 
° S , e .°. f an ldeal Bose-Einstein gas at the lambda- temperature; but because of 
theh.eh power of T the floc.ua,ions increase rapidly below 3V ; for example a! 

those of a cLt b0U l 0,5 *, he J "' ou,d be rough,y four hundred times as big as 
those of a classical gas. Indeed appreciable fluctuations are to be expected in 

o umes as small only as a thousand atoms of liquid helium at this temperature 

Debye^xnressin V CrystaIlme assembly at very low temperature, and using the 
y pression foi mean energy and heat capacity, Eq. (7.218), we find 


(AE/E) 2 = (20/37T 4 ) (8/ T) 3 /(n) 


(15.310) 


Fo h r S sohd i U^r e \t n0m n I °u USly klge at ' 0W tem P eratur <* compared with 0. 

great that fl T’. ‘ a ^ 9 r ° UghIy 30 ° at 2 ° K - th « factor (8/T? is so 
one thousand. ^ “ 6061-87 W ° Uld be a PP reciable evea with <»> as large as 

Of course these large relative fluctuations in energy are in fact, rW tn th* 
sm.,1 men values of energy { E) in the denomin ZZ 2 ^lHyalZ 
lute increase mean deviations. So far as the e<,„ilibrium charaeteSc, ^ 
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concerned, however, the relative fluctuations are the significant quantities. 
Conventionally it is agreed that equilibrium is difficult to approach at very low 
temperatures, simply because the rates of change become very small at low 
temperatures. Here we can point out a further difficulty, namely, that the 
equilibrium state is itself ill-defined at the very lowest temperatures because of 
the very large relative fluctuations. 

Returning to Eq. (12.128), we see that the mean pressure of any phase is 

(p) = (JcT/Q)(dQ/dV) (15.311) 

The general formula Eq. (12.133) states that the mean square pressure is 

(p 2 ) = (1/Q) Z ( dE/dV) 2 Q En exp (m - E)/kT (15.312) 

En 


To reduce this we note that 

(kT) 2 d 2 Q/dV 2 = -kT(d/dV) Z) ( dE/dV)Q En exp (m - E)/kT 

En 

= -kT Z (d 2 E/dV 2 )tt En exp (m - E)/kT 

En 

+ Z ( dE/dV) 2 Q En exp {vn - E)/kT (15.313) 

En 

It follows that 

(p 2 ) = (kT) 2 (l/Q)d 2 Q/dV 2 + (1 /Q)kT Z ( d 2 E/dV 2 )U En exp (vn - E)/kT 

En 

therefore 

(p 2 ) = kT{d/dV)\(l/Q)kTdQ/dV)\ + (\/Q) 2 {kTdQ/dV) 2 + {kT (d 2 E/ dV 2 )) 

SO 

(p 2 ) = kTd(p)/dV + (p) 2 - kT(dp/dV) (15.314) 

Finally, therefore, the mean square pressure fluctuation is 

(((p) — V) 2 ) == kT{d(p)/dV — ((dp/dV))} (15.315) 

The first expression on the right, d(p)/dV, is the familiar thermodynamic 
quantity, the variation of the mean pressure with isothermal changes in volume. 
The other expression is not the familiar one, because it entails measuring the 
ratio directly and averaging afterwards. However, the ratio dp/dV does enter 
directly in the propagation of a sound wave, and its mean value could therefore 
be found by dynamical measurements. In other words the pressure fluctuations 
depend on the difference between static and dynamic elasticity, the latter being 
defined ideally in terms of equilibrium assemblies. It is apparently not easy to 
give a general proof that these fluctuations are small for large assemblies, but 
Fowler estimated its value for an ideal gas to be of the order (n) , which is 

indeed small for all ordinary quantities of matter. 
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15.4 Fluctuations near the critical point. At the critical point of a gas, the 
compressibility becomes infinite, and the pressure coefficient dp/dV vanishes. 
Formally, Eq. (15.208) then gives the spurious result that density fluctuations 
should become infinite. This is spurious because Eq. (15.207), from which it 
was derived, becomes the meaningless relation 0 = 0 for isothermal changes at 
the critical point. To get around this difficulty and obtain an exact estimate of 
the density fluctuations at the critical point, we proceed as follows: 

Consider an assembly of one phase only, but divide this phase into a large 
number of equal (imaginary) cells, each containing a large number of atoms. 
Every assemb y in the ensemble is provided with exactly the same geometrical 
pattern of cells. The formalism of the grand partition function carries over 
without change to this arrangement if, for the word “phase,” one now substi¬ 
tutes the word “cell.” Equation (15.208) now reads to give the mean relative 
square fluctuations in density of one particular cell averaged over the ensemble 
and the pressure derivative on the right is the average over the ensemble of the 
pressure derivative for a particular cell. To obtain a relation dealing directly 
with observed quantities for the phase as a whole, it is necessary to average once 
again over all the cells in the assembly. We may write this formally as 

« A p/p) 2 ) = ~ kT/(V 2 (d(p)/dV )) (15.401) 

This is the average over the assembly of the mean square fluctuations in the 
ensity of any one cell; but the average over the assembly of the pressure deriva¬ 
tive in a cell is on the right side, and this is not what one would measure for the 
pressure derivative that vanishes at the critical point. To repeat, the derivative 
that vanishes at the critical point is the derivative of the mean (over the ensem- 

d<<P>>/dF PieSSUre ° f thC assembly - which on th e Present model would be written 

Next let us reinterpret Eq. (15.315) for the cell assembly. To do this we first 

aver age the cell pressures over the whole assembly, writing the result <p>, and 
then we apply the formula to <p>, thus: 

((((p)) ~ (p)) 2 ) = kT[d((p))/dV — (( d(p)/dV ))} (15.402) 

Jtionfif 8 ^ ^ then i C , XaCUy What ° ne would measure for the mean square fluctu¬ 
ations of the assembly pressure, and the right side contains both the observed 

E UrC c ° effi cient and the pressure coefficient that appears in the density fluc- 
to zero fl tT Pu “ ing th e observed pressure coefficient equal 

the Tn V Ve f 'T ° r the CntlCal point the following reciprocal relation between 
the density and pressure fluctuations: 

T = T„: 


(Ap/ p) 2 (Ap/p) 2 = (JcT/pV) 


(15.403) 


mfe e rs P [o S thT, t0 ^ Va ' UC for the “^embly, while the density 

o the cells, and the volume V is the volume of a cell. The densitv fluctnn 

t.ons cannot become infinite unless the pressure fluctuations vanish In generat 
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the quantity on the right of Eq. (15.403) has a value approximately equal to 
10/iV 2 , where N is the mean number of atoms in the cell. Thus the density 
fluctuations may be said to have an order of magnitude at the critical point 
equal to the normal density fluctuations divided by the pressure fluctuations. 

For an order-of-magnitude check on this relation, we may assume that the 
pressure and density variations are related by the van der Waals equation in the 
neighborhood of the critical point: 

d 3 p/dV 3 = —9 Pc/V 3 and Ap = (1/3 !)(d 3 p/dF 3 )AF 3 ••• 

so that 

A p/p c = f (A P / Pc ) 3 (15.404) 

If, quite formally of course, we equate these quantities A p/p c and Ap/p c to the 
fluctuations, to get an order-of-magnitude check, we find that Eq. (15.403) 

hppnniPS 

(Ap/p c ) 2 = (128/27) y *N~ H (15.405) 


where N is the mean number in the cell. The critical density of C0 2 is 0.460 
g/cm 3 . The interatomic distance is about 14.4 A, and a cell containing 10° mole¬ 
cules would have linear dimensions about half a wavelength of blue light. From 
Eq. (15.405), the density of such a cell would fluctuate by about 4 per cent, pos¬ 
sibly enough to account for critical opalescence—the observed scattering of light 
from density fluctuations at the critical point. 

The conventional treatment of density fluctuations can be extended to tem¬ 
peratures very close to the critical point without error. Thus at T c we have 
dp/dV = 0, so that near T c we can expand in a Taylor's series to one term: 
dp/dV = (T — T c )(d/dT)(dp/dV). Therefore if we put this into Eq. (15.208) 


we get 


(Ap/p) 2 = ~(kT/V 2 )/{(d 2 p/dTdV)(T - T c )) (15.406) 


indicating that the mean square fluctuations should be roughly inversely propor¬ 
tional to the temperature difference, T — T c . This still leads to the aforemen¬ 
tioned spurious infinity at T = T c , and for the same reasons as before. 

16.6 Fluctuations in quantum degenerate gases. The general formulae 
obtained above, viz., Eqs. (15.203), (15.303), and (15.315), are true whether the 
assembly is quantum degenerate or not. We shall consider the application of 
these general formulae to an ideal Bose-Einstein gas in considerable detail, and 

later rather briefly to a Fermi-Dirac gas. 

To apply Eq. (15.203) for the population fluctuations, we need Eq. (8.305) for 

the mean population as a function of the chemical potential, and we find 

kTd(n)/dv = V(2wmkT/h 2 )' A £ (1 /jV kT (15.501) 

# 

j 

or, in terms of the degeneracy temperature T 0 defined in Eq. (8.308): 

kTd{n)/dv = {n){\/2M2)(T/T 0 )* £ (l/j H )e> plkT 
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The mean relative square density fluctuations are therefore 


(Ap/p) 2 = (l/2.612(n))(7 , /7 1 0 )^ £ (l/iV'W* 7, (15.502) 

J 

This is valid for T > T c and formally approaches infinity when T —> T c , because 
there v 0 and the series in the numerator diverges to infinity. This situation 
is quite similar to the violent fluctuations occurring at the critical point in a 
classical gas. In fact we may recall that, in the last paragraph of § 8.3, we noted 
that the pressure becomes independent of density below the degeneracy tempera¬ 
ture, so that the denominator of Eq. (15.208) would vanish, just as it did at T c 
in the van der Waals classical gas. This unrealistic infinity can be avoided just 
as it was in § 15.4 by considering the assembly divided into a large number of 
equal cells, applying the equation (15.208) to each cell individually, averaging 
over all the cells in the assembly, and finally appealing to the concept of pressure 
fluctuations. The general formula for the pressure fluctuations, Eq. (15.305), 
is valid, and below T 0 we have d((p))/dV = 0; hence the same argument goes 

through as for Eq. (15.403), which is valid here also. Therefore we have for 
the Bose-Einstein gas below the transition: 

T < T 0 : (Ap/p) 2 (Ap/p) 2 = ( kT/pV ) 2 = ( 3.8/N 2 )(T 0 /T ) 3 (15.503) 

where the density fluctuations refer to cells containing N particles. (We have 
used Eq. (8.342) for the equation of state in the last step.) The magnitude of 
these fluctuations increases with decreasing T, approaching infinity only when 

T approaches absolute zero; they are already comparable with those producing 
critical opalescence in a van der Waals gas when T = 0.7 T 0 . 

It would be highly satisfying if these large fluctuations could be observed in 
some experiment; the nearest thing to a quantum degenerate Bose-Einstein gas 
is liquid helium, and unfortunately we cannot expect liquid helium to exhibit 
the fluctuations, even below the ZamMa-transition, because the pressure coeffi¬ 
cient d((p))/dV .does not vanish in liquid helium at the lambda- temperature. 

It is interesting to discuss the fluctuations in the population of the lowest 
energy state of a Bose-Einstein gas below the transition temperature, where the 
population in question is comparable with that of the whole gas, and can be 
treated as a separate phase—or “semiphase” as it has been called. A true phase 
would be separated in space from the rest of the assembly, whereas the low-energy 
semiphase coexists with the rest of the gas in the same space. This does not in¬ 
validate any of the arguments employed in the method of the grand ensemble 
and grand partition function, and we may still use Eq. (15.203) to find the fluc¬ 
tuations in (n 0 ), the mean population of the low-energy semiphase. From Eq 
(8.301) we have 

(«o) = Wo/(e~ ylkT - 1) (15.504) 

and therefore d(n 0 )/du = (l/kT)w 0 e^ kT /(e^ kT - l) 2 . Using Eq. (15.504) 
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again to express e v ^ kT in terms of {u$), we can then write 

d{n 0 )/dv = (1 /kT)({n 0 ) 2 /w 0 + (n 0 » (15.505) 

and therefore from Eq. (15.203) we have 

<((n) - n) 2 )/(n 0 ) 2 = 1 /(n 0 > + l/w 0 (15.506) 

Expressed in terms of the partial density of the low-energy semiphase po, this 
fluctuation can be written as 

<Apo/po> 2 = l/(n 0 ) + l/w 0 (15.507) 

Comparing this with Eq. (15.209), we see that l/w 0 is an anomalous term. The 
normal term 1/ {[n $) would be appreciable near enough to the transition tempera¬ 
ture where <n 0 ) starts from small values, but it is extremely small for all tem¬ 
peratures appreciably below T 0 . The term l/w 0 is, however, ideally unity 
throughout the whole temperature range where the semiphase exists, and we 
may therefore drop the normal term and write for the fluctuations of the low- 
energy semiphase population density: 

(Apo/po ) 2 ~ 1 (15.508) 

a result that indicates the low-energy semiphase to be in a state of extreme un¬ 
rest. These results suggest some very interesting speculations about the be¬ 
havior of liquid helium. If as suggested in § 8.6 liquid helium behaves like a 
Bose-Einstein gas, with atoms having an effective mass m* = 1.43mHe> we may 
look for violent fluctuations in the concentration of the superfluid part of liquid 
helium below the lambda- temperature. From the discussion of § 8.8, we believe 
that the superfluid has zero entropy because the uncertainty principle is unable 
to blur the energy levels into a continuous spectrum, leaving each energy state 
distinct and nondegenerate. Consider then a small region in the liquid having 
linear dimensions L cm; the liquid in this region may fluctuate into the lowest 
state for a finite time, but the result would not be counted as superfluid unless 
the time r were long enough for the energy levels to sharpen into nondegenerate 
states and the entropy to be zero. For a given life-time of the fluctuation, this 
sets an upper limit on the size of the fluctuating region. The spacing between 
the energy levels in such a region is h 2 /8wm*L 2 , and the uncertainty principle 
will blur these levels if L is not less than the value given by 

Th 2 /8irm*L 2 > h (15.509) 

The experimental data on thermal currents in liquid helium have suggested the 
following relation between relaxation life-time r and the speed of flow of the 
superfluid motion: * 

tu 2 = J(T) (15.510) 


* L. Meyer and W. Band, Phys. Rev., 74 (1948), pp. 386, 394. 
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wheie J(T) is of the order 5 X 10 2 cm 2 /sec near the lambda- temperature, and 
u„ is the speed of flow of the superfluid. Substitution of these equations yields 

(Lu„) 2 < Jh/8irm* ~ 10 -6 (15.511) 

This result can be interpreted as setting a limit on the speed of transport for 

given size of fluctuations. One can for instance fill a capillary of diameter 

3 X 10~ 5 cm with superfluid flowing at a speed of 30 cm/sec, but any higher 

speed would result in incomplete filtering out of the entropy and a return to 

normal liquid inside the capillary. Experimentally, this is just about what actu¬ 
ally happens. 

The fluctuations in a Fermi-Dirac gas are in marked contrast with those in a 
Bose-Einstein gas, and we shall illustrate this point only by giving the density 
fluctuations below the degeneracy temperature, using Eq. (15.208) and the 
equation of state Eq. (8.427). From the latter we have 


dp/dV = -f(AWF 2 ){l + (ir 2 /12) (kT/ p 0 ) 2 -f- • • •} 
and so the density fluctuations are 


(Ap/p) 2 = (l/N)(3kT/2p 0 )/ {1 + (n 2 /12)(kT/p 0 ) 2 + •.. ( (15.512) 

where N is the mean number of particles in the fluctuating region. Compared 

with the classical result of Eq. (15.209), we see that the Fermi-Dirac gas is even 
less fluctuating at very low temperature. 

16.6 Fluctuations in microstates. Up to this point we have studied fluctua¬ 
tions only in entire phases—macroscopic quantities of substance—but the work 
o the last section on the fluctuations of the low-energy semiphase suggests that 
we should apply the same methods to study fluctuations in the populations of 
individual atomic energy states. This can indeed be done; as we have already 
seen several times, the formalism of the grand ensemble can be rewritten with a 
ainerent physical interpretation without invalidating any step in the reasoning 
one merely has to substitute the words “energy state’’ for “phase.” The 
student w!H in fact find it a rewarding exercise to work through the restatement 

. i Z, 1 “ „ eta ! ! and t0 venf y that the general probability formula Eq. (12.133) 
takes the following forms * 


Boltzmann statistics: 


Z)F!nj n (1 /n,!)e ( —'dVM’ 

^ EH (l/n,!)e (l '~ < i ) 


n t 


Bose-Einstein or Fermi-Dirac statistics: 


Z F{n\ IJ g^v—tJnJkT 
(F) = —_1_ 

zn giv—tJnJkT 


(15.601) 


(15.602) 


n % 
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The Fermi-Dirac case differs from the Bose-Einstein only in the fact that the 
sets of numbers {»} are restricted to n t - = 0 or 1. In the above formulae we have 
considered each energy state nondegenerate. To find the mean population of 
the jth state, we simply write F{n] = n } and go through the indicated summa¬ 
tions, verifying that the three processes lead to the same results obtained before, 

Eqs. (3.510)-(3.512); some of the details of this work will make the student 
grateful for the simpler method of Chapter II. 

To find the mean fluctuation, we now have to write F{n\ = n 2 and proceed 

with the summations. For the classical Boltzmann case, we use the following 
algebraic lemma that is easily proved: 

13 ( n 2 /n\)e An = (e 2A + e A ) 23 (l/n!)e An (15.603) 

n n 

We find then that (n 2 ) = {rij) 2 + {rij) so that 

(A rij/rij) 2 = 1/(71;) = (15.604) 

For the Bose-Einstein case we need another algebraic lemma, also easy to prove: 

23 n 2 e An = \(e~ A - l) -1 + 2(e~ A - 1 )~ 2 ) 23 e An (15.605) 

n n 

and find that (rij 2 ) = (rij) + 2 (rij) 2 and hence: 

B.E.: (A Tij/nj) 2 = l/(n y > + 1 = e ^~ v)lkT (15.606) 

The Fermi-Dirac calculation goes through more easily because there are only 

two terms in the sums, and one finds almost at once (rij 2 ) = (rij), which leads to 

F.D.: <A rij/nj) 2 = l/(n y ) - 1 = e (( - v)lkT (15.607) 

We note first that when expressed in terms of the appropriate potential, all 
three fluctuations are formally identical. Note also that the result for the Bose- 
Einstein gas is the same as that found for the low-energy semiphase, Eq. (15.507), 
with w 0 = 1 and 0 for j. Superficially the Fermi-Dirac result is the more remark¬ 
able: if the mean population (rij) = 1, the fluctuation is zero, and if the mean 
population is zero, the fluctuation is infinite. However, neither of these ex¬ 
tremes should surprise us. If the mean population is unity it cannot change; 
any possible change is to reduce the population, and this would lower the mean 
value; whereas if the mean were zero, any finite change would be an infinite rela¬ 
tive change. The anomalies of the Bose-Einstein case are much more impres¬ 
sive, and we have already discussed them. 

16.7 The fluctuation-dissipation theorem. As emphasized in § 15.1, the 

time scale of fluctuations remains an open question as far as our present theory 
has been developed. We now describe the approach to this question in terms o 
the fluctuation-dissipation theorem. Historically, the first example of this type 
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X QO 

R(w)dw 


(15.701) 


where (F 2 ) is the mean square voltage of an equipotential conductor carrying 
z ero current, and R(w) is the electrical resistance of the conductor for currents 
of frequency w/2ir. Since the conductor is equipotential, the mean voltage is 
zero, and the mean square voltage is exactly the same thing as the fluctuation; 
one cannot, incidentally, define a relative fluctuation here. Thinking of the 
free electrons in the conductor as a gas, the voltage fluctuations are a manifesta¬ 
tion of the pressure fluctuations discussed § 15.4, the electron pressure fluctuat¬ 
ing independently at the two ends of the conductor. To get a relative fluctua¬ 
tion one would have to take the zero-point pressure of the Fermi electron gas 
as the mean pressure, instead of the mean voltage. 

In the statistical theory developed so far, there is no hint of any reason for 
such a relationship as that of Eq. (15.701). It has, however, been used experi¬ 
mentally as a device for measuring high temperatures, the voltage fluctuations 
being detected by a suitable electronic amplifier. The generalization of the 
theorem has been developed quite recently by Callen and Greene, using quan- 
um statistics, mile the mathematical details of this work are somewhat cum- 

ersome, an outline is presented here in order to bring out the essentially new 
ideas involved. 

Since the theorem involves currents and resistance, the element missing so far 
irom statistics is the response of an assembly to nonconservative forces. To 
discuss this, a general Hamiltonian dynamics of assemblies—i.e., of thermody¬ 
namic systems-is necessary. Most presentations of classical statistical me- 
chanics begin with a discussion of the classical Hamiltonian dynamics and Liou- 
ville s theorem on the relative probabilities of different regions in phase space; 

e Hamiltonian is naturally expressed as a function of the microscopic co-ordi¬ 
nates of the individual atoms, and the forces are all considered to be conserva- 
ive. Here we have in mind something quite different. We are not going to use 

pr fl °i mi< !i C0 ' 0rd j nateS ’ bUt Wil1 aCCept the ther modynamic state variables as gen- 
ized co-ordinates, or generalized forces, i.e., the actual empirical quantities 

that one uses to describe a thermodynamic system. We seek a suitable Hamil- 

oman m terms of these generalized co-ordinates, remembering that the system 

processes D ° nCOnservatlve ’ and we are g° in S to be interested in irreversible 

tive^tw- mCChanicS ’ the Hamiltonian equals the total energy of a conserva- 
tonian i! aonc ™ servatlv , e the essential property of the Hamil- 

tion IZ P ayS t C Part ° f a potential “ the canonical equations of mo- 

as the HWU SU - geStS r ^ T aCC6pt the appro P riate thermodynamic potential 
entronv 8TnH thermodynamic system. If the state variables are 

entropy S and pressure p, the proper potential turns out to be the enthalpy H 
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where [see Eq. (3.131)] dH — TdS + Vdp. If temperature T and pressure p are 
chosen for state variables, we may use the Gibbs free energy F where dF = Vdp 
— SdT, as in Eq. (3.111). Both these equations may be written in the form: 

dH 0 = QjdXj (15.702) 

3 

where Xj are generalized forces, Qj generalized co-ordinates, and Hq now stands 
for the Hamiltonian. The justification for calling Qj co-ordinates conies from 
the expression of the work involved in the process. In both cases this is dW = 
VdV , so if p is a force, V is a co-ordinate. If we restrict ourselves to adiabatic 
(isentropic) processes and use Eq. (3.131), we do not need to give any thought 
to the interpretation of entropy as a force, because dS = 0 and it drops from 
the formula; similarly, if we are interested instead in isothermal processes and 
use Eq. (3.111), we can avoid having to interpret T as a force, because dT = 0 
and it drops from the formula. Generally, however, S and T are to be regarded 
as generalized forces along with p; if S is a force, T is a co-ordinate, and vice- 
versa. We consider only adiabatic processes and accept dH = Vdp for the varia¬ 
tion of enthalpy, and 

H 0 = E + pV (15.703) 

for the Hamiltonian of the thermodynamic system; compare Eq. (4.140). To 
keep the work perfectly general we rewrite this in the form: 

Hq = E + 23 QjXj (15.704) 

j 

where Qj and Xj are the generalized co-ordinates and forces, leaving open the 
question of their physical interpretation. If the forces are varied, a perturbation 
is induced in this Hamiltonian according to Eq. (15.702), and we have for the 
perturbed Hamiltonian: 

h = n 0 + Y, QjdXj (15.705) 

3 

where we interpret H 0 as the unperturbed Hamiltonian of Eq. (15.704). If the 
forces dXj are time-dependent, they can in general be expressed as Fourier inte¬ 
grals over frequency w: 


or 23 Xj(w) sin wt (15.706) 

W 

where the summation form is used if a discrete spectrum suffices; Xj(w) is the 
amplitude of the w-harmonic component of the spectral analysis of the behavior 
of Xj as a function of time. If the changes are small enough, there exists a linear 
relationship between the increments dX and the corresponding rates of change 
Q, for every harmonic component, which can be expressed in the form: 

Qj(w) = — 23 Yji(w)Xi(w) 



(15.707) 
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the total response being a Fourier integral over all frequencies: 

Qj( 0 =JQj(w)e iwt dw (15.708) 

The dynamical problem is to determine the coefficients Y.-Aw) from the Hamil¬ 
tonian of Eq. (15.705). The relations of Eq. (15.707) are exactly analogous to 
the relations between currents and emf’s in an electrical circuit, and we can call 
the quantities Fy, the complex admittance matrix for the thermodynamic system 
Consider a monochromatic perturbation, frequency w, such that 


H — Hq + XI Qj{w)Xj{w) sin wt 


(15.709) 


The unperturbed Hamiltonian H 0 formally defines a set of eigenfunctions uJQ) 
sue that H 0 u n (Q) - E n u n (Q), and time-dependent perturbation theory ex¬ 
presses the perturbed eigenfunctions for the Hamiltonian H in the form: 


</»» = Z b nm (t)u m (Q)e- iE m‘l* 


m 


(15.710) 


The coefficients b nm (l) are easily found in terms of the Heisenberg matrix for the 
co-ordinates [see §1.61: 


(Q 


j)mn — j"U n (Q)QjU m (Q) n dQi 


(15.711) 


These perturbed eigenfunctions are used to compute the expectation values of 
the co-ordinate rates: 


/ 


iQj<t>n n dQi (15.712) 

reUta Eq r aTOT; bei " g " ‘ heinlCgr! ““ 1 ' fr ° m ‘ he q ‘“ ntum mecl “" i “ l 

KQj = QjH - HQj (15.713) 

The expression <<$,-)„ is the expectation value for the nth quantum state. To 

• 0 . . ! a ,^ erage ^Peetation value, these have to be averaged over an ensemble 
n * Inch the number of assemblies in the nth state is proportional to the Boltz- 

tn t V aC ° r 6 • ’ and 11 18 assumed further th at the states are close enough 

g er o permit an integration approximation in the averaging process. The 
result turns out to have the following form: 

Qi(w) = - sin wt £ gji Xi(w) + cos wt £ b^X^w) (15.714) 

1 l 

partof F n tf id f iCal i form 7 ith E T ( 15 -707). Evidently g jt (w) is the real 
part of Fy t («,), and so is the conductance; b Jt (w) is the imaginary part of Y-(w) 

and is the susceptance of the system. Both sets of quantities are given exphciTy 
by the theory m terms of the matrix (Qj) mn of Eq. (15.711). P 7 
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We are now ready to examine the fluctuations of the co-ordinates Qj in an 
unperturbed system spontaneous fluctuations in the absence of any perturbing 
forces. Since the equilibrium values of Qj are not in general zero, the direct 
study of these fluctuations is clumsy; instead the mean square values of the 
velocities are found, and since these average to zero in the unperturbed system, 
their mean squares equal their fluctuations. It is a simple matter to go over 
from these to the co-ordinate fluctuations through the Fourier transform. The 
quantities to be found are the expectation values of the products QjQi, in terms 
of the unperturbed eigenfunctions—absence of perturbing force. When j i, 
the quantity ( QjQi ) is the correlation moment, and when j = i, it becomes the 

mean square deviation, or the fluctuation. The result of this work is to prove 
that 

{QjQi) = (1 A) Je(w,T )\gij{w) + gji(w) ) dw (15.715) 

where 

E(w y T) = \fiw + fiw/(e* w,kT — 1 ) 

is the mean energy of an oscillator of frequency w/2t at temperature T. This is 
the general fluctuation-dissipation theorem relating the spontaneous fluctuations 
of a system in equilibrium to the conductance matrix of the system in response 
to nonconservative perturbations. 

To show that the Nyquist relation is a special consequence of this general 
theorem, we reduce it to a single variable: 

(Q 2 ) = (2A) f E(w,T)g(w)dw (15.716) 

The linear relation of Eq. (15.707) can be inverted to read: 

X(w ) = - Z(w)Q(w ) (15.717) 

where Z(w) is the impedance, so that from Eq. (15.716), we have 

( X(w ) 2 ) = (2A) f \Z(w)\ 2 g{w)E(w,T)dw 

Since g is the real part of the reciprocal of Z y this reduces to the relation: 

(X(w) 2 ) = (2/tt) f R(w)E(w,T)dw (15.718) 

At sufficiently high temperature, the energy E(w y T) becomes the classical kT y 
so Eq. (15.718) is then equivalent to the Nyquist theorem, Eq. (15.701). 

Other examples have been given by Callen and co-workers. In particular, the 
pressure fluctuations of a gas can be expressed in terms of the radiation resistance 
experienced by an oscillating piston emitting sound waves into the gas. But 
perhaps the most impressive application is to the theory of the Brownian mo¬ 
tion. Any particle suspended in a fluid is subject to fluctuating forces due to 
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the incoherence between hydrostatic pressure fluctuations on different parts of 
the particle’s surface. If the particle is small enough to respond to this fluctuat¬ 
ing force, and at the same time large enough for the hydrostatic pressure to have 
a meaning, it exhibits the Brownian motion. A steady force on such a particle 
will produce a constant velocity proportional to the viscosity, n, which is there¬ 
fore identified with the resistance term in Eq. (15.718). The fluctuation-dissipa¬ 
tion theorem now takes the form: 

(X 2 ) = (2/tt) Jr]E(w,T)dw (15.719) 

and again at ordinary temperatures E(w,T) = kT, and this equation reduces to 
the classical theorem of the Brownian motion: 

(X 2 ) = (2/ir)i)kTfdw (15.720) 

the integral meaning the width of the frequency range of the Fourier analysis 
of the fluctuations. 

15.8 Irreversible steady-flow processes. In this section we stray briefly 
beyond the logical boundaries of our subject in order to make direct contact 
with the new field of irreversible thermodynamics and so take full advantage of 
the discussion of the last section. There we considered fluctuations in terms of 
oscillatory perturbations and oscillatory responses, coupled through the linear 
relation of Eq. (15.707) defining the complex admittance, or its reciprocal, the 
impedance, of the thermodynamic system in response to oscillatory perturba¬ 
tions. In practice one is more often interested in the steady response to a non- 
oscillatory perturbation, e.g., the diffusion of matter under a concentration gra¬ 
dient, viscous flow under a pressure gradient, heat flow under a temperature 
gradient; here the perturbations are steady rather than oscillatory, and a Fourier 
transform becomes unnatural. Tohandle the steady perturbation problem, one 
is forced once again to introduce ad hoc the concept of a relaxation time r for the 
regression of a fluctuation, admitting that our theory is still unable to predict 
this time. From the point of view of kinetic theory, the existence of this relaxa¬ 
tion time is logical enough. Under the action of a constant perturbing force, a 
perturbation is built up continually, and would increase indefinitely, except that 
a mechanism of relaxation continually operates to break it down. The steady 
condition is achieved by a balance between the two opposing mechanisms— 
perturbing force and relaxing mechanism. We assume that this balance can be 
computed as follows: The constant perturbation existing in practice is equal to 
that perturbation which the constant perturbing force would produce in time r 
if the relaxation mechanism were inhibited. If the relaxation mechanism were 
then switched on at this time, during the next interval r, it would destroy the 
perturbation, but the continuing constant force would at the same time be re¬ 
building the perturbation; hence the net result is constant. 
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This device enables us to apply the Fourier transform theorem to the per¬ 
turbation, because now we have a finite time r during which the force acts to 

build up the perturbation. Thus if the constant force is X jt its Fourier integral 
expression is 

x i = f Xj(w)e iwt dw 0 < t < t, 

where 

Xj(w) = Xjf e~ lwt dt = (Xj/iw)(\ - e~ irw ) (15.801) 

If this is used in the admittance relation of Eq. (15.707), we find for the response 
at time r: 

Qi =J Qi(u>)e iwT dw = J2 f Yji(w)Xj(w)e' WT dw 

and therefore 

Qi = Y, Lji(r)Xj (15.802) 

j 

being the steady response, according to our agreed assumption. Here the matrix 
L is defined by 

L n(r) =J { Yji(w)/iw\ (e' WT - 1 )dw (15.803) 

which are the ordinary conductivities appearing in steady flow processes. Equa- 
tion (15.803) gives the relation between these conductivities and the admittance 
matrix and the relaxation time r. If the relaxation time is very short compared 
with the reciprocal frequencies for which the admittance is appreciable, we may 
put in first approximation e iWT — 1 = iwr, and then we find 

Lh(t) = rj Yij{w)dw (15.804) 

showing that the conductivities are proportional to the relaxation time, a familiar 
theorem in kinetic theory. If there exist frequencies with appreciable admittance 
coefficients such that wt > 1, this approximation breaks down, and the conduc¬ 
tivities become anomalous. For example, this is just what seems to happen in 
liquid helium: here the thermal conductivity below the lambda- transition is some 
ten million times as great as it is just above the transition, indicating a tremen¬ 
dous increase in the time of relaxation of thermal perturbations. It is practically 
certain that Eq. (15.804) cannot be applied below the transition, and in fact, 
experiment shows that even the linear form of the relation of Eq. (15.802) breaks 
down. Although speculative explanations of this have been offered in terms of 
the two-fluid model—see § 8.7—there is as yet no generally accepted explanation. 

The simplest and most familiar physical example where the linear relations do 
hold nicely is the thermoelectric circuit. Here the temperature T and voltage 
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dE are the generalized forces, so we use the Cibbs free energy as the Hamiltonian 
potential function, charge Q, and negative entropy — S, as the generalized 
co-ordinates, and replace Vdp in Eq. (3.111) by QdE. The linear relation is 


now 


Q — LndE + Li^dT | 

S = Lo\dE T L 2 2dT) 


(15.805) 


Here Ln is the electrical conductivity, and L 22 /T is the thermal conductivity) 

the cross-coefficients are the specific thermoelectric coefficients leading to the 

Peltier heat and thermo-emf. Onsager was the first to prove on the basis of the 

principle of detailed balancing in quantum mechanics that this matrix is 

symmetrical, thereby giving for the first time a logically acceptable proof of the 

Kelvin relations between Peltier heat and thermo-emf. The Equation (15.803) 

yields a much more general proof of the same symmetry, and Callen has given 

a general proof that such reciprocal relations exist between the cross-connections 

in all cases of coupled steady flow processes. This is the point of departure of 

the completely new and highly significant development of irreversible thermo¬ 
dynamics. 

15.9 Nonequilibrium phenomena in liquid helium. Helium was first liquefied 
in 1908 by Kamerlingh-Onnes at Leiden; its boiling point is 4.2 °K, and its 
density there is only 0.125 g/cm 3 . By evaporating liquid helium under reduced 
pressure, temperatures down to below 2 °K were produced, and in 1928, Iveesom 
and Wolfe described the lambda-anomaly in the heat capacity at 2.19 °K. In 
1929 it was noticed that at the specific heat peak, 2.18°K, ebullition seemed to 
have ceased, evaporation proceeding only from the surface for all temperatures 
below the transition. In 1935 this was explained by Keesom’s discovery that 
the heat conductivity of liquid helium increased suddenly by about a million¬ 
fold at the transition. At about the same time Misener discovered that the vis¬ 
cosity of liquid helium suddenly started to drop at the famMa-temperature, 
until at about 1.5 °K, it had only about 5 per cent of the normal viscosity.' 
Rollin noticed in 1936 that all surfaces in contact with the liquid suddenly be¬ 
come covered with a film of helium at the transition—a film that can climb up 
over the top of the container and spill over to drip off underneath. The film 
is sometimes as thick as a hundred or more atomic spacings, or about 3 X 10~® 
cm. Mass can transfer in this Rollin film with complete absence of friction, the 
normal viscosity being somehow inhibited, at least as long as the flow rate is 
kept below a critical value corresponding roughly to 30 cm/sec motion of the 
center of mass. In 1938 the fountain effect was discovered, a spectacular thermo- 
mechanical effect in which the Rollin film, isolated inside a narrow capillary is 
caused to flow violently by a minute temperature difference between the ends’ of 
the capillary; fountains as high as 20 or 30 cm have been produced inside the 

,i Th ' S effeC , t COuld be understood thermodynamically only by assuming 
that the film carried practically no thermal energy at all, it being in a sense al¬ 
ready in the state of zero entropy ordinarily expected only at 0 °K. 
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To understand these anomalous properties of liquid helium the two-fluid model 
of Tisza has been the most fruitful; see § 8.6 and § 8.7. As we have seen, accord¬ 
ing to this model, some of the atoms of the liquid begin to go down to the zero- 
point eneigy state at the Zu??ifrdcz-transition temperature; the fraction of atoms 
doing so increases rapidly as temperature falls below T\. Here the liquid be¬ 
haves like a mixture of two fluids, one of which is superfluid and has only the 
zero-point energy corresponding to 0 °K, the other remaining normal. Both 
fluids are occupying the whole volume of the liquid and interpenetrate each 
other the one being dissolved, as it were, in the other. An energy gap between 
the lowest state and the normal states might account for the superfluid charac¬ 
ter of the former, the two fluids finding it very difficult to exchange momentum 
across the gap. The model explains the specific heat anomaly very nicely: the 
extra heat needed to excite the superfluid into the normal states with increasing 
temperature equals the area under the C v -T curve. It also explains the Rollin 
film, if one assumes that the normal fluid sticks at the entrance to the film, only 
the superfluid being slippery enough to proceed. The thickness of the film and 
its ability to climb up over considerable distances against gravity can be under¬ 
stood in terms of normal van der Waals forces of attraction with the walls and 
the absence of viscous drag. 

In 1939 Tisza pointed out that if we take his two-fluid model seriously, pictur¬ 
ing the two components as able to move independently of each other, an extra 
degree of freedom is present. Density oscillations (sound waves) are transmitted 
in the ordinary way; but it is also possible for the two components to oscillate in 
exactly the opposite phase, so that no net density variations occur. One can 
picture this process as that of two sound waves, one in each fluid, fitting exactly 
into each other, and the motions of their particles at all times being opposite. 
To excite such a wave one should, ideally, have a source of acoustical vibrations 
operated through a filter that allows only the superfluid to move. The resulting 
waves would be appropriately called “second sound.’’ One can also picture this 
same process as a heat wave, because the peak concentrations of normal fluid 
contain an anomalously large quantity of heat, while the peak concentrations of 
superfluid contain an anomalously low quantity of heat. Second sound was in 
fact discovered experimentally by Peshkov in 1946 as transmitted waves of heat 
excited by an alternating current heat source. The speed of transmission of 
these waves rises rapidly from zero at the fomfrda-temperature to about 20 m/sec 
below 2 °K, and the attenuation is exceedingly small under favorable circum¬ 
stances. 

It has become customary in many cryogenic laboratories to refer to second 
sound as “temperature waves,” but the term is rather unfortunate. Tempera¬ 
ture waves are familiar phenomena, but they are necessarily diffusive and not 
oscillatory. The explanation of second sound is still a controversial question, 
but the following interpretation is suggested. The superfluid is to be pictured 
as effectively at absolute zero, with zero entropy and zero heat capacity in agree¬ 
ment with the Nemst theorem. The normal fluid has normal heat capacity, so 
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high concentration of normal fluid in the mixture causes the latter to have an 
anomalously high heat capacity. Oscillations of the relative concentration of the 
two fluids in second sound therefore produce oscillations in the heat capacity of 
the liquid, so one may well have an oscillation of heat content without any 
temperatuie oscillations at all. Of course even on this picture there may be 
second-oidei temperature variations associated with the second sound wave, 
just as there aie with 01 dinary sound, and related with the ratio between the 
heat capacities at constant pressure and at constant volume. One can arbitrarily 
assign an oscillating temperature to a second sound wave in the following way: 
in isothermal equilibrium the concentration of the normal fluid, pjp, is a definite 
function of temperature, given approximately by pjp = (T/TJ 6 , and one can 
take (pjp) “7\ as a measure of the temperature, even when pjp is oscillating in 
a second sound wave. This temperature is not necessarily consistent with kinetic 
theoi} , it would be quite accidental if the mean random kinetic energy per par¬ 
ticle of the normal fluid were to keep step exactly with such a temperature in 
the second sound wave. Most simplified versions of the theory of second sound 
propagation arc not satisfactory because they neglect this Question. 

If for the sake of argument we return to the isothermal oscillating heat-capac¬ 
ity picture of second sound, it is clear that the liquid is not in internal equi¬ 
librium; at the concentration peaks of normal fluid there is too much heat, and 
at the concentration peaks of superfluid there is not enough heat, to correspond 
with the temperature. There will always be a tendency then for the mixture to 
return towards equilibrium: at the peaks of normal fluid, a tendency must exist 
for particles to drop into the zero state, leaving the mean kinetic energy of the 
remaining normal particles higher; the mixture, if given time, will settle doum 
at a temperature lower than that given by the fictitious oscillating temperature, 
but higher than the initial isothermal temperature. The essential feature of 
liquid helium is that such a transfer of atoms between the normal and super¬ 
fluid states is very difficult—it has a long relaxation time, and the period of these 
second sound waves is so short that there is no time for such a transfer to take 
place. If the frequency of second sound could be made very low, transfer would 
occur and attenuation result. Unfortunately there are many other causes of 
attenuation in the practicable experimental arrangements for observing second 
sound, and this particular cause is not likely to be separated unequivocally 

It was observed in 1940 by Keesom, Saris, and Meyer that, for steady heat 
currents along a wide capillary containing liquid helium below the lambda- tem¬ 
perature the heat flow is roughly proportional to the cube root of the tempera- 

r T? S the effective thermal resis tance increases with 

n these expeuments the heat current was interpreted as a mass flow of normal 

Su d unThe t temP r tUre g ; adient ’ count -b a lanced by a mass flow of super¬ 
fluid up the temperature gradient. The existence of thermal resistance in thi, 

arrangement means that some transfer of momentum—internal friction—occurs 

between the two fluids during their relative motion. In fact a transfer of mass 
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has to occur as the normal fluid flows down the temperature gradient and main¬ 
tains (a) a constant heat flow, and (b) a concentration in equilibrium with the 
decreasing temperature; however, the rate of transfer seems to be much faster 
than necessitated by these simple requirements. To understand the cube-root 
dependence on temperature gradient, it is necessary to have the mass transfer 
proportional to the square of the heat flow; but the essential physical reason for 
this is still not yet generally understood. Considering heat flow as the zero- 
frequency limit of a second sound or heat wave, there is clearly a connection 
between the relaxation problems in the two cases. Band and Meyer, in 1948, 
predicted that a steady heat current superposed on a second sound wave should 
cause appreciable attenuation of the latter, proportional to the square of the 
steady heat current. This effect was observed in 1953 by D. W. Osborne* 
and may be taken as a verification of this point of view. However, the whole 
question is still quite controversial. 

Although the two-fluid model promises to be a highly useful hypothesis, the 
details of its applications are obviously far from completely worked out. The 
two-fluid hydrodynamics required have been studied by several workers, but full 
agreement has not yet been reached. More seriously, the theoretical basis of the 
model is not yet secured. Modern improvements in the production of low tem¬ 
peratures have extended the range of investigations down well below 1 °K. In 
this region, the two-fluid model apparently ceases to be a satisfactory picture. 
This is no doubt because the normal fluid becomes so scarce that it should be 
treated more like a gas dissolved in superfluid. It has been found more profitable 
to consider the various modes of excitation of an ideal quantum liquid at or near 
absolute zero. This theory is due chiefly to Landau, and it leads apparently to 
correct predictions regarding the limiting velocity of propagation of second sound 
at absolute zero. However, the quantum hydrodynamics of liquid motion is 
still not very well developed, and considerable controversy surrounds this part 
of the theory also. In particular it is not at all clear how one is to pass from the 
excitation-perturbation theory of Landau, in the lowest temperature region, to 
the Tisza two-fluid model, more useful near the lambda- point. A complete quan¬ 
tum statistical theory of the liquid phase should include an explanation of both 
models. 


EXERCISES AND PROBLEMS 

1. Prove from Eq. (15.303) that in an ideal classical gas the relative square fluctuations 
of energy are 5/3(n). Explain the difference between this and Eq. (15.306). 

2. Estimate the corrections required on Eq. (15.307) for the energy fluctuations in a 
Bose-Einstein gas if population fluctuations are present. 

3. Derive Eqs. (15.601) and (15.602) from first principles. 

4. Verify that Eqs. (15.601) and (15.602) yield the familiar results already given in 

Eqs. (3.510)-(3.512). 

6. Prove Eqs. (15.603) and (15.605). 

♦ Proceedings of the Third International Conference on Low Temperatures , Rice Institute 
(Houston, Texas), December, 1953. 
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6. Discuss the application of the fluctuation-dissipation theorem to liquid helium 

below the famMa-temperature where the viscosity tends to vanish. Distinguish carefully 

between the fluctuations in driving force, Eq. (15.718), and the fluctuations in response, 
Eq. (15.715). 

7. Use the method of Problem 10 of Chapter VII to find the average of the square of 
the number of quanta in the j th mode of vibration of a Debye crystal and show that 

<n, 2 ) - <k,) 2 = (kT/hy-d- In Q/dv* 

Hence show that the mean square relative fluctuations are equal to eV* r . Note that 

this approaches infinity as T -> 0, and prove that the absolute value of the mean square 
fluctuations vanish when T —» 0. 1 
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TABLE OF THE DEBYE FUNCTION D(6/T) 


0.0 

1.00000 

0.67442 

.44110 

.28355 

.18170 

.11763 

.07739 

.05253 

.03658 

.02619 

01929 

.01460 

.01128 

.00883 

.00705 

.00570 


inf. 


0.1 

0.2 

0.3 

0.4 

0.96280 

0.92699 

0.89191 

0.85798 

.64715 

.62083 

.59535 

.57079 

.42234 

.40440 

.38687 

.37022 

.27118 

.25930 

.24808 

-23727 

.17390 

.16639 

.15924 

.15238 

.11271 

.10802 

.10352 

.09928 

.07453 

.07161 

.06884 

.06617 

.05058 

.04873 

.04697 

.04529 

.03534 

.03419 

.03305 

.03189 

.02542 

.02459 

.02382 

.02310 

.01873 

.01818 

.01766 

.01719 

.01419 

.01381 

.01348 

.01311 

.01101 

.01076 

.01051 

.01026 

.00863 

.00843 

.00824 

.00807 

.00690 

.00676 

.00663 

.00651 

.00502 

.00551 

.00537 

.00525 


TABLE 

OF SOME INCOMP 



Z(n,d) 

= Z 




y-i 

,8) 

Z( 1,0) 

Z(§fi) 


t 

• 

inf. 

2.612 

] 


2.350 

1.659 

] 


1.840 

1.420 

1.157 

0.948 

0.795 

0.679 

0.538 

0.506 

0.266 

0.150 

0.0872 

0.0516 

0.0309 

0.0186 

0.0112 

0.00677 


0.5 

0.82493 

.54709 

.35415 

.22689 

.14591 

.09528 

.06362 

.04366 

.03085 

.02241 

01676 

.01277 

.00999 

.00791 

.00638 

.00517 


0.6 

0.79292 

.52424 

.33879 

.21660 

.13984 

.09137 

.06117 

.04210 

.02985 

.02174 

.01626 

.01245 

.00974 

.00774 

.00626 

.00509 


0.7 

0.76181 

.50227 

.32444 

.20757 

.13376 

.08766 

.05887 

.04064 

.02887 

.02110 

.01581 

.01213 

.00948 

.00757 

.00613 

.00500 


0.8 

0.73174 

.48111 

.31002 

.19859 

.12817 

.08414 

.05664 

.03923 

.02795 

.02046 

.01538 

.01183 

.00927 

.00740 

.00601 

.00492 


0.9 

0.70260 

.46073 

.29649 

.18993 

.12283 

.08073 

.05454 

.03785 

.02706 

.01988 

.01497 

.01153 

.00906 

.00724 

.00588 

.00483 


Z( 2,6) 


1.710 

1.340 

1.113 

0.933 

0.796 

0.685 

0.592 

0.513 

0.444 

0.252 

0.145 

0.0857 

0.0511 

0.0307 

0.0185 

0.0112 

0.00676 


1.314 

1.099 

0.985 

0.810 

0.711 

0.623 

0.547 

0.481 

0.428 

0.243 

0.142 

0.0845 

0.0507 

0.0305 

0.0184 

0.0112 

0.00675 


1.110 

0.955 

0.835 

0.737 

0.655 

0.580 

0.515 

0.460 

0.409 

0.237 

0.140 

0.0838 

0.0504 

0.0304 

0.0184 

0.0111 

0.00675 
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Z(i,8) 

1.341 

1.147 

1.001 

0.881 

0.787 

0.693 

0.615 

0.548 

0.493 

0.442 

0.396 

0.233 

0.139 

0.0833 

0.0502 

0.0304 

0.0184 

0.0111 

0.00675 


Z(3,8) 

1.202 

1.056 

0.935 

0.832 

0.743 

0.664 

0.595 

0.533 

0.478 

0.430 

0.387 

0.230 

0.138 

0.0830 

0.0501 

0.0303 

0.0184 

0.0111 

0.00674 


Z(ifi) 

1.127 

1.002 

0.895 

0.802 

0.717 

0.645 

0.578 

0.520 

0.468 

0.423 

0.381 

0.228 

0.137 

0.0827 

0.0500 

0.0303 

0.0183 

0.0111 

0.00674 
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TABLE OF VALUES OF FOUR DOUBLE SUMS 


0 ± (n,TO,0) = 23 (±1 

*- 1,-1 


e 

<£+( 3,5) 

<£+(5,3) 

<£-(3,5) 

<£-(5,3) 

<£+(1,2) 

<£+(2,1) 

<£-(1,2) 

<£-(2,1) 

1.0 

6.69863 

53.3467 

6.60231 

52.8408 

1.70017 

3.22371 

1.51852 

2.91427 

l.i 

4.67676 

32.3439 

4.60832 

32.0337 

1.33686 

2.39559 

1.19675 

2.16548 

1.2 

3.36682 

20.4831 

3.31675 

20.2837 

1.06940 

1.82297 

0.95997 

1.64844 

1.3 

2.48668 

13.4548 

2.44920 

13.3216 

0.86773 

1.41492 

0.78142 

1.28046 

1.4 

1.87690 

9.11761 

1.84833 

9.02546 

0.71260 

1.11667 

0.64401 

1.01181 

1.5 

1.44320 

6.34645 

1.42111 

6.28088 

0.59122 

0.89391 

0.53637 

0.81133 

1.6 

1.12768 

4.52186 

1.11039 

4.47405 

0.49484 

0.72441 

0.45078 

0.65888 

1.7 

0.89354 

3.28851 

0.87990 

3.25293 

0.41734 

0.59333 

0.38181 

0.54101 

1.8 

0.71676 

2.43530 

0.70591 

2.40835 

0.35432 

0.49052 

0.32558 

0.44854 

1.9 

0.58121 

1.83279 

0.57253 

1.81209 

0.30259 

0.40887 

0.27929 

0.37504 

2.0 

0.47585 

1.39942 

0.46887 

1.38332 

0.25974 

0.34329 

0.24082 

0.31595 

2.1 

0.39294 

1.08251 

0.38731 

1.06987 

0.22400 

0.29010 

0.20860 

0.26795 

2.2 

0.32697 

0.84727 

0.32241 

0.83727 

0.19396 

0.24656 

0.18142 

0.22858 

2.3 

0.27395 

0.67027 

0.27026 

0.66231 

0.16857 

0.21065 

0.15834 

0.19603 

2.4 

0.23096 

0.53543 

0.22796 

0.52905 

0.14699 

0.18082 

0.13864 

0.16891 

2.5 

0.19581 

0.43153 

0.19337 

0.42641 

0.12855 

0.15586 

0.12174 

0.14616 

2.6 

0.16686 

0.35064 

0.16487 

0.34651 

0.11273 

0.13486 

0.10716 

0.12694 

2.7 

0.14285 

0.28706 

0.14123 

0.28371 

0.09910 

0.11710 

0.09455 

0.11063 

2.8 

0.12280 

0.23662 

0.12148 

0.23391 

0.08731 

0.10199 

0.08359 

0.09671 

2.9 

0.10598 

0.19629 

0.10490 

0.19409 

0.07708 

0.08910 

0.07404 

0.08478 

3.0 

0.09178 

0.16380 

0.09090 

0.16200 

0.06817 

0.07803 

0.06568 

0.07450 

3.1 

0.07974 

0.13743 

0.07902 

0.13596 

0.06040 

0.06851 

0.05836 

0.06562 

3.2 

0.06948 

0.11588 

0.06889 

0.11469 

0.05359 

0.06028 

0.05192 

0.05792 

3.3 

0.06071 

0.09817 

0.06023 

0.09720 

0.04762 

0.05314 

0.04626 

0.05121 

3.4 

0.05318 

0.08353 

0.05278 

0.08274 

0.04237 

0.04694 

0.04125 

0.04536 

3.5 

0.04668 

0.07136 

0.04636 

0.07071 

0.03774 

0.04153 

0.03683 

0.04024 

3.6 

0.04107 

0.06119 

0.04081 

0.06066 

0.03366 

0.03681 

0.03291 

0.03575 

3.7 

0.03620 

0.05266 

0.03599 

0.05222 

0.03004 

0.03267 

0.02943 

0.03180 

3.8 

0.03197 

0.04546 

0.03179 

0.04510 

0.02685 

0.02903 

0.02635 

0.02832 

3.9 

0.02828 

0.03936 

0.02813 

0.03907 

0.02401 

0.02583 

0.02360 

0.02525 

4.0 

0.02505 

0.03418 

0.02493 

0.03394 

0.02149 

0.02301 

0.02115 

0.02254 

4.1 

0.02222 

0.02976 

0.02213 

0.02956 

0.01925 

0.02052 

0.01897 

0.02013 

4.2 

0.01974 

0.02597 

0.01966 

0.02581 

0.01725 

0.01832 

0.01702 

0.01800 

4.3 

0.01756 

0.02272 

0.01749 

0.02259 

0.01547 

0.01636 

0.01529 

0.01610 

4.4 

0.01563 

0.01992 

0.01558 

0.01981 

0.01388 

0.01463 

0.01373 

0.01442 

4.5 

0.01394 

0.01750 

0.01389 

0.01741 

0.01247 

0.01309 

0.01234 

0.01292 

4.6 

0.01243 

0.01540 

0.01240 

0.01533 

0.01120 

0.01173 

0.01110 

0.01158 

4.7 

0.01110 

0.01358 

0.01107 

0.01352 

0.01007 

0.01051 

0.00998 

0.01039 

4.8 

0.00993 

0.01199 

0.00990 

0.01194 

0.00905 

0.00942 

0.00898 

0.00933 

4.9 

0.00888 

0.01060 

0.00886 

0.01056 

0.00814 

0.00846 

0.00809 

0.00838 

5.0 

0.00795 

0.00939 

0.00793 

0.00936 

0.00733 

0.00759 

0.00728 

0.00753 

5.1 

0.00712 

0.00833 

0.00711 

0.00830 

0.00659 

0.00682 

0.00656 

0.00677 

5.2 

0.00638 

0.00739 

0.00637 

0.00737 

0.00594 

0.00613 

0.00591 

0.00608 

5.3 

0.00572 

0.00657 

0.00571 

0.00656 

0.00535 

0.00551 

0.00532 

0.00547 

5.4 

0.00514 

0.00585 

0.00513 

0.00584 

0.00482 

0.00495 

0.00480 

0.00493 

5.5 

0.00461 

0.00521 

0.00461 

0.00520 

0.00434 

0.00446 

0.00433 

0.00443 

5.6 

0.00414 

0.00465 

0.00414 

0.00464 

0.00392 

0.00401 

0.00390 

0.00399 

5.7 

0.00372 

0.00415 

0.00372 

0.00414 

0.00353 

0.00361 

0.00352 

0.00360 

A AAOD a 

5.8 

0.00335 

0.00371 

0.00334 

0.00370 

0.00318 

0.00325 

0.00317 

0.00324 

5.9 

0.00301 

0.00331 

0.00301 

0.00331 

0.00287 

0.00293 

0.00286 

0.00292 

6.0 

0.00271 

0.00296 

0.00271 

0.00296 

0.00259 

0.00264 

0-00259 

0.00203 
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solid, 116-118 

Bose-Einstein condensation, *101 

Bose-Einstein condensation in thin films 
206 

Bose-Einstein distribution, 26, 28 
Bose-Einstein gas, ideal, 148-156, 184 
Bose-Einstein gas, imperfect, 246 w 
Bose-Einstein gas with prescribed mo¬ 
mentum, 177-180 

Bose-Einstein statistics, distance correla¬ 
tion in, 184 

Bose-Einstein statistics, integral func¬ 
tions of, 184 
Brillouin function, 285 

Cauchy relation between elastic constants 
118, 164 

Chemical constants, 47 
Chemical potential, 37 
Chemical reactions, free energy of, 91 
Chemical reactions in ideal gases, 89 
Chemical reactions in imperfect gases, 103 
Classical distribution, 27, 38 

Classical mechanics, partition function in 
47 

Classical statistics, 23-24 

Classical statistics, limits to validity of 
27, 38 * 

Closure of eigenfunctions, 5 
Cluster integrals, 126, 140, 277 
Cluster theory of higher virials, 100, 101 
Clusters in classical vapor, 93-98, 106 
Clusters in Bose-Einstein gas, 207-211 
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Clusters in Fermi-Dirac gas, 212 
Clusters, negative numbers of, 101, 106 
Clusters, numbers of in various vapors, 
102, 103 

Cohesive energy, 148 
Commutation of population operators, 
264, 267 

Commutation relations, Heisenberg's, 15 
Complexions, 18, 20 

Complexions, number of in B.E. statistics, 
22 

Complexions, number of in Boltzmann 
statistics, 21 

Complexions, number of in classical sta¬ 
tistics, 23, 24 

Complexions, number of in F.D. statis¬ 
tics, 23 

Condensation, general theory of, 246, 269- 
271 

Condensation in clustering assembly, 97- 
100, 106 

Conductivity, electrical, 303, 305 
Conductivity, thermal, of metals, 303- 
305, 311 

Conductivity, thermal, of liquid helium, 
331-332 

Contact potential, 301 
Cooling, magnetic method of, 60, 61 
Cooperative effects, general theory of, 
259-262 

Cooperative effects in alloys, 289 
Cooperative effects in ferromagnetism, 
283, 286 

Cooperative effects in monolayers, 73 
Cooperative effects in superconductors, 
308 

Corresponding states, law of, 123 
Creation operator, 263 
Critical magnetic field in superconduc¬ 
tors, 306 

Critical momentum in liquid helium, 178 
Critical phenomena, theory of, 140 
Critical point, 269 

Critical point, Mayer's theory of, 271 
Critical point fluctuations, 317, 318 
Critical velocity in liquid helium, 180, 329 
Crystalline solid, Bom-von Karman the¬ 
ory of, 116 

Crystalline solid, Debye's theory of, 112 
Crystalline solid, Einstein's theory of, 62 
Curie's law for ferromagnetics, 284 


Darwin-Fowler statistical method, 27 
Debye function, 115, 141, 335 
Debye modes, 114, 146 
Debye temperature, 115, 118, 146 
Debye theory of crystalline solid, 112, 145 
Degeneracy, exchange, 8, 10 
Degeneracy numbers, 5, 7 
Degeneracy temperature in B.E. gas, 150 
Degeneracy temperature in F.D. gas, 158 
Degeneracy volume in B.E. gas, 153 
Density matrix, von Neumann's, 245 
Density matrix for grand ensembles, 262 
Destruction operator, 263 
Diagonalization of matrix, 13, 15 
Dissociative cluster theory of vapor pres¬ 
sure, 92-100 

Dissociative cluster theory of virial coeffi¬ 
cients, 100-102 

Dissociative equilibrium, classical theory, 
85-89, 106 

Dissociative equilibrium in diatomic gases, 
85 

Dissociative equilibrium in monolayers, 
105, 106 

Dissociative equilibrium in multilayer 
films, 81 

Dissociative equilibrium with quantum 
degeneracy, 207-219 
Distribution functions, 274 
Distribution functions in liquids, 141, 282 
Distribution functions, quantum mechani¬ 
cal, 246 

Distribution-in-energy, 24 
Distribution-in-energy in Boltzmann sta¬ 
tistics, 25 

Distribution-in-energy in B.E. statistics, 

26 

Distribution-in-energy in classical statis¬ 
tics, 27 

Distribution-in-energy in F.D. statistics, 

27 

Distribution-in-energy in intermediate 
statistics, 31 

Distribution-in-momentum, 48-49 
Duplex films, 106 

Effective mass of electron, 164 
Effective mass of liquid helium atom, 176 

Eigenvalue equations, 4 
Eigenvalues in box enclosure, 6 
Eigenvalues of oscillator, 7 
Eigenvalues of rotator, 7 
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Electron gas pressure in metals, 164 
Electron gas pressure and phases in al¬ 
loys, 300 

Electron theory of metals, 163, 299 
Electronic heat capacities, 184 
Energy operator, 3 
Ensemble of Gibbs, 107 
Enthalpy, 33 
Entropy, 32 

Entropy and Heisenberg’s uncertainty 
principle, 181-182 
Entropy and probability, 34 
Entropy, communal, of a liquid, 131, 134 
Entropy of B.E. gas, 154-155 
Entropy of helium superfluid, 180 
Entropy of F.D. gas, 162 
Entropy of phonon gas, 146-147 
Entropy of radiation field, 145 

Equations of motion, quantum mechani¬ 
cal, 245 

Equation of state of B.E. gas, 155-156 
Equation of state of B.E. monolayers, 169 
Equation of state of classical gas, 36 
Equation of state of condensed assem¬ 
blies, 276-279 

Equation of state of Deuterium, 246 
Equation of state of electron gas, 164 
Equation of state of F.D. monolayers, 172 
Equation of state of He 3 , 246 
Equation of state of liquids, 141 
Equation of state, quantum theory of, 246 
Equilibrium, thermodynamic, 32 
Ergodic hypothesis, quantum mechanical 
proof of, 245, 268 
Exchange forces, 11 
Exchange jumps, 19, 20 
Exclusion principle, 10, 24, 299 
Expectation values, 4 
Exp-six potential function, 123 
Exp-six potential in hydrogen isotopes, 


Fermi-Dirac distribution, 38 
Fermi-Dirac ideal gas, 156-163 
Fermi energy of electrons in metal, 300 
Fermi limit in ideal gas, 157 

Ferromagnetism, 283-286, 311 

Fluctuation-dissipation theorem 322-327 
333 

Fluctuations and critical speed of suner- 
fluid, 320-321 

Fluctuations and reversible processes, 39 


Fluctuations at absolute zero, 315-316 
Fluctuations at critical points, 317-318 
Fluctuations at lambda point, 319 

Fluctuations, concept of, in equilibrium. 
312 

Fluctuations in microstates, 321-322 
Fluctuations in quantum degenerate 
gases, 318-320 

Fluctuations of density, 313, 314, 333 
Fluctuations of energy, 314-316 
Fluctuations of population, 313 
Fluctuations of pressure, 316 
Free energy, Gibbs’, 33 
Free energy, Helmholtz’s, 33 
Free energy of a chemical reaction, 92 
Free volume model of liquid, 135, 139, 173 
Frohlich s theory of superconductivity. 
310 

Fugacity, 273 


Generating functions, 230 
Gibbs free energy, 33 
Grand ensembles, 247-267 
Grand ensembles, B.E. gas in, 246 
Grand partition function, 249 

Grand partition function, principal theo¬ 
rem of, 251 

Grand partition function, Mayer’s gen¬ 
eralization of, 272, 275 


Hamiltonian matrix, 13 

Hamiltonian operator, 3, 4 

Heat capacity of B.E. gas, 151 

Heat capacity of crystals, 115, 117 

Heat capacity of F.D. gas, 162 

Heat capacity of disorder in alloys, 290, 


Heat capacity of ferromagnetics, 286 

Heat capacity of imperfect gas, 125 

Heat capacity of lattice defects, 295 

Heat capacity of lattices, face centered 
140 ’ 

Heat capacity of lattices, simple cubic, 


Heat capacity of liquids, free volume 
model, 175 

Heat capacity of liquid helium, 315 
Heat capacity of metals, 164, 184 
Heat capacity of monolayers, 167, 171, 


Heat capacity of superconductors, 306 
307 ’ 
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Heisenberg uncertainty relation, 15 
Heisenberg uncertainty relation and en¬ 
tropy, 181 
Helium, 184 

Helium film, unsaturated, 206 
Helium, interatomic potential, 123 
Helium liquid, see liquid helium, 184, 333 
Helium solid, 206 
Helmholtz free energy, 33 
Hermitian matrix, 14 
Hydrocarbons, adsorption of, 73 
Hydrogen bomb, 145 

Imperfect gas, classical, 119-126 
Imperfect gas, quantum degenerate, 233- 
242, 246 

Intrinsic pressure in liquid, 135 
Intrinsic pressure in solid, 148 
Ionic solutions, 279, 282 
Irreversible processes, 327-329 
Ising model of ferromagnet, 286 
Ising model of order-disorder in alloys, 
287, 291 

Isotope effect in superconductors, 306, 

310, 311 

Kahn-Uhlenbeck theory of imperfect gas, 
233-237 

Kinetic theory, classical, 48, 49 
Kinetic theory, Bose-Einstein, 49, 50 
Kinetic theory of liquids, 140 

Lagrange multipliers, 25 
Lambda transition and virial coefficients, 
242 

Lambda transition in helium isotope mix¬ 
tures, 184 

Lambda transition in helium vapor drop¬ 
lets, 218, 219 

Lambda transition in liquid helium, 151, 
329 

Landau’s theory of liquid helium, 332 
Langmuir function, 72 
Langmuir’s isotherm, 70-73 
Lattice imperfections, 291-295 
Lattice vibrations and superconductivity, 
311 

Lennard-Jones potential, 122 
Liquid helium and B.E. statistics, 148, 
201, 202 

Liquid helium, nonequilibrium effects, 
329-332 


Liquid-solid equilibrium, 137, 148 
Liquid-vapor equilibrium, 139 
Liquids, B.E.^theory of, 173-177, 184 
Liquids, cage model of, 131, 133, 134 
Liquids, cell model of, 132 
Liquids, double-life model of, 254-259 
Liquids, exact formal theory of, 269-282 
Liquids, free volume model of, 135, 139, 
141 

Liquids, hard sphere model of, 140 
Liquids, hole theory of, 140, 141 
Liquids, lattice theory of, 140 
Liquids, Lennard-Jones and Devonshire 
theory of, 135, 137, 141 
Liquids, oscillator model of, 134, 138, 140 
Liquids, quantum degeneracy in, 279-281 
London’s equation for superconductor, 
307 

Magnetic cooling, 60, 61 
Magnetic fields and partition function, 59 
Many-body forces, 130 
Mass action, law of, in clustering assem¬ 
bly, 96 

Mass action, law of, in ideal gases, 91 
Mass action, law of, in imperfect gases, 

105 

Materialism, 2 

Mayer’s theory of imperfect gas, 126-131 

Mayer’s theory of condensation, 269, 271 

Meissner effect in superconductors, 306 

Melting process, 148 

Metals, free electrons in, 164, 299 

Mixtures, 106, 282, 311 

Modes of vibration of crystal, 113, 116, 

119 

Modes of vibration of phonon gas, 146 
Modes of vibration of radiation field, 144 
Momentum, assemblies of prescribed, 63- 
66, 177-181 

Momentum distribution, 48, 65 
Momentum operator, 3 
Monolayers, see adsorption 
Multicomponent systems, 282 
Multilayer film, heat capacity of, 84 
Multilayers, see adsorption 

Neon, interatomic potential, 123 
Nernst’s law, 40 

Nonequilibrium phenomena, 245, 329, 333 
Nuclear fluid, 221 
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Nuclear reactions, 220-223 
Number operators, 262-265 


Probability distribution functions, 274 
Probability in quantum mechanics, 4 


Onsager’s reciprocal relations, 329, 333 
Order-disorder in alloys, 286-291 
Orthogonality, 5 
Ortho-hydrogen, 56, 57 


Para-hydrogen, 56, 57 

Partial pressures, law of, 87, 95, 104, 105 

Partition function, assembly, 107-109 

Partition function of classical systems 
42-45 

Partition function of Debye crystal, 113 
I artition function of diatomic molecule,* 

Partition function of distinguishable sys¬ 
tems, 94 

Partition function of imperfect gas, 120 
Partition function of indistinguishable 
systems, 42 

Partition function of internal degrees ofv-* 
freedom, 50-52 

Partition function of monatomic eras 45 

40 b ’ > 

Partition function in magnetic fields, 58- 
61 

Partition function, quantum mechanical, 
246 

Partition function theorem invalidated 
by quantum effects, 142 
Phase diagrams of substitutional alloys, 

Phase diagram of Cu-Ag, 299 

Phase diagram, dependence on free elec¬ 
trons, 300 

Phase equilibria, classical theory of 67- 
84, 137-139 ' 

Phase equilibria, grand ensemble theory 
of, 247-251 y 

Phase equilibria, thermodynamics of 33 
34 1 

I base equilibrium and quantum degener¬ 
acy, 185-206 

Philosophy of quantum mechanics, 1-3 
Phonons, 145-148 

Phonons and thermal conduction, 303 
Photon, 1 

Photons and black body radiation 142- 
145 ’ 

Polymer solutions, 140, 141 
Probability and entropy, 34 


Quantum mechanics, 1-16 

Quantum mechanics, Feynman’s approach 
to, 246 

Quantum mechanics of wave fields, 16 
Quantization of sound waves, 246 
Quasi-chemical approximation, 288-289 

Radiation pressure in phonon gas, 147 
Radiation pressure in photon gas, 145 
Reciprocal relations of Onsager, 329 
Relativistic statistical mechanics, 223, 224 
Relaxation effects in alloys, 294 

Relaxation effects in irreversible thermo¬ 
dynamics, 327-329 

Relaxation effects in liquid helium 3°0 
321, 332 ' 

Resistance, classical theory, 304 
Resistance, quantum theory, 310 
Residual resistance, 305 
Reversible process, 39 
Rollin helium film, 329 
Rotational heat capacity, 55 
Rotational spectra, 57, 58 
Russell, Bertrand, philosophy of, 2 

Saturated vapor, Bose-Einstein theory of 
200-202, 209-211 ' 

Saturated vapor, classical theory of 92- 
100, 139 ’ 

^21^213 VaP ° r ’ Fermi ’ Dirac theory of, 

Saturated vapor of helium isotope mix¬ 
tures, 214-219 

Schrodinger equation, 4-8 
Second sound in liquid helium, 330 
Second law of thermodynamics, 34 
Slater-sum, 225-232 

bolid state problems, 283-311 
Spin, 11-13 

Spins and virial coefficients, 253 

Stirling’s approximation, 23, 24, 27 

Sublimation, Bose-Einstein theory, 197 - 

200 

Sublimation, classical theory, 81-83 

Sublimation, Fermi-Dirac theory 199 
200, 206 ’ 

Superconductivity, 305-310, 311 

Superfluid helium, 177, 330* 333 
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Superfluid as a solid phase, 205, 206, 259 
Surface specific heat, 141 
Surface tension, 140 

Symmetry of assembly wave functions, 9, 
10 

System, quantum mechanical, 2 

Temperature, statistical definition, 34, 35 
Temperature in grand ensemble, 248 
Thermal conductivity, 303-305, 311 
Thermal conductivity in helium, 311 
Thermionic emission, 302 
Thermodynamic equilibrium, 32 
Thermodynamic equilibrium, quantum 
corrections for, 246 
Thermodynamic laws, 38-40 
Thermodynamics, irreversible, 327-329, 
333 

Tisza’s theory of liquid helium, 330 
Two-fluid model for liquid helium, 177- 
181, 330 

Two-fluid model for superconductors, 
307-309 

Validity of statistical methods, 17, 30 
van der Waals equation, 122 


van der Waals equation as cooperative 
effect, 262 

Vibrational heat capacity, 53 
Virial coefficients, effect of spin on, 253 
Virial coefficients in classical gas, 126-131 
Virial coefficients in hydrogen isotopes, 
241 

Virial coefficients in polar gases, 140 
Virial coefficients in polymer solutions, 
140 

Virial coefficients in quantum degenerate 
gases, 237-243, 251-254 

Wave-particle paradox, 1, 2 
White dwarf stars, 220 
Whitehead, Alfred North, philosophy of, 2 
Wiedemann-Franz law, 305, 306 
Work function, 301 

Zero-point energy of a Debye crystal, 115 
Zero-point energy of electrons in metals, 
299 

Zero-point energy of Fermi-Dirac gas, 
157 

Zero-point energy of helium liquid, 184 
Zero-point energy of phonon gas and pho¬ 
ton gas, 146 
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